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Forward modeling using finite difference method for
fractured hard rocks tracing via three-electrode array
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Introduction. The electrical resistivity meth-
od is highly useful to investigate the nature of sub-
surface formations by studying the variations in their
electrical properties. This method is assumed to be
of considerable importance in subsurface explorati-
on because of very high resistivity contrasts among
the lithological units, controlled depth of investiga-
tion, ease of field operations and low cost of inst-
rumentation and operation. In this method, artifici-
ally generated electrical currents are supplied to
the earth and the resulting potential differences are
recorded. In hard rock areas within which the earth
normally has high resistivity, due to presence of frac-
tures and water accumulation into fractures, resis-
tivity dramatically decreases, hence an electrical
resistivity survey results in low resistivity anomali-
es. Such anomalies are interpreted to indicate are-
as of potentially significant ground water flow. In
other words, the location of potential fracture zones
in hard rock area is extremely important to yield
large amounts of groundwater and this can be done
using geoelectrical approaches such as three-elect-
rode array. Mutually mirrored three-electrode arra-
ys AMN and MNB have been used in various forms
in order to detect different targets by some resear-

ches, [3���, 1962; Gruntornd, Karous, 1972; Ka-
rous, 1982]. These studies proved that two-sided
three electrode configurations are more suitable than
classical full array (Schlumberger, Wenner) over a
complex geology [Candansayar, Basokur, 2001].
Karous and Pernu (1985) combined the sounding
and profiling techniques by means of AMN and MNB
half-Schlumberger arrays . The main aim of these
authors was to identify thin conductors. Schulz and
Tezkan [Schulz, Tezkan,1988] recorded Schlum-
berger and the corresponding half-arrays simulta-
neously to examine the dimensionality of the sub-
surface. Hafizi [Hafizi, 1998] detected fractures in
a hard rock area using combined resistivity profi-
ling and square array techniques. Candansayar and
Basokur [Candansayar, Basokur, 2001 ] applied
twosided three-electrode array to reveal small-scale
targets. They proved that the three-electrode array
has better resolution for detection of small targets
compared to its four-electrode counterpart and di-
pole-dipole data.

In this paper, we initially review combined resis-
tivity sounding-profiling measurements with the
three-electrode arrays and the literature dealing with
the use of this method applied to geological struc-
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tures. Then, we describe the modeling process in
the software using the finite difference method: In ad-
dition in order to evaluate the software accuracy, we
compared the results obtained from the provided soft-
ware, the “Exact solution” (obtained from the elect-
rical image theory [Telford et al., 1976] and the re-
sults of Res2DMod commercial software). Finally we
discuss the pseudo-section and inverted section de-
rived both from the field and modeling data.

Description of the combined resistivity
sounding-profiling system. This array is a com-
bination of two electrode arrays with three elect-
rodes ( one current electrode is placed at infinity )
which are similar to the two-half Schlumberger set-
up with the current electrode at the left and the right,
respectively. The infinity current electrode is perpen-
dicular to the profiling strike. In the field procedure,
two apparent-resistivity values are measured by swit-
ching on the current between two current electrodes
that are located on the left- and right-hand sides of
the array center. The resistivity data from such asym-
metrical arrays can be processed and presented in
various ways to emphasize the different survey ob-
jectives, e. g. bed rock topography, conductive or re-
sistive dykes, contacts between rock formations with
different resistivity [Karous, Pernu, 1985].

Fig. 1 shows a scheme of the combined soun-
ding-profiling array. The apparent resistivity associ-
ated with this array for the left and the right half-
Schlumberger configurations is calculated with the
following formula:
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Where � indicates current injected into the ground,
� denotes the voltage difference between potential
electrodes, iL  is the distance of the current elect-
rodes (� and �) from the configuration center and
� shows the distance of two potential electrodes

for the ��	 reading. According to the principle of su-
perposition, the apparent resistivities ki

