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YucenbHe MOJESIIOBAHHS IIPOLIECY KpHUCTalli3allii MeTary

PaccmatpuBaeTcst 3a/1aua TEmIoBoi 00paboTku Metauia. CTpOUTCsI MPHOIKEHHOE PellieHHe 3aauu. [1omyueHbl
OIICHKH TS TEMITEPATYPHI U TEIIOBOTO MOTOKA.
KiroueBble ¢j10Ba: MPOIIECC KPUCTAIM3AIMM, MATEMATHYECKAst MOJIEITb, (DYHKIIHS, sKHUKas (hasa, KOHBEKIIHS.

PosrnsimaeTbest 3amada TemioBoi 00poOKH MeTany. bynyeThcs HaOMKeHUH po3B’s30K 3a1adi. JloBeaeHi OIiHKA
HA TEMIIEPATypPY i TEIUIOBHIA MOTIK.
Koarodogi ciioBa: nporec kprcraiizatii, MaTeMaTHIHa MOJIENb, (GYHKIIS, piaka (a3a, KOHBEKIIis.

The problem of thermal processing of metal is considered. The approximate solution is constructed.
Estimations for a temperature and thermal stream are got.
Key words: process of crystallization, mathematical model, function, the liquid phase convection.

PacripocTpanenue Teruia B pasiMYHBIX Cpelax OKas3bIBaeT OOJBIIOE BIIMSHHE Ha Xa-
PAKTEp MPOTCKAHUA MHOIMX BAXKHBIX JJIA IPAKTUKU MTPOLECCOB. CpeIII/I 3a1a4, CBA3aHHBIX C
pactpocTpaHeHHeM TeIlIa, BBIIENSETCS KiIace 3a/1ad, B KOTOPBIX HCCIIETYyeMOE BEIIECTBO
MIEPEXOUT U3 OHOH (Da3bl B IPYTYIO C BBIZIETICHHEM MM TIOTJIONICHUEM TerlIa.

Henapio nanHoii padoTHI SBISETCS MOJEIMPOBAHHE IPOIECCa KPHCTATUTH3ALNH
MeTaJula, U3y9eHHe MPOoIlecca 3aBEPIICHHsS TTOTyYeHHs CIUTKA B KPUCTAIUIN3ATOPE ITyTeM
€r'0 BBITATHUBAaHUS.

PaccmarpuBaercst 3agaua yrpasieHus: HHGOPMAIMOHHBIMHU TIPOIleCCaMy TIPU aBTO-
MaTH3aluy TEXHOJOTHH TeIIoBoH 00pabOTKN MeTaylia, Ha OCHOBE MaTeMaTHYECKOTO MO-
ACTIUPOBAaHUs, aHAJIN3a CTATUCTUICCKUX JaHHBIX U TeHHOq)I/I3I/I‘~ICCKI/IX OKCIICPUMCHTAJIbHBIX
u3MepeHuii. B kauecTBe MCTOYHMKA WH(OPMAIMM HCCIEAYeTCs MaTeMaTh4ecKas MOJIEIb,
OCHOBaHHAsl HA IPOCTPAaHCTBEHHOM 3anaue CtedaHa, C y9eTOM KOHBEKTUBHOTO JBHIKCHUS
U TIpuMecei B )KUIKOU (ase.

ITocTanoBka 3agauu

Ilyctb D=(-1<x<1,y<0) — nonymnonoca, 3al0JHEHHAs TBEPJbIM METAJIIOM.
O603HaunM yepe3 u(x, y) TeMIeparypy 3Toro meramia. Tpedyercs: OnmpeeiuTh TeMIepa-
Typy u(x,)y) TO CIEIYIOIIHNM YCIOBUSM:

u, tu, +ou, =0,(x,y)eD, (1)
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u towu=0,x==xl,—0<y<0, (2)
u(x,—oo) = 0, (3)
u,(x,0) =v(x),-1<x <1 (4)

31eck @ M @, — IOCTOSTHHBIE, COOTBETCTBEHHO, uncio Ilexie n Hyccenbra. Pemenue
3agaui (1) — (4) umeer BUj
2 cosA xe"” 1
u(x,y)= " —— [W(¢)cos 4,¢d¢,
n=0 Cos An -1
lun (l + a)O T)

n

)

2
rae U, = —g +1 /% + 2, n=1,23...1, — NONOKUTEIbHBIE KOPHH YpaBHEHUsS A = ,CtgA .

