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[lincuiena HeoOX11HA O3HAKA
301KHOCTI PSIAIB Ta HACTI KU

In the paper an advanced necessary test for convergence of number series with non-negative terms is
formulated and proved. The test is written in the formlimnu, = 0. This formula can be got by using

n—

Dzeta—function and has more possibilities than the usual testlimu, =0. The new test gives new

n—w0
representations of the necessary test for convergence of non-negative number series.
Keywords: series, convergence, divergence, comparison test, advanced necessary test, limit,
Cauchy’s integral test.

B pabote cdopmynnpoBaH U A0Ka3aH YCUJIEHHbIH HEOOXOMUMBIN MPU3HAK CXOAUMOCTH YUCIIOBBIX PSIOB C

HEOTPULATEIIbHBIMU YJIEHAMHW B BUIE llm nun =0. HpI/BHaK MOJYYEH Ha OCHOBE IpU3HAKa CpPaBHEHHUA C
n—w

0000MIeHHO TapMOHMYECKHAM psiioM. [Iprm3Hak mMeeT OoJiee MUPOKHE BOZMOKHOCTH TI0 CPABHEHUIO C OOBIYHBIM

HEOO0XOAUMbIM TNMPU3HAKOM CXOOUMOCTH llm T/I” =0. HpI/[MCHeHI/Ie YCUJIEHHOTO He00X0JUMOTro TNpU3HaKa
n—co

CXOIMMOCTH K MHTErpajibHOMY npu3Haky Ko naet HOBble (hOpMbI MPEACTaBICHNH HEOOXOAMMOro NMpU3HaKa
CXOIMMOCTH PSAZIOB € HEOTPULIATEIbHBIMH YICHAMHL.

KroueBble ciioBa: psifi, CXOAUMOCTb, PACXOJUMOCTb, MPU3HAKK CPaBHEHMS, YCHIICHHbIH HEOOXOOUMBbIiA
MPU3HAaK, Mpezes, MHTerpaibHbIi npu3Hak Komm.

VY pobori chopmynboBaHa i gOBeieHa MOCKHIeHa HeOOXiHa 03HaKa 301KHOCTI YMCETbHHUX PSAMIB 3 HEBil'EMHUMHU
unieHamu y Bugi lim nu, = 0. s dpopmyia OTpuMaHa Ha MiACTaBi O3HAKK MOPIBHSHHS 3 TADMOHIIHUM PSIOM i
n—w0

Ma€ 3HAYHO Giflbllle MOXKIMBOCTE y TOPIBHAHHI 3 TpaIHLIiiHOI HEOOXiHOI 03HAKOKO 30ikHOCTI 1im u,=0.
n—>w

[Nocunena o3Haka 30DKHOCTI pa3oM 3 iHTErpaJbHOIO O3HaKol Komni BigKpHBalOTh MOMKIMBICTB OTPUMATH LTy
HU3KY HOBMX MPEICTABIEHb O3HAKH 301KHOCTI PSIIB 3 HEBi'€MHUMM YIICHAM.

KuirouoBi cioBa: psja, 30DKHICTh, O3HAaKa TMOPIBHSAHHS, TOCHJIEHA HEOOXiqHA O3HAKa, TpaHHLs,
iHTerpasbHa o3Haka Koii.

ISSN 1561-5359 «ITy4ynwmii inTenexkr» 2°2013 127



Mironenko L.P., Petrenko 1.V.
5M

Introduction

Let us recall the content of the necessary test for convergent number series with non-

negative terms. If the series Z:zl u,,(u, 20) converges, then the limit of its common term

tends to zero atn — o, i.e. limu, = 0. Usually this test is used to determine the divergence

n—>0
of series, because it is not sufficient criterion, but is the necessary one [1].
Among sufficient tests, perhaps, the most common is the comparison test, which is
usually used in two forms: in the limit form and in the finite form. In both cases, members

. . . @ . . 0
of the investigated series Z u, are compared with members of the known series Z V-
n= n=

We are interested in the limit sufficient test, where lim—Z is considered. If the series

n—>0 V
n

o .U, . . .
anlv,,, (v,>0) converges and the value of lim—is equal to C <o (in a particular

n—>0 V
n

case C =0) then the series Z;un converges. If the series Z:zl v, (v, >0)diverges and

the value of lim 22 is equal to C >0 then the series Z;un diverges also [1-2].

n—»o0
Vn

There are three standard series, which are used in the comparison test. They are the
harmonic one with the common termv, =1/#, the generalized harmonic one (so called

. . 1 . : .
zeta function) with the common term v, =— and the geometric progression one with the
n

common term v, =q".

The limit comparison test with respect to the generalized harmonic series is
considered in the paper. This allows intensify the necessary test for convergent number
series with non-negative terms and expand significantly the possibilities of the usual
necessary test limu, = 0.

n—>w0

I Deduction of the advanced necessary test
for convergent number series

Let us represent the generalized harmonic series in the form

1+8

[M]s

1 { P >0— for convergent series

oon P <0— for divergent series,
where instead of the usual parameter « the new parameter fis used: ¢ =1+ £, and

apply the limit comparison test for an arbitrary number series: z; u,, (u,20):

. u .
lim—"— =limn"/
n—w 1 n +B n—ow

-u, . If there exists the finite value limit

limn”*"u, =C <o ey

n—w0
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and g >0, then the series Z:zl u,, (u, >0)converges. In other cases at f <0the

limit is equal to infinity ( or does not exist) the series Z:zl u,, (u,>0)diverges [1-3].