aρ  for the cor-
responding symmetrical Schlumberger array are the
mean values of those for the two three-electrode ar-
rays AMN and MNB [Karous, Pernu, 1985]:
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One advantage of this array is that it is able to
detect vertical contacts, as dykes and steeply dip-
ping faults [Karous, Pernu, 1985]. Sounding-profil-
ing measurements are mutually carried out in two
opposite directions. Profiling curves obtained for AMN
and MNB arrays, due to existence of anomaly, in-
tersect each other. In other words, the inequality be-
tween the apparent resistivity values obtained from
the corresponding AMN and MNB configurations can
be used to locate a resistivity heterogeneity along
the profile direction [Candansayar et al . , 1999] . In
combined sounding-profiling array additional to com-
putation of resistivity curves for AMN and MNB ba-
sed on distance, the so-called gradient transforma-
tion which has been proposed by Karous [1979,
1982] given as:
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Where 
 indicates Gradient Transformation, � deno-
tes the number of the reading in the left- and right-
arrays and � is the number of the sounding station.

This transformation generates profile curves of
gradient 
 with sharp local maxima above the men-
tioned anomalies.

Modeling using finite difference method.
In the forward modeling problem, the subsurface
resistivity distribution is specified a priori and the
purpose is to calculate the apparent resistivity that
would be measured by a survey over such resisti-
vity distribution. A forward modeling subroutine is in
fact as an essential part of any inversion program
since it is necessary to calculate the apparent re-
sistivity values for the model produced by the inver-
sion routine to see whether is agrees with the mea-
sured values. A limited number of numerical solu-
tions of 3D direct current (DC) resistivity problem
have been discussed in the geophysical literature.
These solutions have been obtained using integral
equation or finite difference and finite element ap-
proaches [Roy, 2008]. Each method has its own par-

Fig. 1. Schem of the combined sounding-profiling
array (two three electrode arrays AMN & MNB).
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ticular advantages and is better suitable for speci-
fic geometrics. The integral equation method, for in-
stance, only considers the charge on the surface of
a body. The 3D forward modeling using the integ-
ral equation technique is very fast and requires less
computer memory, but is restricted only to certain
model geometrics. Finite-difference and finite-ele-
ment methods, however, are suitable for modeling
an arbitrarily complex 3D earth. Dey and Morrison
[Dey, Morrison, 1979 b] developed a 3D finite dif-
ference algorithm to evaluate the potential for a po-
int current source. In engineering and environmen-
tal surveys the subsurface can have an arbitrary
resistivity distribution, so the finite difference and
finite element methods are usually the only viable
choice [Loke, 2004].

Hence, in this study, for calculating the follo-
wing equation which governs the 3D geoelectric fi-
eld resulted by a point source, we applied finite dif-
ference method:

−φ∇σ ]),,(),,([ ZYXZYX

×−δ−δΔ− ↓↓ )()([/ ss YYXXVI

.])( sZZ ↓−δ× (4)

where σ represents the conductivity, � is the injec-
ted current, δ is the electrical potential. Subject to
the following boundary conditions, equations (5) and
(6) indicate Neumann Dirac delta function, and sX ↓ ,

sY↓ , sZ ↓ are coordinates of the point source of in-
jected current ϕ is and mixed boundary conditions,
respectively [Dey, Morrison, 1979b]:
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Where Γ� indicates the flat earth—air interface. Γ∞
denotes the subsurface external boundaries, and θ
is the angle between the radial distance � from the
source point and the outward normal spatial coor-
dinate � on the boundary [Xiaoping et al., 2003].

The executed modeling consists of three steps
(1) discretization, (2) linear equation generation and
(3) linear equation solution based on iteration me-
thods. In this study, the gridding (discretization) is
comprised of two stages. At the first stage, grid-

ding points are characterized in terms of electrical
conduction differences in which an attempt is made
to calculate the contrast between two media pre-
cisely. Dimensionally, the cube which is in charge
of storing elements on the boundary surface (bet-
ween two different media) is considered smaller than
the other cubes. At the second stage, the gridding
is applied to the used electrode configuration. The
gridding points include three particular points such
as (1) appearance points of the current and poten-
tial electrodes (2) middle points of the electrodes
which are used to smooth the applied intervals (3)
the points added to intervals between the electrode
configuration and physical infinity boundary, which
these points are situate with the particular intervals
from the boundary points of the corresponding elect-
rode configuration to the physical infinity.