OTtoXaecTBUM Tenepb TemnepaTypy u(x,y) ¢ TEMIEpAaTypol TBEPAOIO CIMTKA, Ha-
XOJAIIErocss B KPUCTALIN3ATOPE IIPH NIEKTPOLUIAKOBOM Ieperiase. [[isi BBITATMBaHUSA
CIIUTKA M3 KPUCTAJUIN3AaTOpa MOBEPXHOCTh CIUTKA IPEIBAPUTEIHHO 000TpEBAETCS TPEMS
DIIEKTPOHHBIMU Jtydamu W, W, u W, , npudeM MOIIHOCTL ¥, OJHOIrO U3 HUX PAaBHOMEPHO
pacrpeiesieHa B HIEHTPAIIbHON 30HE {—1 <x2>2ly= 0}, a J1Ba JIPYTUX CKOHUEHTPUPOBAHBI
o kpasm x = +1 [1]. He3aBucumo ot TOro, B KakOM OTHOIIIEHUH HAXOJUTCS TeMIlepaTypa
TIOBEPXHOCTH CIUTKA C KPUTHYECKOH Temmeparypoit I, TIpH KOTOpOil TOBEPXHOCTh CIUTKA
OTJENSIETCS OT CTEHOK KPUCTALTN3aTopa, TEMJI000MEH CIIUTKA C KPUCTAIIM3aTOPOM OCYIIECT-
Bisiercst o opmyiie (2). st mosiydeHHsl TEMIEPATYpPhl CIUTKA JOCTATOYHO TMOJIOXKUThH B
opmyne (5) v(x) = (W, W, W,).

Jlanee, BBeZIeM B pacCMOTPEHUE (PYHKITHOHAT

1) = [(u(,y)~T") dy. (6)

PaccmarpuBaetcst 3amaua. TpeOyercst onpenenutb MOTOK V(x) U3 JOMYCTUMOTO
MHOecTBa U , TOCTABJISIIONINI HaMeHbIIee 3HaueHne GyHKuuoHary /(v). MuauMmupyrorias
HOCIIENOBATENBHOCTE v, CTpouTca no ¢dopmyne v, =v, +¢&,(v,, —v,), mapamerp &,
BbIOMpaeTcss U3 ycnoBus min/(v, +¢&,(v, , —v,)), 0<g <1 [2]. B kadectBe obnactu
onpenenenus GyHKImu U Gepercss MHOXKECTBO KyCOYHO-TTOCTOSIHHBIX CTYMEHYAThIX (DYHKIIHIA:

v=v,,x, <x<x.,,v, =const,k=0L2,.,m.

ITpu 3ToM popmyna (5) mpuMeT BUI:

o0 m : :
cosA xe sinA x,  —sinAd x
k+1 k
u(x,y) = z : Vi - -
=0

2
p cos” 4, Ay
L, (o =)

n

Hny

9

al(w)=1(v,,v,v,,....,v,,).
[py urcneHHOM pea3al|y 3aJau He0OX0IMMO YIeCTh OTpaHuueHHE 2500 < v(x) < 5000,
37ech V(X) — MOIITHOCTB IOTOKA B erHUIIAX MBT/ M2, aTakke @ = 2,66, @ =3,05.
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CniocoObl penieHus 3a1auu

HyneBoe mpubnuxenue. Halinem MuHumyMm ¢yHknnoHana (6), B ciaydae Korjaa
o (X, ) = fo (X, p)v,

cos A, xsin A
FZIC fo(xvy)zz £ :

0 PL
cos” 4,
2
Ao
MunumyMm ¢yHKIMoHana (6) HaX0AUM U3 YCIOBUS

% -2 }j} oLy =T")f, (1, y)dy = 0.

