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(IIpedcmasaeno axademivom HAH Yrpainu 1. B. Cepeienkom)

3anpononosaro mMonomorHutl IMeEPayitinut Memod NOWYKY UIHU 2PU 0AA PO36 A3YSAHHA 30~
daui KoMOIHamopHol ONMUMI3AUTE 12p06020 MUNY HG MEPECTNABAEHHAT 3 0OMENCEHHAMU HA
cmpamezii 00no20 epasua. Monomonnuti imepayitinutl memod dae 3mo2y WEUIKO OMPUMGTIU
BHAUEHHA UWINHY 2PU 13 3A0AHOI0 MOYHICNIO A ONTMUMANLHY CTPAMERTI0 NEPULO20 2PABUA, NPU-
YOMY KIALKICTIG KPOKI6 MeMOody CAGOKO 3aLeHCUMD 610 SUMIPHOCTE 30044

Y poborax [1-4] 3amouarkoBaHO JIOCIIZKEHHST 3a/@9 KOMOIHATOPHOI onTuMizarii irpoBoro Tu-
Iy Ta BUBYEHO 3aja4i KOMOIHATOPHOI onTuMizaril irpoBoro tumy Ha nepecrasienusax (SKOITII)
3 0OMeKeHHsIME Ha cTpaTerii ofHoro rpasiis. B [4] 3anporonoBano irepaliifinuii aJroput™ poss’si-
3aHHS JAHOTO KJjacy 3ajad. [Ipu itoro BUKOHAHHI M€HEPYEThCs MOCJIiIOBHICTh HAOIMKEHUX 3HA~
YeHb IIHW I'DH, M0 NPAMYIOTH JIO TOYHOro 11 3Hadenns. HaOiwmkeni 3HaYeHHT MOXKYTb OyTH
i GlIbIMME, 1 MeHIIMMHU 32 PO3B’si30K. fIK 3a3Haueno y [5|, mpm Takux iTepariiiHux cxemax Mo-
JKYTh TOBIJIBHO CXOIUTHUCS OJIEPKaHi IOC/ITOBHOCTI, TOMY BOAYaE€THCsS JAOMIIBHUM PO3POOUTH
meron it SKOITTI, sikuit 1aBaB 6u MOHOTOHHY TOC/IIIOBHICTD HAOJIMKEHHS 7O I[iHU T'PHU.

Bukan npoBeennx mpu 1bOMy JOC/TIIKEHb 1 CKJIaIae 3MICT JaHOI poOOTH.

ITocranoBka 3amadui. Hexait P’ — esement mynprumuoxnan PY = {P{ Py, ... Py}, mo
CKJIAJIAEThCs 3 M JIHCHUX Yuces1, cepejl sikux v pizaux. [Toznaummo i1 ocaoBy S(PY), a nepBunHy

m
cuenudikaniio — [P] = (n1,...,my). Hexait 0 < P < 1,0 € Jy, = {1,2,...,m}, > P* = 1.
i=1

Tyt i pani Jy,, — muo)kuHa M mepiiux HarypasbHux unces. [losnaunmo X = (1, X9, ..., Tm) —

BEKTOP-IIEPECTABJICHHS, €JIEMEHT I; — HMOBIPHICTH 3aCTOCYBaHHsI CTpaTeril ¢ — HajleKuTh P,

z; € P®, a cam Bektop X — muoxumi El, P®) m-uepecrapienb 3 JeMEHTIB MyJIbTHMHOKHHI
m

P? o610 X = (21,%2,...,%m) € Eny(PY). OueBunno, mo Y z; = 1. I'pa nossrae B Tomy,
i=1

o nepuuii rpaBerpb obupae crparerito-BeKTopX = (X1,Z2,...,Tm) € Eny(PY), a apyruii —

crparerito-unciio j € J,. Ili crparerii HazBemo yuctumu. [Ipu miboMy Jpyruii rpaBelb ILJIATATD
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[IepPIIOMY IIJIaTeXKi allj, .. ,a;nj 3 IMOBIPDHOCTSIMU X1, . .., Ty, J€ a;j — 3aj1aHi miiicHi yucia Vi €
€ Jn Vj e Jy,.

[Moznaunmo A’ MaTpuiio 3 ezeMenTaMu aéj. Cepepniii mwiarizk (MaTeMaTU9IHe CIIOJIBAHHS )
Jpyroro rpasiig mepinomy (mpu Bubopi crparerili ©; = (T14,...,Tmi) € Fmy(PY) 1 crparerii
J € Jp BIINOBIIHO TEPIIUM Ta JPYTUM IPABLSIM, § € Jy,1) BUpaXkKaeThest (OyHKIHE

m
F(zi,j) =) aywi = aij, (1)
=1

ne k = |Ey(PY)| = M/ (m!,...,n!). Ilepmmnii rpasers nparse MakCUMi3yBaTH BUIDAII, a JAPY-
A — MiHIMI3yBaTH MPOrpAarl.