After completion of the two above mentioned sta-
ges. The next stage is to combine the two grids in
which the points of the two are shared at the same
set. Then, the simplification process is conducted
on the set. In this paper, the rules executed for simp-
lification, include elimination of the repetitive points
and combination of the similar points. At the end,
it is expected that a grid with suitable and regular
points is resulted. As previously mentioned, we used
the iteration methods in order to solve the linear
equation obtained from the prior stage. In this stu-
dy, we applied finite difference method as well as
mixed boundary conditions (equation 2), analogous
to the technique used by Dey and Morrison [Dey,
Morrison, 1979a]. Hence, calculation of coefficient
matrix based on these two standpoints ( i. e. finite
difference method and combined boundary condi-
tions) leads to a linear equation [Mufti, 1976].

The iterative methods are divided into two gene-
ral groups (i. e. stationary iterative methods and non-
stationary iterative methods). Successive Over Re-
laxation (SOR), Jacobi and Gauss — Seidel are sta-
tionary iterative methods and Generalized Minimal
Residual (GMR), Conjugate Gradient (CG) and In-
complete Cholseky Conjugate Gradient (ICCG) are
non-stationary iterative methods, used for solving
the linear equation acquired from the previous stage.
Moreover, for comparing each method performance,
a 1D simple Laplace equation was assumed, which
any each technique efficiency with increase of un-
known points in Laplace equation was investigated.
Fig. 2 shows performance of Jacobi, Gauss — Sei-
del, SOR, CG and GMR techniques: CG has bet-
ter performances compared to other methods, ho-
wever, GMR apparently indicates the best perfor-
mance, but note that, in GMR, by changing the ent-
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ry parameters such as step factor, exposes a dif-
ferent status form the other methods, thus it does
not show an appropriate flexibility compared to CG
or ICCG. Whereas, ICCG is derived from the CG me-
thod which coverages is much more quick and re-
quires much less computer storage [Xiaoping et
al . , 2003] thus , we utilized the ICCG method in
the provided software.

For testing the software, it should be compared
with the systems which theoretically have analyti-
cal responses. Hence, we took advantage of a me-
dium including a vertical fault which the left- and
right-hand sides of the fault have resistivity 100 and
10, respectively. Then, the measurements were con-
ducted over the model using pole-pole configura-
tion with electrode spacing 1 m [Chandra, Singh,
2004]. The results obtained from the software, the
“Exact solution” (obtained from the electrical ima-
ge theory [Telford et al., 1976] and Res2DMod soft-
ware were compared with each other (Fig. 3). As in-

ducted from Fig. 3, the responses of the Res2DMod
software to the model represent higher deviation in
comparison with the provided software responses.

Geology of the study area . The study area
is geologically located in the central Alborz zone
in the North of Iran including Formations such as
Route, Shemshak, Karaj and contemporary sedi-
ments. In this region, the hard rocks covered by a
pretty thin mantel ( 2 to 15 m deep) of weathered
soil . The study area suffers from the fractures and
faults which form the main groundwater-bearing re-
servoirs. Fig. 4 shows the geology map and locati-
on of the region.

Test on synthetic model and field sur -
vey application. To evaluate the utility of the pro-
vided software and combined sounding-profiling me-
thod in detection of a vertical conductive zone, we
made a model using the provided software. Fig. 5
shows a representative model that could be enco-
untered in the study area (according to the availab-
le trench in the study area). As illustrated, the syn-
thetic model consists of a weathering overburden
with resistivity value of 50 Ω�, a vertical fracture zo-
ne with resistivity and thickness 20 Ω�, and 30 m,
respectively, and two high-resistivity blocks on the
left- and right-and sides of the anomaly which have
intrinsic resistivity values of 200 Ω� and 500 Ω�,
respectively. The apparent-resistivity pseudo-sec-
tion for this model was calculated for combination
of the left and right half-Schlumberger configurati-
ons (from equation (2)). The sounding spacing is 50 m
and the location of soundings with respect to the
anomaly is illustrated on the top of the model. AB /2
values of 1; 1,47; 2,15; 3,16; 4,64, ..., 316 m were
used at each measurement station. Fig. 6 illustra-
tes the pseudo-section corresponding to the mean
values of the two three electrode arrays AMN and
MNB on the model (from equation (2)). The appa-
rent-resistivity values show the existence of a low-
resistivity zone. The model obtained from the 2D in-
version of the four-electrode array (AMNB) using the
“non-conventional array” option in the RES2DINV
program is shown in Fig. 7, which indicates a low-
resistivity zone in the middle of the section corres-
ponding to the synthetic model. In addition, we con-
ducted a geoelectric survey over a fracture hard rock
area which located in Pakdeh, North of Iran, using
the combined resistivity sounding-profiling method
along one survey line perpendicular to the fault stri-
ke direction with five soundings separated by a dis-
tance of 50 m and maximum current electrode spa-

Fig. 2. Performance of Jacobi, Gauss — Seidel, SOR,
CG and GMRes techniques in terms of number of un-
known points and number of iteration.