HGHOCpeIICTBCHHI)IG BBIYHCIJICHUA IIOKa3bIBAKOT, YTO

Aoty (1+ @,

cos? A,

Aoty (1+ @, - 0

vy =4T" _ .,
sin 24,

sin 24, (1—e”*"™) sin 24, (1—e*")

I(vy) =v; - —(T")’H -2T"v, .
32 cos” 4, ., 5 cos” 4,
2us Ay (1+ o, 2 ) Aoty (1+ @, 2 )
0 0

[TepBoe mpubnmxenue. Haiinem teneps MunumyM (yHkiuoHama (6), B ciydae

cosA,xe’”  sin A,

xorma u,(x,y) = (f, (5, )+ fi(x, )V, r8e £ (x,y)=2 .
cos” A, 4
:ul (1 + wO 12 )

1
[Toctymasi, aHAIOTUYHO TOMY, KaK 3TO OBIJIO CHIEJNAaHO B CIydae HYJIEBOTO MPHOIIH-

1 _ o . _ H
JKEHUSL, IOIyquM v, = 27" sin22,(1-e . ;L L Sm 24, (1-e i )}L a,
COS COS
)“0“02 (1 + @, ?0) lllLtlz (1 + @, 2 1

0 1

rac

- sin’® 4, (1-e*") . sin® 24, (1-e*") L, Sin24,sin24, (1-e*")1—-e™™)
- cos” A cos’® A cos’ A cos® .
ﬂ“o,ulz(l"'wo 2 0)2 2;“13112(1"'600 2 1)2 Aoty (1+ @, 2 %) Aoy (1+ o, )
A s A A

Jlanee, mMeeT MeCTo ceayrontas GpopMyra:
1) =2 sin® 21, (1—e**"") v sin® 24, (1-e**")

2 2
cos” A cos” A
2524 (1+ @, pE 0)? 20747 (1+ 0, B Ly?

0 1

sin 2, sin 24, (1—e“")(1 —e*"™)
cos’ 1 cos’ A,
Apy(1+ o, TI)Aoﬂo(l"'wo PE 0)

1 0

+2v]

2T sin 24, (1—e*"™) . sin 24, (1—e*")
- 1 2 2

cos” A cos” A,
/lllulz(l-i_a)() /12 I) A();u(?(l-i_a)o /12 0)

1 0

—H(T") .
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[TpubmmkeHue T000T0 MopsiiKa. AHATOTHYHBIM 00pa30oM MOXKHO HCCIIEIOBATh MUHH-
MyM ¢yHKIMoHana /(v, ) , Korjaa
in A, cos A, x(1— e’ ", cos A A, (1= e
v,sin A;cos Ay x(1—-e™") | cosA, xcosA, (1—-e™™)
e +2a)ovnz 5
=l o cos” A,
At | 1+ @ T2

k

My

u,(x,y)=2 5
cos” 4,
Aoty (1+ @, )
ﬂ“O
OneHUTh MOTPENTHOCTh MPETAraeMOr0 METOIa BEIYMCICHUS MUHUMYMa (DYHKITHO-

Haja (6) MO>KHO, UCTIOJIB3Ysl CIEYIOIIee YTBEPKICHHE.
[Ipu gocTaToYHO MaJbIX 3HAYCHUSIX @ U NpH (X, y) € D cnpaBeasivBa OLIEHKa

My

i coslkxcoslk(l—ewkH)e#ky v |1

hS e
S k)’

2
-~ cos” A
T+ @
A

IIpy noKa3aTeNbCTBE STOTO YTBEPKICHHS BOCIIOJIB30BATLCA COOTHOLIEHUEM: | =nr+¢,
rae ¢, >0 ma Beex n[2]. CripaBeyIMBO TaKKe yTBEPKICHHE.
2
ITycTb BBINONHEHBI YCIOBHA @, > a)\/ztga)\/z ,0<w<A4,0<A4< 71[_6’ O<v,<v(x)<v,
npu x €[-11], rne v, u v, — HeKoTOpBIE MOCTOAHHBIE. Toraa penieHue KpaeBou 3amnadyu
(1) — (5) ynOBIETBOPSET CIEAYIONIM YCIOBUAM TIpH (X, V) € D :
uy(xay) < Coexp(uyy) < Coexp(wy),
Co exp(yy) <u(x,y) < Cyexp(p,y) < C, exp(wy) ,
e C 6+ A(1+cosvA) c - 3(1— A)(1+cos® v A)cos> VA4
" 3(1+cosV4) 6+ A1+ cos> v A) '

