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O 3aaye ONTUMAJIBLHOI'O YIIPABJICHUS B MOJECIIIX POCTa
MaTOJIOTHYECKUX 00pa30BaHMIA HA OCHOBE JTMHAMUKK Puxapa

V naHiit po6OTi 3aMponoHOBaHO MOZEIb KEPyBaHHS MaToOJOTYHIM MPOLIECOM, PO3BUTOK SKOTO OMHUCYE AMHAMiKa
Pixapna. Mogenb npeacTaBieHo SK 3a4auy ONTUMAIBHOTO KepyBaHHs CHCTEMOIO HeMiHifHuX audepeHLialbHuX
piBHstHb. CpopMybOBaHO HEOOXilTHI YMOBHM ONTHMAJbHOCTI Ta aHAJITHYHO TOKA3aHO BWIJIS ONTHUMAJbHOTO
PO3B’A3KY Ha AesIKOMY iHTepBaJli yacy.

Krouosi cioBa: ontymasbHe KepyBaHHs, MPUHLMIT MakcumyMy [ loHTpsriHa,

HeOoOXifIHI YMOBU ONTUMAJIBHOCTI.

In the work there is offered the model of control for pathologic process that describe Richard dynamics. The model
is presented as optimal control problem for the system of nonlinear differential equations. There are stated
necessary optimality conditions and the form of optimal solution is analytically shown on some initial interval.
Key words: optimal control, Pontryagin’s maximum principle, necessary optimality conditions.

B nanHoii paboTe npeanoxeHa MOJeNb YIpaBIeHH NaTOJIOIUYECKUM MIPOLIECCOM, Pa3BUTUE KOTOPOTO OMUCHIBAET
IHamMuka Puxapma. Momenb mpenctaBieHa Kak 3ajada ONTHMAIBHOTO YMPABIEHWS CUCTEMOM HeJMHEHHBIX
i depeHImanbHbIX ypaBHeHNH. ChopMynpoBaHbl HEOOXOIUMBbIE YCIIOBHS ONTUMAIBHOCTH M aHATUTHIECKH
MOKa3aH BUJI ONITUMAJIEHOTO PELeHHs Ha HEKOTOPOM MHTepBalle BpeMEeHH.

KuroueBble cjioBa: ONTUMAIIbHOE yIIpaBieHne, NpuHIKN Makcumyma [loHTpsTuHa,

HEOOXOUMBIE YCJIOBHUS ONITUMAIIEHOCTH.

Beryn

[Ipu mpoBeneHHI CUCTEMHHMX MEIUYHUX JOCTI/UKEHb BHHUKAIOTH MMUTAHHS IPOTHO3Y-
BaHHSI KiJIbKICHOI Ta SIKICHOT MOBEJIHKK 3axBoproBaHHs. [le, B meprry depry, ¢opma matoso-
TYHOTO TIPOIIECY, Ha SIKY BIUIMBA€E UM PsiJi HEBU3HAUYEHOCTEW — yac (pOpMyBaHHS KacKamy
crenn(ivHUX MIa3MaTUYHUX KJIITHH, BIUIMB YIIKO)KEHOI'O OpraHa Ha iMyHHY BiINOBiIb,
cXeMa MPOBEICHOT0 JiKyBaHHS Ta iH. Po3B’sa3yBaHHS MpoOJIeM Takoro poJay BAMAarae pos-
PpOOKH BiIIMTOBITHUX aIrOPUTMIB CHCTEMHOTO aHami3y [1-10].
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JlocmipkeHHsT Tpo0IeMH PO3BUTKY MATOJIOTIYHUX YTBOPEHb Yy JIFOJCHKOMY OpraHi3Mi €
aKTyaJbHHUM 1 B HaIll 4ac. 30KpeMa, B poOoTax [1-7] po3risaatoTh picT MyXJIMHHUX MOMYJISIIH
Ha ocHOBI quHaMiku ['ommeptiia. B poboti [§] BUBYAIOTE PO3BUTOK 3arajbHOTO MaTOJIOTIY-
HOTO YTBOPEHHS Ha OCHOBI uHaMiku Pixapma. B [9] po3misHyTO mUTaHHS CTIHKOCTI B MOJIENi
POCTY TATOJIOTIYHOTO YTBOPEHHS Ha OCHOBI JuHaMiku Pixapma. [IpoTte He mociipkeHe -
TaHHS KEpyBaHHS [IPOIIECOM POCTY HAaTOJIOTTUHUX YTBOPEHb.