Fig. 3. The results obtained from the provided soft-
ware, Exact solution and Res2DMod software for a
pole-pole array on the synthetic model.
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Fig. 4. Sketch of the geological map of the study area.

Fig. 5. Synthetic model including a weathered overburden with resistivity value of 50 Ωm, a
vertical fracture zone with resistivity and thickness equals to 20 Ωm, and 30 m, respectively,
and two high-resistivity blocks on the left- and right-hand sides which have resistivity values
of 200 Ωm and 500 Ωm, respectively. S1 to S5 represent location of the sounding stations.
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Fig. 6. The pseudo-section presentation of the combination of resistivity values from the two three
electrode arrays AMN and MNB on the model.

Fig. 7. The 2D inverted model of the four-electrode array (AMNB) using the “non-conventional array”
option in the Res2DINV program.
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Fig. 8. Apparent-resistivity pseudo-section for the values obtained from combination of the left
and right Half-Schlumberger arrays from the field measurements.

cing 928 m a total of 250 apparent-resistivity valu-
es were obtained. Sounding locations were selec-
ted by geological study as well as by hydrogeolo-
gical suitability. Fig. 8 and 9 show representative
apparent-resistivity pseudo-sections for the values
obtained from combination of the left and right Half-
Schlumberger arrays from the field measurements
and its inverted model by means of the “non-con-
ventional array” option in the RES2DINV program.
As seen, the 2D resistivity section reveals a probab-
le fracture zone between soundings 2 to 3 due to
having low resistivity values 30 to 50 Ωm which can
be recommended for a drilling (marked by a black
arrow) as well as at the location of sounding 4 a re-

the model using pole-pole array. The results obta-
ined from the software, the “Exact solution” and
Res2DMod software to the synthetic model showed
that the responses of the Res2DMod represent hig-
her deviation in comparison with the provided soft-
ware responses. Furthermore, to examine the profi-
ciency of the software, a fracture zone saturated
with water which has lower resistivity to its surroun-
dings, analogous to the study area, using the provi-
ded software was modeled and the responses of
the model to three-electrode array were calculated.
The pseudo-section from the three-electrode array
measurements on the synthetic model revealed a
low-resistivity zone. Then, we conducted a field sur-

latively high resistivity zone exists implicating non-
presence of groundwater flow in there. Furthermore,
the finding of geophysical surveys was proved by
a tube-well drilled adjacent to the sounding 3 loca-
tion which yielded a large amount of groundwater.

Discussion and Conclusions. Fractures are
the primary source to store and allow movement of
groundwater in hard rock areas. The size and loca-
tion of the fractures, interconnection of the fractu-
res and amount of the material that may be clog-
ging the fractures and recharging sources assess
how much water one can get out of the hard rock.
The volume of water stored in fractured hard rocks
is less compared to the conventional aquifer. There-

fore, the location of potential fracture zones in hard
rock area is extremely important to have the best
chances to extract large amount of groundwater.
The efficiency of two Half-Schlumberger arrays AMN
and MNB is presented here to map fracture hard
rock areas . The anomaly in fact obtained in three
electrode array measurements is an indication of
the presence of conductive zone in which hard rock
areas implicate the existence of fracture zone. In
this study, a geoelectric forward modeling was pro-
vided and in order to investigate its accuracy, it was
compared with systems which theoretically have ana-
lytical responses. Thus, we made a synthetic mo-
del and some measurements were conducted over
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Fig. 9. The 2D inverted model of the four-electrode array (AMNB) using the “non-conventional array”
option in the Res2DINV program from the field measurements. The recommended point for drilling is
marked by a black arrow.
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