Jliist yTBep K ICHNS] HEOOXOIMMO CPaBHHUTH C IIOMOIIBEO TIPHHITUIIA MAKCHMyMa (DyHKITHH
u,(x,y) uv(x,y),rae v(x,y) — peuenne 3a1a4u (1) — (5) B mpeAnonoxeHu , 910 v (x,0) = v,

npu x € [-1,1]. lanee, paccmarpusaercs Gynkumst f(x,y) = v, (x,y) —u (x,¥), (x,y) € D
¥ JoKasbiBaercs, uto f(x,y) >0 B D . JleiictBuTensHo, yHKIHs f(X,)) HE MOKET HpH-
HUMAaTh HAUMEHBIIIEEe OTPUIIATETHPHOE 3HAUCHHE BHYTPHU [ B CHITY IPHHIIUIIA MAKCHMYyMa.
Ha BepTHKaNBHBIX YacTSx TpaHUIBl x = +1 GyHknus f(x,y) Takke He MOKET IPUHUMATH
OTpuLaTenabHbll MUHUMYM. B Takoil Touke umenu 661 £ (x,y) <0, Mexxay Tem S p) =
=-w,f(x,y)>0, x==%I, tak kak f(x,y) <0, mo nmpeanonoxenuto. Ha Geckoneunocru
¢byakmms  f(x,y) wucuezaer, T.e. f(x,—0)=0. Ha rpaame y=0, —1<x<1 wumeeM
S(x,0)=v, (x,0)—u,(x,0) =v, —v(x) 2 0. CrenoBarensHo, BCIOMY B D CIpaBeyIHBO He-
paBeHctBo u ,(x,y)<v (x,y) npu (x,y)e€ D . Orcioia ¢ TIOMOIIBI0 MHTErPUPOBAHKS TIO
MIEPEMEHHOI ) CIIeyeT OIleHKa st QYHKIMH (X, ) CBEpXY. AHATOTHYHBIM 00pa3oM, MOKHO
TIOJIy4UTh OIICHKY Ha IPOM3BOJHYIO u (X,)) CBEPXY IpU (X,y) € D . TlonydyeHHBIE ONEHKHU
TMO3BOJISTFOT OIEHUTH TeMIeparypy u(X, y) U TEIUIOBOM TIOTOK BHYTpHU obnacTi D He mpuberas
K peteHuto 3a1aun (1) — (5) [3-6].
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[IponenanHble YHCICHHBIE PE3YIBTATHI 33U TPEICTaBICHbI B Tabd. 1 — 4.
Ta6JII/IL[a 1 — Yucnennsle PE3YJIbTAThI ITPU PA3JIMYHBIX 3HAUCHUAX ITapaMETPOB
o Ao M T H Vg v, I () I (1)
1,5 0,9882 | 3,5422 0,9 -3,0 2,783 4,367 1,011 21,997
1,5 0,9882 | 3,5422 0,9 -4,0 2,783 5,730 5,428 38,576
1,5 0,9882 | 3,5422 0,9 -6,0 2,783 6,588 | -3,038 | 62,490
1,5 0,9882 | 3,5422 | 0,95 -3,0 2,937 4,610 1,126 24,509
1,5 0,9882 | 3,5422 | 0,95 -4,0 2,937 5,730 | -0,559 | 42,982
1,5 0,9882 | 3,5422 | 0,95 -6,0 2,937 6,954 | -3,385 | 69,627
1,5 0,9882 | 3,5422 0,9 -3,0 4,5 4,5 16,728 | 23,709
1,5 0,9882 | 3,5422 0,9 -4,0 4,5 4,5 15,256 | 24,355
1,5 0,9882 | 3,5422 0,9 -6,0 4,5 4,5 12,397 | 25,275
1,5 0,9882 | 3,5422 | 0,95 -3,0 4,5 4,5 15,537 | 23,062
1,5 0,9882 | 3,5422 | 0,95 -4,0 4,5 4,5 13,866 | 23,695
1,5 0,9882 | 3,5422 | 0,95 -6,0 4,5 4,5 10,718 | 24,696
1,5 0,9882 | 3,5422 0,9 -3,0 11,1 11,1 173,683 | 192,101
1,5 0,9882 | 3,5422 0,9 -4,0 11,1 11,1 175,717 | 198,788
1,5 0,9882 | 3,5422 0,9 -6,0 11,1 11,1 173,351 | 202,940
1,5 0,9882 | 3,5422 | 0,95 -3,0 11,1 11,1 171,150 | 190,098
1,5 0,9882 | 3,5422 | 0,95 -4,0 11,1 11,1 172,831 | 196,617
1,5 0,9882 | 3,5422 | 0,95 -6,0 11,1 11,1 170,023 | 200,697
Tabmuua 2 — YucneHHble pe3yabTaThl IPH Pa3IMYHbIX 3HAYEHUSX TApaMETPOB
o Mo M T H Vg vy I (vg) I(v)
2,0 1,0769 | 3,6436 0,9 -3,0 3,026 4,949 2,686 26,439
2,0 1,0769 | 3,6436 0,9 -4,0 3,026 6,212 1,213 47,388
2,0 1,0769 | 3,6436 0,9 -6,0 3,026 7,642 | -1,364 | 78,991
2,0 1,0769 | 3,6436 | 0,95 -3,0 3,194 5,224 2,993 29,459
2,0 1,0769 | 3,6436 | 0,95 -4,0 3,194 6,557 1,352 52,799
2,0 1,0769 | 3,6436 | 0,95 -6,0 3,194 8,066 | -1,520 | 88,011
2,0 1,0769 | 3,6436 0,9 -3,0 4,5 4,5 16,436 | 20,858
2,0 1,0769 | 3,6436 0,9 -4,0 4,5 4,5 15,077 | 21,560
2,0 1,0769 | 3,6436 0,9 -6,0 4,5 4,5 12,270 | 22,543
2,0 1,0769 | 3,6436 | 0,95 -3,0 4,5 4,5 15,298 | 20,262
2,0 1,0769 | 3,6436 | 0,95 -4,0 4,5 4,5 13,741 | 20,952
2,0 1,0769 | 3,6436 | 0,95 -6,0 4,5 4,5 10,643 | 22,014
2,0 1,0769 | 3,6436 0,9 -3,0 11,1 11,1 168,455 | 171,436
2,0 1,0769 | 3,6436 0,9 -4,0 11,1 11,1 171,102 | 178,385
2,0 1,0769 | 3,6436 0,9 -6,0 11,1 11,1 169,172 | 183,045
2,0 1,0769 | 3,6436 | 0,95 -3,0 11,1 11,1 166,052 | 169,559
2,0 1,0769 | 3,6436 | 0,95 -4,0 11,1 11,1 168,350 | 176,343
2,0 1,0769 | 3,6436 | 0,95 -6,0 11,1 11,1 165,972 | 180,926
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Tabnuua 3 — YucneHHble pe3yabTaThl IPU Pa3IMYHBIX 3HAYEHUSX TApaMETPOB

