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The decay processes of waves propagating in the nonlinear gyrotropic media were investigated. It was shown that
the dynamics of the process does essentially change if conditions for Faraday effect are realized. The most important
result is the conclusion that the presence of gyrotropy can lead to suppression of the decay instability. This means
that in such conditions the plasma wave will propagate without attenuation. The analytical conclusions are

confirmed by numerical results.
PACS: 52.35.Mw

INTRODUCTION

By the present time, nonlinear wave interaction in
different media has been investigated quite minutely. As
examples, optics, hydrodynamics, plasma physics, etc.
can be exemplified. Especially thoroughly were studied
so called three wave processes, when three natural
waves of a physical system are taking part in nonlinear
interaction. The well-known example of such
interaction is the decay instability. On the other hand,
there is the Faraday effect in a gyrotropic plasma.
Separately both the Faraday effect and processes of
three wave interaction has been investigated quite fully
and in detail. However, the processes of nonlinear wave
interaction in magnetoactive plasma when Faraday
effect is taken into account were not investigated yet. In
this report the results of investigation of such processes
are presented.

First of all the equations describing such processes
were obtained. In the common case these are
complicated equations and their analysis may be carried
out by means of numerical methods only. But there are
some conditions when consideration of these processes
is essentially simplified. In particular, such simplify-
cation is possible at weak gyrotropy. In this case the
dispersion properties of the system are close to
properties of vacuum dispersion. Such conditions may

exist in rare plasma (@, ) and frequencies ()

are not close to electron cyclotron or to upper hybrid
frequencies.

The Faraday effect may be considered as energy
exchange between two linear oscillators which are E-
and H-waves accordingly. It may be expected that, if
the period of this exchange process is sufficiently short,
then all other processes having longer characteristic
time will be suppressed. The mechanism of stabilization
of such states is described in [1, 2].

Below we present: the increments of E- and H-wave
decays and parameter of linear energy exchange, the
ranges of parameters where linear transfer and decay
processes are possible, the assessments of threshold
amplitudes when decay process is possible, and the
results of numerical investigation of the equations
describing nonlinear processes in magnetoactive
plasma. It was shown that linear interaction between E-
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and H-wave can result in suppression of decay
instability.

The obtained results can be useful to overcome the
limitation on amplitudes of waves excited at beam-
plasma interaction [3, 4].

1. PROBLEM DEFINITION AND BASIC
EQUATIONS

Let us consider an infinite magnetoactive plasma.
We suppose that external uniform magnetic field is
directed along z- axis. The permittivity of such plasma
is described by means of tensor of the form (see, for
example [5]):
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where @, is plasma frequency, @, — electron cyclotron

frequency, o - frequency of wave. If the waves
propagate at some angle to magnetic field the coordinate
axes can be directed in such a way that wave vector will
be in the yz plane. Only the case when electromagnetic
waves do not depend on x coordinate will be analyzed,
with additional supposition that wave vectors of
interacting waves are in the same plane.

To investigate dynamics of nonlinear wave
interaction, the Maxwell equations describing electro-
magnetic field components and hydrodynamic equations
for plasma electrons will be used. It is supposed that
spatial-temporal dependence of all electromagnetic field
components has the form:
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where w; is frequency of ith wave, k,;, is y component
of its wave vector. Expressing from Maxwell equations
all x and y components of electromagnetic field through
E, and H, the following set of ordinary differential
equations can be obtained for these components:
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The second terms in the right parts of these equations
describe nonlinear interaction. The index i means that
corresponding value belongs to characteristics of ith
wave. It is following from this set that in gyrotropic
plasma the E- and H-waves are not independent. Below
we will be interested in weak girotropy, when ¢, <<1.

This is the case of low density plasma when frequencies
of interacting wave are not near the electron cyclotron
frequency or upper hydride one. In such case dispersion
properties of media are close to vacuum dispersion.
Let’s consider the influence of linear coupling on the
nonlinear interaction of eigenmodes. To move further,
the dependence of z-components of the electric and
magnetic fields on z coordinate are presented as
follows:

Ezi ' Hzi - Ezi (Z), Hzi (Z) exp(_ikziz)' (4)
where E;(z), Hi(z) are dimensionless and slowly varying
amplitudes of z components of electric and magnetic
fields for ith wave. We will limit ourselves by three
wave nonlinear interaction. To obtain shorted equations
describing dynamics of slowly varying amplitudes in
the three wave nonlinear interaction process, the method
presented, for example, in [6...8] can be used. The
conditions of synchronism may be taken according to:

W, =w, +a)3,

kyl = kyZ + kyS’ (5)

k,, =k,, +K,; +5K,,
where Jk, — detuning for z component of wave vector
(ok, L k).