MeTtor0 po6oTH € pO3TIIS] 3a/1a9i ONTHMATEHOTO KEPYBaHHS IPOIECOM POCTY TaTo-
JIOTIYHOTO YTBOPEHHS, SIKHH OIUCYe JAWHaMika Pixapna, Ta BH3HAUYEHHS HEOOXITHHX YMOB
ONITUMAIIBHOCTI.

Marepianu Ta METOIU JOCTIKEHHSI

Hexait ¢pynkuii 7, (t), i=1,N € po3B’s3KamMu CUCTeMH Ju(epeHIiaIbHAX PiBHIHB

dn.(0) n,(t{gl b OO+ 3 4, (t){l - ("9—@]]] M

771' (tO ) = 771
ne 77,.(t), a, (t) — KyCKOBO-HeNepepBHi (QyHKLIi Ha BIAPI3KY (f,,T), B(t) — Nxm-
MaTpulld 3 eJIEMEHTaMu b, (t), mo € Takox KyckoBO-HemepepBHHMHE. [Ipy HOMY PO3B’s-

30K 77, (t) PO3YMIEThCS B 3arajlbHOMY, TOOTO:

2=+ ] ) $,00,0)+ 5,6 1_(”9_(’)J ar

L

V pieasHHI (1) 3poOuMO 3aMiHy X, Tomi orpumMaemo:

X0,
RAY

L

L

D0 e S0, 000+ ,,(t)( (’7 (f)” | @)

PosrnsHemMo kepoBaHUit 00’ €KT, 1110 OMUCYETHCS CUCTEMOIO PiBHSIHB (2), 1e X € R" —

(azoBuii cTaH 00’ekTa; u € R” — KepyBaHHS.

Posrmsaemo 3alavy OITUMAJIBHOI'O KEPYBAHHSA
T

J(w)= [u* 0yt > min. 3)

1y

0 0 35,00, 0+ 5 0, O -, 0)] xR 9

x(O):xos X(T)=x, 6]
ult)eV 1, <t<T, ©6)
e U= u(t) — BBAXKAIOTHCSI KYCKOBO-HENIEpEpBHUMH (DyHKIIsIMU HA [7,,7'], 1 TOUKH X,
x, —3ajaHi, V' € E" — He 3a1eXUTh BiJ] yacy 1 (azoBi oOMexeHHs IpU f, <¢ < T BiCYTHI.
HeobxiHo 3HaiiT Take mpuIycTHMe KepyBaHHs u(f), IO TIEpEBOIUTH CHCTEMY 3
tdasosoro crany x(0)= % y dazoswmit cran x(I')= %, npuaomy BizmoBigumit mpuIycTH-
MUt Tiporiec (x(t), u(t)) HaJlae MiHIMaTBHOTO 3Ha4eHHs (GyHKionany (3), e byHkuis u” (1) —
HeTIepepBHA 3a CYKYIHICTIO YCiX 3MiHHHUX.
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3acrocyemo mpuHIHI MakcuMmymy [lorTpsrina [10] 1o 3ama4i onTUMaIBHOTO Kepy-
BanHs (3) — (6).

Baenemo monomikai aminmi w(f)= (,(¢)..., (t)) € E" i crany y, =—1. Busnaunmo
¢yukiito 'amineToHa-TToHTpsTIHA:

Hx@).u().t) =Dy, f(x@), u) = w, fo + (O f (x(O).u()) =
@
= —u’ () +y (1)nx, (f)[z b, (), (t)+> a, (t)(l - x, (t))

Iapi (u(t),x(t)), t, <t <T mOCTaBHMO Y BIAIMOBITHICTH cUCTEMY AU(EPEHIIATEHUX
PIBHSIHB

dy,  SH(x(D).u®).t)  Lof (x(@.u@).t) . —
4 = o = ;0 o l//(/ B l—O,I’l . (8)

1 1

[IpomudeperiiroeMo QyHKITIFO FaMianOHa-HOHTpﬂriHa (7) 3a 3MiHHOIO u(f):

oH (x(ta) u(0.1) _ zu(r)+n2bu O Oy ).
Uu

OH (x(t),u(t),t)
ou

3 yMOBH =0 3Haiizemo:

u(t) ——nZ (), (Ow (). )

[IpomudeperiiroeMo QyHKITIFO FaMmbTOHa-HOHTpﬂriHa (7) 3a 3MiHHUMHE Y/, 1 X, :