The test (1) may be represented in the other form if it is applied by
L Hospital’s rule. Indeed according to the necessary test for convergent number series

|
u, —0 at n—>o, Then u,' =— —> o at n - wand

u}’l
' B
n 00 . . n . n
lim #” lim n- u, =lim n” lim— =4— =lim»” lim - =1im -
n—o n—o0 n—o noo 0 n—w n—o0 _1) n—o ( _1)

As the result the test (1) will get the form
n?
lim

n—>0 -1

=C<o @)

n

If the series Z

The test (1) can be written in the form
limn”"'u, =limn” -nu, =limn” -limnu, =C <. 3)

n—>0 n—>0 n—w0 n—>0

(u, >0) converges then the equality (1) takes place at f>0.

1"’

Suppose thatlimnu, # 0. In this case the equality (3) will be correct, when lim»” is

n—>0 n—>w

equal to a number at # > 0. But there is no such £ >0, because limn” = for any f>0.

n—w0

Thus, whenlimnu, # 0, then the series Z , diverges. So we have the new advanced

n—w0

. . . 0
necessary test for convergent number series with non-negative terms zn_l u,, (u,=0):

limnu, =0. “)

n—0

By the same way the formula (2) is followed the another form of the new advanced

. . . 0
necessary test for convergent number series with non-negative terms zn_l u,, (u,=0):

lim 1, =0. (S)

n—w ( _1)
un

These two forms of the new advanced necessary test for convergent number series
have more opportunities with respect to the casual necessary test for convergent number

series limu, =0. For example, for the number serlesz

n—>o —1 /

1 : . .
(hmu =0) giveslimu, =lim—==0. This means the series must converge, but it

n—»0 n—»w0 n

the casual necessary test

diverges. At the same time according to the formulae (4) and (5) the new advanced

. . 1 .
necessary test gives: limnu, =lim \/__oo and llm( ),:11m2\/n:oo.lt means the
n—»o n—»o n—o -1 n—0
u

n

. o 1 di
SCI’ICSZFIE 1verges.
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2 The new advanced necessary test for convergent number series is
applied to Cauchy’s integral test

According to Cauchy’s integral test if the function u(x) is nonnegative and

decreasing at x>1 then the series ZM(n) converges if and only if the improper

n=l

integral Iu(x)dx converges.
1

+00

Let the series Zu(n) converges therefore the improper integral Iu(x)dx converges
n=1 1

also. The last is integrated by parts:

Iu(x)dx = lim xu(x)—u(l) - jxu'(x)dx.
1 1
According to the new advanced necessary test for convergent number series (4)

lim xu(x)=0. Since the left-hand side integral converges then the right-hand side integral

X+

+0
I xu'(x)dx must converge also and according to Cauchy’s integral test the series Z:;lnu;
1
converges.
Take into account, that in this case the advanced necessary test (4) for convergent

number series Z:=1n”»’1 takes the form:limn’u, =0. We see that convergence of the

n—>0

. © , - . .. . ©
series Z  nu, is necessary and sufficient condition for convergence of the series Zn Uy -
n= =

Indeed, let us assume that series Z:;lnu; converges therefore the improper integral
+0

I xu'(x)dx converges also. The last is integrated by parts:
1

Txu’(x)dx = linzo xu(x)—u(l)— +Tu(x)dx.

Since lim xu(x)=0 1is necessary and sufficient condition for convergence of the

X+

series z:zl u,, then the series Z:;l u, converges. If the condition lim xu(x)=0 is not

X—>+00

. . 0 . . 0 .
satisfied then the series E u, diverges and the series E (hu, diverges also.
n= n=

Let us apply this reasoning to the series Znu'(n), given that limn’u) =0 is

n=l1

necessary and sufficient condition for convergence of the seriesZnu'(n). Let the series
n=l
0 +00
Znu'(n) converges therefore the improper integral J.xu'(x)dx converges also. The last is
n=l 1

integrated by parts:
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jxu'(x)dx =l(1im xzu'(x)—u'(l))—l j 2u" (x)dbx.
: 2 N+ 2 ;
Letlimn’u/ = 0. Since the left-hand side integral converges then the right-hand side

n—>0

+00

integral jx2u"(x)dx converges also and according to Cauchy’s integral test the series
1

an "(n) converges. These arguments can be repeated k times. As result two important

statements are obtained.

0
1. In order to the series with non-negative terms Zu(n) converges it is necessary
n=1

and sufficient, that the series Y n*u’(n) , (k=1,2,...) converges too.
n=l

2. The series with non-negative terms ZM(n) converges if and only if the advanced
n=l

necessary test in the form lim #»**'u"(n) =0, (k =1,2....) takes place.

n—>+0

These statements can be demonstrated by the example of the convergent

. 1 . o .
series Z -— with the common term u, = ———. If the common term is differentiated,

“~nln”x nln” x

u,_—lnn—Z_)_ 1 u,,_21n2n+6lnn+6_) 2
nln*n e wlln’n’ " n’In*n e’ Inn’
The series Y n*u)(n) (k =1.2) have the next forms:

n=l1

0 © © ) 2
Znu'(n)=z —lnn-2 anu,,(n):zﬂn n+6lnn+6.
n=1

4
~ n “nln’n — nln® n

For sufficiently large values of n the common term of each of the series behaves like

the common term of the initial series, namely u, ~ nu, ~ n’u! —>
nsopln*n

Findings

1. An advanced necessary test for convergence of number series with non-negative
terms is formulated and proved. The test is much more powerful than the casual necessary test.

2. The advanced necessary test gives rich possibilities to get equivalent converged
series with respect to the given series. These series cannot be obtained by applying the
usual way in the series theory.
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