After some mathematic transformation the set of
ordinary differential equations can be obtained, which
describe the dynamics of nonlinear interaction of natural
modes in magnetoactive plasma taking into con-
sideration the influence of energy exchange between E-
and H-waves:
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The values a, b, ¢, d with different indexes are quite
complicated. They characterize the influence of
nonlinear terms. These coefficients, entering into the
equation for dE, /dz , contain denominators of the type

(@* —?). It is following from these equations that

process of three wave interaction in magnetoactive
plasma is substantially more complicated than it is
described, for example, in [6-8]. The linear interaction
between the E- and H- components plays significant
role in this case. The linear terms describing such
interaction can much exceed the terms describing the
decay instability. However, it may be expected that at
some electromagnetic field strength the contions can be
realized when the decay instability dominates over the
linear transfer.

2. RESULTS OF ANALYTICAL AND
NUMERICAL INVESTIGATIONS

By neglecting the nonlinear terms, the set (6) is
transformed into three set of equations, each describing
the linear energy transfer between E- and H-components
of one eigenmode. Every such set of first order
equations can be reduced to equation of the view:
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It follows from expression (8) that energy exchange
between E- and H-waves of one mode is possible in the

frequency region w<w, and @ > ~fcoj +w) , the latter is

the upper hybrid frequency. Linear transfer becomes
faster when approaching the electron cyclotron
frequency or the upper hybrid one. However, it should
be taken into account that in the vicinity of these
frequencies the approximation of slow varying
amplitudes is not correct. From expression (8) the
characteristic length for energy exchange between E-
and H-waves can be estimated: L=1/4;

As it was pointed out in the previous section, the subject
of our interest is the case when the terms of questions
describing the effect of magnetic field on the permittivity
tensor are small. With that the dispersive properties of
investigated system are close to those of vacuum. This is
possible if the conditions, mentioned in the previous
paragraph, are true. In the selected model when wave
vectors of interacting waves are in one plane, the
synchronism conditions (5) are satisfied if all interacting
waves are propagating in one direction (and the dispersion
properties are close to the vacuum dispersion properties).

To define the increment of decay instability it is
supposed that the decaying mode amplitude is a constant
value. In this case the set of shorted equations is linear. In
this case, every of natural modes has E- and
H-components which take place in the process of linear
energy exchange. The decay instability can be realized
differently depending on what components of natural
mode is dominant. The estimation of increment was
performed for two cases: (i) at initial moment the
decaying wave contains only H-component, and (ii) only
E- component. The expressions for these increments are
rather complicated. Both, E- and H-component
amplitudes, enter as multipliers in these expressions, and
this allows to point out those amplitude values when the
nonlinear decay dominates over the linear transfer.

If initially the H-wave dominates in the decaying
mode, then there are two increments of its decay into E-
and H-waves in second and third modes. On the
contrary, if E-wave is dominant initially, there is one
increment of decay into modes 2 and 3. The expressions
for these increments are complicated, especially if E-
wave decays. The expressions for these increments
allow to conclude that there are ranges of parameters
where decay is not possible although synchronism
conditions are hold. For every of indicated decays it is
possible to define a threshold value for the amplitude of
the decaying wave when the decay instability is
possible.

Thus the expressions for increments of decay H-
wave instability (for made above supposition) are:
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where 4., A,,— increments of decay instability H-wave

into E- and H-wave of the modes 2 and 3, respectively.
As can be seen from equations (9) there is frequency
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range where transfer of H-wave into H-wave is not
possible. The increment of the decay instability of E-
wave is more complicated, so it was not shown here. It
should be noted that square of increment of this
instability can be not only a real value, but complex
value also. Thus, the decay of E-wave has a more more
complicated character, depending of frequencies of
natural modes that do take part in interaction.

Using expressions (8) and (9) together with condition
Ay > A, it is possible to obtain threshold value for

dimensionless strength of H-wave of decaying mode
when the decay instability is possible. The criterion for
the decay instability H — E to exist is:

|H21| > C\/k22kz3 .
a)l

As follows from these results the dynamics of the
decay instability in the magnetoactive plasma may be
more complicated comparing with the well-known cases
(e.g., see, [6-8]).

In addition to what was said above, we want to know
how the decay instability is influenced by the process of
linear transfer between E- and H-modes.