A S| o)<

81// =0 dt

1

. i=0.N, (10)
= bx, (t)[z b, (Oyu, () + Zau fi-x, (t))}
OH _ 0[S, o Lo (xu) _ dy,
ox _a,[;f’/’f J D
Li=ON. (11

—n l//(t)[i b, (Ou, (1) + Za{, 0)f1-x, (r))} —nx, (t)l//(t)iau )

Tenep crmiBBignomennst (10) i (11) 3 ypaxyBanHsM u(f) MOXHA TEpenucaTd y BU-
[IISLAl TaMIJIBTOHOBOI CUCTEMHU:

% = nx (t)[% nib,j (t)ib,j O, (O (1) +i% O1-x, ))}i =0.m,

Si= nw<r>[—n2 (r)Z (r)x,-(r)mr)+Zaz,-<r>(1—x/<f>)}+ (12)

m

(OO a, (1), =0

Otxe, MokeMO chopMyITtOBaTH HEOOX1THI YMOBH ONTUMATBHOCTI 1T 3a1a4i (3) — (6).

«IIITyynuii iHTENIEKT» 2013 Ne 1l 113



Anapymak I.€., barpiii-3asaus O.A.

4A

Teopema. Hexaii (xH *(t),z//*(t)) — pO3B’A30K 3aJjaui ONTUMAaJIBHOIO KEpyBaH-

. * % o . .
Ha (3) — (6). Toxi (x (¢),y (¢)) € po3B’sa3KoM KpaioBoi 3axaui (12), (5).
Jlani po3riisiHeMO CKaJISIpHUN CTalliOHAPHUN BUITQJIOK, YBIBINH TO3HAYCHHS

N N
Sa,()=a.3 b,(0)=b.
Jj=1 j=1

[Tpunyctumo, mo a,b>0.
Posrnsaemo cucremy:

% =nax(t) — nax* )+ % n’b’x’ Q40)

. (13)
‘;—‘/’ = —nay (t) + 2nax(Oy () % n2 b2 (O (1)
t
J17is1 BU3HAUEHHS IBOX CTAIMX 13 3araIbHOTO po3B 3Ky crcTemu (13) Maemo aBi ymoBH (5).
OTtpumaiu kpaitoBy 3amaqy (13), (5) — UId cHCTEMU JIBOX 3BHYANHUX JU(PEpeHITiaThb-
HUX PiBHSHbB.
Cucrema (13) mae 3aranbHi po3B’sSI3KHU:

Py =(x()=0,p(t)=Ce ™), (14)
4CIZe(t+(,'2 )y
Pl = (x(t) = —4n2a2C12 +e2(71(z+c72) +4n2aze(z+cz)('l +4n4a4’
1
—2nax(t) + 2nax’ (1) + 2(1 x(1)) (13)
W)= s dt
n’b’x*(t)
4C?
B=| =" poCHE ’
e(t+(2)(,1(ez(t+(72 Y + e(t+(;2)(7 + 4n4a4 _ 4”2(12C12j (16)

— 2nax (t) + 2nax*(t) + 2(% x(1))

w(t) = FETERER
Po3B’s130k P, — TpuBiaJbHUI.
Posrisiremo poss’sizoxk F. IlincraBumo kpaifoBi ymoBu (5) B 3arajbHUH po3B’s-
30k (15) i Bu3Ha4mMo crani inTerpyBanss C, ta C,:
C,=Z,ne Z — KOpiHb NOJIiHOMA
O((2)=(4x;R* +4x] R* — 4x,x,R — 4x,x, R’ +
+ (=X R+ 4x, 6 R+ 4x,%, R = 2x, x5 R — x.x)) 27 + x,x. Z*) (R = 1)an) = 0,
aR=e’,me D— KOpPiHb KBa3iMoJaiHOMA:
0,(D) =—-4x; (eD)zD4 —4x] (eD)zD4 +4x,x,e”D* + 4x,x, (eD)3D4 +
+ xgxlszaznz(eD)‘tD2 - 2x§xlzT2aznz(eD)2D2 - 4x0x12T2aznz(eD)3D2 +

2
+ 8x0x12T2a2n2(eD) D* —4x,x/T*a’n’e"” D’ —4)63)617”2512112(3[))3D2 +
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+8x.x, T A’n’ eD)zD2 —4x;x, T’a’n’e" D’ + x;x/T’a’n*D* —
-xox,T*a* 4(eD) +4x)xT* 4n“(eD)3—6x0x12T4a n4(eD)Z+
+4x)x T*a'*n"e” — x)x'T*a’n

Koedinient C, Bu3HauaeThes yepes 3HaueHHs C, 1 JOpPIBHIOE:

o 1| 1 mAnrd +4CT + |- 25,2 CE + C + X CnPa*C?
| L

C
e 1°
xe !