Posriisinemo mMaremarndny Mojesb i€l 3aaadi [2]. Mogesb: 3uaiitu crparerii rpasuis X *
i 7%, a came:

X* = in F(X, 7)); * = i F(X, 7)),
argxegﬁpz)(%ri (X,49)) J arg;g}]g(xegﬁpz) (X,49))

ne dyukuig F(X,j) mae sursg (1). fxrmo

min  max F(X,j)= max minF(X,j)=F(X",j%), (2)
JE€Jn XEEmy (P?) X€EEmy(P*)jEJn
TO, OUEBH/IHO, 33/[a4a PO3B’s3ana: Hina rpu v = F(X*,5%), X™*, j* — onrumasnbhi gucti crparerit
IPaBIiB, IO Jal0Th ciaoBy Touky rpu (X*,j5%).
fxmio (2) He BUKOHYETHCSI, TO, OYEBUJIHO, 10 BUKOPUCTAHHSI KOXKHUM 3 IPAIlB Horo ¢hikcoBa-
HOI YHMCTOI CTPATETI] JO3BOJISIE IHITIOMY OTPpUMYBaTH ItepeBaru. ToOTO KOYKEH 3 T'PABIIIB JJjIs TOTO
o6 Ipu GaraTOKPATHOMY ITOBTOPEHHI DU JIOCSTTH CBOET METH, TOBUHEH 3aCTOCYBATH CBOI YMCTI
crpareril 3 MeBHOI 9acToTOI0 (fiMOBIpHICTIO).
YV 1boMy BUMAJIKY JIJTsI TIONTYKY ONTUMAJIBHIX CTPATETIH BBEIEMO IMOHSITTS MIIlTAaHUX CTPaTeriii
B Takiit rpi. IlosHaunmo

k
Sk: p:(p17p27"'7pk)7zpi:17 pz>0 5
i=1

n
j=1

Mimanoto crparerieio nepiioro rpasig € eaement p € Si. e Bexkrop p = (p1,p2,---,Pk), J€
k

pi =2 0, > p; = 1. Y nasenenux dopmynax k — kinbkicrs esementis B Eyp, (P*). Anasoriuso,
i=1

MIIIAHOIO CTpaTerieo rpasig 2 € ejemeHT ¢ € S,. Tobro BekTOp ¢ = (q1,...,qy), TAKUIA, o0

n
G >0, > q =1
i=1

Yucra p;, ¢j € IMOBIpHOCTSIME 3acTOCyBaHHsI cTpareriit x; € Fj,(P®) nepmoro Ta j € J,
JPYToro rpaBIliB BiJIMOBITHO.

Skmo meprmii TpaBerb 3aCTOCOBYE CBOIO Milmany crpareriio p = (pi,...,Pk), & APYTHil —
q = (q1,---,qn), TO OYIKYBAHOWO ILJIATOIO JPYTOro I'paBlis IepiioMy € Bejmauna F(p,q) — ma-
TEMATUIHE CIIOAIBAHHA BUIAIKOBOI BEJIWYHMHN, KA PEANI3YyE€ThCS IPU OJHOYACHOMY HACTAHHI
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BUIIAKOBUX TOJii: BUOIp cTparerii &' mepmmM rpasieM Ta Bubip crpareril j — apyrum. Ila
BUII3/IKOBa, BeINYIHHa HaOyBae 3HaYeHHS a;; Vi € Jy, Vj € J, 3 fimosipmicTio p;q;. OTxke

n k m n k

F(p,q) =Y >3 alzapiq; = > _ > aipid, (3)
1

j=11i=1 t=1 j=1i=

ne p; — iiMoBipHicTh BHOOPY &' = (%41, ..., Tim), & ¢j — HMOBipHiCTE BUOGODPY .
[Tpupo/Ho, Mo odYiKyBaHWH IIPOrpall JAPYroro I'PaBId TAKOXK OOYUCIIOETHCA 3a (POPMYIIOI0
(3), OCKiZIBKH Tpa € TPOI0 3 HYJIBOBOIO CYMOIO.

HeBaxkko OGaumTu, IO mepIiuii rpaBemb MoyKe 3abesrnednTH cobi BUrpall He MEH-
n k

me maxmin ). > a;piqj, a Apyrumii — Moxe 3abesmednTH cobi mporpair He Oisbime
PESK q€Sn ;=1 i=1

k

n
mgn max > > aijpigj. Axmo(p*,q*) — cinnosa rTouka dbyuxuil F(p,q), mo BusHadaeTses (3),
PESE 4€ON j=14=1

TOGTO BHKOHYIOTBbCS HepiBHOCTI, TO p*,¢* Ha3MBAaIOTL ONTHUMAJLHAMHU MIMAHUMU CTPATErisME
[EPIIOro Ta JPYroro TPaBIiB BIIIOBIIHO. Y IbOMY BHIAJIKY, fK Bigomo, v = F(p*,¢") =

= min max F'(X,Y) = max min F(p, q). [Tpu npomy 6ymemo kazaru, o 3KOITII mae poss’sizok
qESn pESy, PES) €S

y Mimanux crparerisx, a F(p*,¢") — nina rpn.