o Mo M T H Vg vy I (vg) I(vy)
3,0 | 1,1925 | 3,8088 0,9 -3,0 3,352 6,516 7,280 | 45,840
3,0 | 1,1925 | 3,8088 0,9 -4.0 3,352 8,405 6,004 | 87,001
3,0 | 1,1925 | 3,8088 0,9 -6,0 3,352 | 10,746 3,378 | 157,183
3,0 | 1,1925 | 3,8088 0,95 -3,0 3,539 6,878 8,112 | 51,075
3,0 | 1,1925 | 3,8088 0,95 -4.0 3,539 8,871 6,690 | 96,936
3,0 | 1,1925 | 3,8088 0,95 -6,0 3,539 | 11,343 3,764 | 175,133
3,0 | 1,1925 | 3,8088 0,9 -3,0 4,5 4,5 | 20,167 | 18,438
3,0 | 1,1925 | 3,8088 0,9 -4.0 4,5 4,5 | 19,216 | 19,255
3,0 | 1,1925 | 3,8088 0,9 -6,0 4,5 4,5 | 16,548 | 20,267
3,0 | 1,1925 | 3,8088 0,95 -3,0 4,5 4,5 | 19,061 | 17,873
3,0 | 1,1925 | 3,8088 0,95 -4.0 4,5 4,5 | 17,904 | 18,668
3,0 | 1,1925 | 3,8088 0,95 -6,0 4,5 4,5 | 14,927 | 19,741
3,0 | 1,1925 | 3,8088 0,9 -3,0 11,1 11,1 | 188,971 | 154,728
3,0 | 1,1925 | 3,8088 0,9 -4.0 11,1 11,1 | 194,686 | 162,962
3,0 | 1,1925 | 3,8088 0,9 -6,0 11,1 11,1 | 194,771 | 168,964
3,0 | 1,1925 | 3,8088 0,95 -3,0 11,1 11,1 | 186,651 | 152,926
3,0 | 1,1925 | 3,8088 0,95 -4.0 11,1 11,1 | 191,994 | 160,973
3,0 | 1,1925 | 3,8088 0,95 -6,0 11,1 11,1 | 191,588 | 166,853