One might expect that if the period of this exchange
is below the inverse increment of the decay instability,
then the latter will be suppressed.

This expectation was confirmed by results of
numerical investigation of the equation (6). The plots
demonstrating influence of linear transfer on decay
instability are presented in Figs. 1-3.
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Fig. 1. Nonlinear dynamics of decaying mode where
H-wave is dominant. The process, corresponding to
linear transfer is neglected. Red curve corresponds to
H-wave; blue curve — E-wave. The vertical axes
corresponds to amplitudes of the waves. The horizontal
axes corresponds z coordinate
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Fig. 2. Linear transfer between E- and H-wave of mode
1. Red curve corresponds to H-wave; blue curve —
E-wave. The vertical axes corresponds to amplitudes of
the waves. The horizontal axes corresponds z
coordinate
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Fig. 3. The dynamics of the mode 1 when both linear
and nonlinear processes are taken into account. Red
curve corresponds to H-wave; blue curve — E-wave.

Nonlinear decay is suppressed. The vertical axes
corresponds to amplitudes of the waves. The horizontal
axes corresponds z coordinate

CONCLUSIONS

Nonlinear equations describing interaction of the
waves in magnetoactive plasma which propagate under
some angle to the magnetic field were obtained. The set
of equations describing slow varying amplitudes of
interacting modes was derived. As distinct from the
well-known three-wave approximation ([6-8]), in our
case the resulting system contains six equations. This is
because the every interacting mode contains two
connected components: E- and H-wave.

The expression for the length where linear transfer
takes place is presented. The increments of the decay
instability when the H-wave amplitude exceeds the E-
wave amplitude are presented. The estimation of
decaying mode amplitude was found when the decay
instability dominates on the process of linear energy
exchange.

The most important result of this study, on our point,
is the conclusion that the presence of gyrotropy can lead
to suppression of the decay instability, what means that
in such conditions the plasma wave will propagate
without attenuation.
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OCOBEHHOCTH TPEXBOJIHOBOI'O B3AUMO/JIEMICTBUS B MATHUTOAKTUBHOM IJIA3ME
B.A. Byu, U.K. Kosanvuyk

I/ICCHC,I[OBaHLI IpoHeCChl pacriafoB BOJIH, KOTOPBIC PACIPOCTPAHAIOTCA B T'HPOTPOIHBIX HEJIMHCHHBIX cpeaax.
HOKaSaHO, YTO B YCJOBUAX peain3alvud 3(1)(1)CKT21 (Dapaz[es[ JAWHaMHKa TPOLECCOB CYHMICCTBCHHO H3MCHSCTCA.
Hawnbonee BakHBIM pE3yIbTaTOM ABJIACTCA YTBEPIKACHUEC, HYTO HAJTIUYUC THUPOTPOIIMU MOKET HNPUBECTH K
IIOJaBJICHHUIO pacna/:[Hoﬁ HGYCTOfIQHBOCTH. 2T0 03Ha4acT, 4YTO B TaKuUX YCJIOBUAX BOJIHbI B IIJIa3MC
PacpoCTpaHAOTCA 0e3 3aTyXaHUs. BBIBO,Z[LI AHAJIUTUYICCKOI'0 PACCMOTPCHUA HNOATBEPIKAANOTCA PE3YJIbTaTaMU
YHUCJICHHOI'O aHaJIn3a.

OCOBJUBOCTI TPUXBUJIEBOI B3AEMO/IIi B MATHITOAKTUBHIM IJIA3MI
B.O. byu, LK. Kosanvuyk

JlocmimkeHi mporecy po3naay XBHIIb, [0 MOIIUPIOIOTHECS B TIPOTPONHUX HETIHIHHUX cepemoBuinax. [lokasaHo,
10 B yMOBax peaizaiii epexry Dapajes AuHAMIKA TPOIECIB ICTOTHO 3MIHIOETHCs. HaiOiibI BATOMUM BUCHOBKOM
€ BUCHOBOK, 1110 HAsIBHICTH TipOTPOIIii MOKE MPUBECTH JI0 3pPUBY PO3MagHOi HecTiikocTi. Lle o3Hauae, Mo B Takux
YMOBaxX XBHWII B IUIa3Mi PO3MOBCIOIKYIOTECS 0e3 3racaHHs. BHCHOBKM aHAITUYHOTO PO3TIILAY HMiATBEPIKYIOTHCS
pe3yIbTaTaMH YHCEIbHOTO aHATI3Y.
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