BusnaunBmm C; ta C, MH OTpUMAEMO YacTKOBUM po3B’s30k 3amadi (13), (5). Bupas
mwis x(1) 1 y(t) 3 ypaxysannsm 3uadens C, Ta C, mizcraBumo y (9) i oTpumMaemMo KepyBaH-
Hs u(t).

Posrisiremo po3p’szok P, . ITincraBumo kpaitoBi ymoBH (5) B 3arajibHHI po3B’si30k (16)
1 BU3HaunMMo crai interpyBantasa C, 1a C,:

C, =7 ,ne Z — KOpiHb NOJIHOMA!
O,(Z) = ((4x] R* +4x] R* —4x,x, R’ —4x,x, R)Z* + xx] +(=x)x] R* +4x,x R +
+dxox, R—=2x.xR—x;x})Z* )R -1)an =0,
a R=e”, 1e D — xopiHb KBa3inoiHOMa:
0,(D)=4x2(e"F D* + 4x2 (" F D* - 4x,x,e"D* — 4x,x,(e" ) D* +
+x2x T a 4( [))4 4x2x2Ta 4( [))+6x§ 4a4n4(e )2_
—4xx[Ta*n'e” + x}xT'a'*n' — x}xT*a’ 2( )AD2 + 2x0x1 T’a’ 2( )ZD2
+4x,xT?a’n ( )>D2—8x0x1T2 ( D)2D2+4x0 ‘n’e”D? +
+4x;x, T’a’ 2( )KD2 8x;x,T’a’ 2( )2 +4x.x, T’a’ 2( D) xox;T?a*n’>D”.
Koeoimient C, Bu3HavaeThCs yepe3 3Ha4eHHs C; i JOPIBHIOE:

—4x,n’a +4C32J_r4\/ 2x,n*a’C] + Cl+x'n’a’C;

C.-
2 (4xn'a* —dx;n*a’Cl)e’ ’

C,=In

BmsnaunBim C, ta C, MH OTpPUMAaeMO YacTKOBHI po3B’si30k 3amadi (13), (5). Bupas ms
x(1) i w(t) 3 ypaxyBanusm 3Hauens C, ta C, mizcraBumo y (9) i otpumaemo kepysanns 2(1) .

BucHoBKM

CoopmynboBaHO 3a/1a4y ONTUMAIBHOTO KEpyBaHHs. 3HAWJICHO 3araibHi PO3B’SI3KU
KpaioBOi 3a/adi, sIKa OMUCYE MPOIEC POCTY IATOJIOTIYHOrO YTBOPEHHS HA OCHOBI TMHAMIKA
Pixapna. 3acTocoBaHo npuHIUI MakcuMyMy [ToHTpsTiHA JT0 33/1a4i ONTUMAIBHOTO KEPYBaHHS
Ta OTPUMAHO HEOOXi/IHY YMOBY ONTUMATBbHOCTI.
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RESUME
1.Ye. Andrushak, O.A. Bagrij-Zayats
On the Optimal Control Problem in the Models of Pathological Formation

Growth Based on Richards Dynamics

The theory of optimal control has been well developed for over forty years. With the
advances of computer technique, optimal control is now widely used in multi-disciplinary
applications such as biological systems, communication networks and socio-economic systems
etc. As a result, more and more people will benefit greatly by learning to solve the optimal
control problems numerically.

Treatment of a pathogenic disease process is interpreted as the optimal control of a
dynamic system. Evolution of the disease is characterized by a non-linear ordinary differential
equation that describes concentrations of pathogens, plasma cells, and antibodies, as well as a
numerical indication of patient health. Without control, the dynamic model evidences sub-
clinical or clinical decay, chronic stabilization, or unrestrained lethal growth of the pathogen.

The dynamic equations are controlled by therapeutic agents that affect the ate of change
of system variables. Optimal control solutions that defeat the pathogen and preserve organ
health are demonstrated. It is shown that control theory can point the way toward new
protocols for treatment and remediation of human diseases.

Interaction of laser irradiation and biological systems are investigated. The pathological
formation growth based on Richards dynamics are considered.

Pontryagin maximum principle is applied in this work to find the optimal control of
the pathological formation growth. The general solution of the controlled system is
obtained. Finally, numerical example are presented to explain the analytical solution.

Cmamms naoitiuna oo peoaxyii 01.10.2012.
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