AnropurM MOHOTOHHOTrO iTepariiiinoro meroxy. s poss’saysanus 3KOITII 3 oome-
JKEHHsIMHM Ha CTpaTeril OJIHOrO I'PaBIid IIPOIIOHYETHCsI MOHOTOHHUIT iTepamniitnuii merox (MIM)
HOIYKY I[HU I'PH, KUl TPYHTYEThCs Ha igesx MonoronHoro Meromy (MM) mist po3s’sizyBaHHst
MATPUYHUX irpoBuX 3aja4 i3 [5]. Y pobori [5] 3a3Haueno, mo MM jae 3Mory mIBHIKO OTpUMATH
3HAYEHHS LIHM I'PU 13 3aJaHOI0 TOYHICTIO T4 ONTHMAJBLHY CTPATErilo IEepIIOro I'PaBIE, IPUIOMY
KUIbKICTh KPOKIB METO/y C/Ia0KO 3ajIeKUTh Bill BUMIPHOCTI 3a1adi.

Omumemo MIM sk iTepanifiuuil nporec, KU T03BOJIAE 3HAWTH U — IiHy rpu [ 4, 110 3amaHa
marpureo A’ = (a;j) BUMIPHOCTI M X 1 Ta MHOXKUHOIO mepectasiieHb E,,, (P*) — crparerismun
[EPIIOrO TPABIIAL.

Ha wmynboBOMY Kpomi wepumimii rpasenp oOHpae JOBLIbHE IepecraBicHHS 20 =

= (21,22, ...,Zm) € Emy,(P*), 7 =(0,0,...,0,1,...,0), ne ommamms cToiTh Ha Mmicmi Homepa 2°

B E, (P”). BusnauaeTsest JONOMIXKHII BeKTOP ¢ SIK BEKTOP CKAJISPHIX 00y TKIB CTOBIIE MaT-
e m

puri A’ ta BekTOpa-mepecrasienus ¥, T06TO c? =3 SN agjxit, Vije g, & =(...,~0),

i=1t=1
7; — WMOBIpHICTH BUKOPUCTAHHS I€PECTABJIEHHS T;.

Kpok 1. Beranosioemo nodaTkoBuit HoMmep iTepartil IV, mo gopiBuioe 1, N = 1.

Kpoxk 2. Busmauaemo vV 1 = min ¢ 7! a nosmauaemo JV = {GV71 . V1Y muokumy
jed, 7 Loooredy
n
IHJIEKCIB, Ha SIKHX JOCATAETHCS QN _1, tobro JV = Arg mBn c;-v -1
Jj€Jn

Kpok 3. ®opmyemo marpuuny rpy IV € T4 six miarpy rpu g 3 marpuneo AY = (af}f ),
e i = Jp, je JV.

Kpoxk 4. Ha ocuosi I'V chopmyemo marpuumy [ x v (I = ) rpy 3 marpurneo B N st mporo
Bu3HaYMMO (3a Teopemoro 3.1 3 [6]) MHOXKUHY EV nepecrapnens xV, koxHe 3 SIKHX T0CTaB-
JIslE MAKCUMaJIbHE HA MHOXKUHI 1iepectasiiedb F,,, (P") 3HaueHHsT CKaJIsIPHOrO JOOYTKY CTOBIIIIB
MaTPHIIL AN 1a nepectasiietb 3 E,, (PY). fkio nepecrapiienb, siki jijist IIEBHOIO CTOBIIIS MaT-
puni AV nalors MakcuMmasble 3HaUCHHS, AeKinbKa, To obupaemo B EY Bei Taki nmepecraBieHms,

EN ¢ E,,,(P*). KiibkicTh 1epecraBjieHb B EN npu oMy mosHadmmo [. Bemmawna | moxke
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6yTn B MerKax Bij ommoro o m! (B TipmIoMy BHNAIKy, KOJIH a,; = const Vi € J,,,). 3i 3Hauens

ij
CKAJIAPHUX TOOYTKIB CTOBIINB MATPHUIIL AN Ta IIepecTaBJIeHHS 3 N YTBOPIOEMO MaTPUYHY T'DY

3 marpumeioBY = (bi])j 1’“’ , Je b = ZCLN Nied,je V¥ o= (@, .. 2)) e EN

m
(1 € J;). BayBaxkumo, 110 l = v, HKH_[O KOYKHE MAKCHMAJIbHE 3HAYCHHS CKAJAPHUX TOOyTKIiB

crosuuis 3 AN ta 2V € E,,, (P%) nocsaraeTbes TLILKE Ha OIHOMY IepecTaBienni. Bixzmaummo,
110, 3rigHO 3 Teopemoro 3 3 [5], fMOBIpHiCTH TOTO, 1O ¥ > 3, JOPIBHIOE HYIIIO.