Tabnuua 4 — YucneHHble pe3yabTaThl IPU Pa3IMYHBIX 3HAYCHUSX TApaMEeTPOB

o Mo M T H Vg vy I (vg) I(vy)
4,0 | 1,2646 | 3,9352 0,9 -3,0 3,560 8,457 | 13,134 | 80,696
4,0 | 1,2646 | 3,9352 0,9 -4.0 3,560 | 11,217 | 12,291 | 162,631
4,0 | 1,2646 | 3,9352 0,9 -6,0 3,560 | 14,954 9,811 | 321,551
4,0 | 1,2646 | 3,9352 0,95 -3,0 3,758 8,927 | 14,634 | 89911
4,0 | 1,2646 | 3,9352 0,95 -4.0 3,758 | 11,840 | 13,694 | 181,203
4,0 | 1,2646 | 3,9352 0,95 -6,0 3,758 | 15,785 | 10,932 | 358,271
4,0 | 1,2646 | 3,9352 0,9 -3,0 4,5 4,5 | 26,374 | 17,467
4,0 | 1,2646 | 3,9352 0,9 -4.0 4,5 4,5 | 26,115 | 18,407
4,0 | 1,2646 | 3,9352 0,9 -6,0 4,5 4,5 | 23,830 | 19,422
4,0 | 1,2646 | 3,9352 0,95 -3,0 4,5 4,5 | 25,268 | 16,899
4,0 | 1,2646 | 3,9352 0,95 -4.0 4,5 4,5 | 24,790 | 17,804
4,0 | 1,2646 | 3,9352 0,95 -6,0 4,5 4,5 | 22,171 | 18,855
4,0 | 1,2646 | 3,9352 0,9 -3,0 11,1 11,1 | 226,770 | 148,999
4,0 | 1,2646 | 3,9352 0,9 -4.0 11,1 11,1 | 237,580 | 158,868
4,0 | 1,2646 | 3,9352 0,9 -6,0 11,1 11,1 | 241,625 | 166,516
4,0 | 1,2646 | 3,9352 0,95 -3,0 11,1 11,1 | 224,449 | 147,191
4,0 | 1,2646 | 3,9352 0,95 -4.0 11,1 11,1 | 234,854 | 156,838
4,0 | 1,2646 | 3,9352 0,95 -6,0 11,1 11,1 | 238,346 | 164,304
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RESUME
1.A. Sypko
Numerical Modeling of the Crystallization Process of Metal

Background. Heat propagation in various media has a great influence on the
course of many important to practice processes. Among the problems associated with the
distribution of heat, there is a class of problems in which the investigated substance passes
from one phase to another, with the release or absorption of heat.

Materials and methods. The purpose of this work is to substantiate the
mathematical model of the process of crystallization of metal. The problem of control of
technological process of metals thermal processing is considered. As information resource
the three dimension convection Stefan problem in liquid phase is investigated.

Result. This paper extend to time-dependent case some result obtained by the
author for steady-state Stefan problem with convection. To determine the optimal thermal
conditions of formation of ingot calculations were carried out in the framework of the
mathematical model of thermal processes in a cylindrical ingot, adapted for the case of
hollow ingot. In the model of liquid metal is poured into the mould portions, and a wedge
of it is pulled out periodically.

Conclusion. A mathematical model which allows to determine the thermal mode in
which it is defined. Simulated process of crystallization of metal, passing in special
metallurgy, namely studied the process of completion of the receipt of an ingot in the
mould by stretching.

The problem of thermal processing of metal is considered. The approximate
solution is constructed. Estimations for a temperature and thermal stream are got.

The relevance of the presented work is due both to the practical demands of fuzzy
control of the process of crystallization for the object with complex geometry.

Cmamus nocmynuna 8 pedaxyuto 25.12.2013.
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