Kpok 5. Pozp’sizyemo 1py 3 MaTpHUIeio BY. Busnauaemo ﬁN = (1{\[ yenn ,%N ) — iMoBip-
HICTD TIepecTaBIeHs 1 = (E{V et ,f%), 110 BiOBiqat0Th psiakam mMarpuni B 3 onrnManbHO©
CTpaTeri€ro.

I m
Kpok 6. Busmagaemo sexrop ¢ = (&1 ,...,¢Y) 3a dopmyromwo: c = > S Nzl at], Vje
c Jn i=1t=1
N 1 N-1
Kpok 7. PozryisineMo 1py 3 MATPHUIEI0 BUMIPHOCTI 2 X n: < E{V R %N >
s e n

SHaARIEMO ONTUMAJIbHY CTpaTeI‘iIO (a Ny 1—apn), 0 < ay < 1 nepmoro rpasig B 1iit rpi. [Ipu

IBOMY QN = argmgxmjin((l - a) hs ac; M),

Kpok 8. dAxmo ay = 0, To 3yInHKa ajJropuTMy 3 IIHOIO I'pHU vV inakme — me exis Ha
) Y P y pu v ) p

HACTYIIHAN KPOK AJITOPUTMY.

Kpok 9. O64ncaioeMo 3Ha9eHHS BEKTOPA 7N = (yfv Yo ,le ) 3a Takow (GOpPMYJION: 7N =
= (1 —an)yV '+ anyV

Kpok 10. BusnavaeMo KOMIIOHEHTH BEKTOPA N = (1
— aN)CN_l + aNEN.

Kpok 11. 36inbmryemo HOMep N iTeparii Ha 1, mepexoguMo Ha KPOK 2 aJrOPUTMY.

Taxum wuHOM, y poOOTI 3aIIPOIIOHOBAHO MOHOTOHHHUI iTepaIiiiHuii MeTO MOIIYKY IIHU Ipu
st pose’sisyBanist S3KOITII 3 kombGinaTopHuME 0OMEXKEHHSIMM Ha CTPaTerii OJHOIO T'PABIIS.
3alpoIIOHOBAHMI METOJ, IPYHTYETHCS Ha 11esIX MOHOTOHHOI'O METOJY IJjisl PO3B’SI3yBAHHSI MaT-
PUYHUX irPOBUX 33184 1 Ja€ 3MOT'Y MBUJKO OTPUMATH 3HAYEHHS IIHA I'PH 13 33IaHOI0 TOYHICTIO Ta
ONTUMAJIBHY CTPATErifo MepIoro rpaplisd, TPUIOMY KUTbKICTh KPOKIB METOJY CJIA0KO 3aJIeXKUTH
BiJI BUMIpHOCTI 3ajadi.

..., cN) 3a popmymoo &V = (1 —
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MoHOoTOHHBIIT UTEPAIMOHHBIN MeTOJI, AJisl pellleHus 3aa4
KOMOMHATOPHOI ONTUMMU3AIIMA UTPOBOTO THUIIA HA MEePEeCTAaHOBKaX

IIpednootcer, MOHOMONKBIT UMEPAUUOHHBLT METNOOD NOUCKE UEHDL UPbl OAA PEUWEHUS 3a0a%U KOM-
OUHAMOPHOT, ONMUMUZAUUY U2POB020 TMUNG HG NEPECNAHOBKAT C 02PAGHUNEHUAMU HA CTMPATNE2UL
001020 uepoka. Moromorrwbili uMepayuoHHvLt Memood No360AAEM HBICMPO NOAYHUMD 3HAYEHUE Ue-
HbL UZPbL ¢ 360GHHOT MOYHOCTILIO U ONTNUMAALHYIO CMPAMESUI0 NEPEO20 UPOKG, NPU ITNOM KOAU-
YECTMBO WA208 MEMOAA CAAB0 3A8UCUI 0T PA3MEPHOCTIU 3G0GYU.

0. 0. Iemets, E. V. Olkhovskaya

A monotone iterative method for solving the combinatorial game-type
optimization problems on permutations

A monotone iterative method of searching for the game price for solving the combinatorial game-
type optimization problems on permutations with restrictions on the strateqy of one player is
proposed. The monotonous iterative method allows one to quickly get the price value for a game
with the specified accuracy and the optimal strategy for the first player. Moreover, the number of
steps of the method weakly depends on the dimension of the problem.
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