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A nonlinear self-consistent theory of wakefield excitation by an electron bunches in cylindrical resonator with
longitudinally nonuniform filling by dielectric is constructed. A bunch-excited field are presented in the form of su-
perposition solenoidal and potential fields. The formulated nonlinear theory allows carrying out numerical analysis
of resonator excitation by electron bunches for the best interpretation of the results received in experiment.
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INTRODUCTION

Charged particles acceleration by wake field, excited
by an electron bunches in a dielectric waveguide
structures, is one of the advanced acceleration methods,
which is currently investigated in many research
centers. Intensive development of this research are due
to current progress in the development of artificial
dielectrics (with a greater level of amplitude of electric
field breakdown, in comparison with metallic
accelerating structures), and an advance in pulsed high
current electronics.

Recently renewed interest (due to using in the
wakefield acceleration methods) to electrodynamics
structures that are partially filled with a dielectric in the
longitudinal direction [1]. In the previous paper [2] was
examined the radiation, arisen in a longitudinally
infinite waveguide during the charged particle transition
of a boundary between two media, and was obtained the
formula for the total energy of the radiation and its
spectral distribution. Under the experimental conditions
waveguide structure used is limited longitudinally in the
direction of bunch propagation, so during the charged
particles bunches passage through it there are effects
associated with the transition radiation, with the
formation and dynamics of the group front of excited
electromagnetic field [3]. The simplest formulation to
account for these effects is resonator statement of the
problem.

The report presents the results of the development of
self-consistent  theory of electromagnetic field
excitation by electron bunches in a dielectric resonator.
The theory takes into account both multifrequency
character of an excited electromagnetic field , and its
feedback on the dynamics of particles. The results of
numerical simulation of resonator excitation by the train
of electron bunches are presented. Longitudinal profiles
of an excited axial electric field and dynamics of the
particles are investigated.

STATEMENT OF THE PROBLEM.
EQUATIONS FOR EXCITED FIELD

Let’s consider a cylindrical metallic resonator with
inner radius b, partially filled with isotropic material
with dielectric constant &. We suppose that the end
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walls of the resonator are closed by metal grids, trans-
parent for charged particles and nontransparent for an
excited electromagnetic field. The resonator geometry
under investigation is shown on Fig. 1.
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Fig. 1. General view of the dielectric structure, excited
by a sequence of electron bunches. The electron bunch-
es (red color) with an initial velocity v, are injected
along an axis of the metal cylindrical resonator of radi-
us b and length L with a dielectric insertion of
lengthd . Bunches are modelled by hollow cylinders
and extend from left to right. Thickness of the vacuum
channel A is small in comparison with resonator radius

An electron bunches will be described in terms of
macroparticles, therefore the charge and current density
will be written as:

p=29,60r—r,), i=2 q,v,O5r-r,®), @)

peVe peVR
where ¢, is a charge of a macroparticle, r, and v, are
its time-dependent coordinates and velocity. Summation
in the (1) is carried out over the particles, which are
being in the volume of the resonator V, .

We introduce the solenoidal E', H' and the poten-
tial E' electric and magnetic fields satisfied to equa-
tions

diveE' =0,divuH' =0, rotE' =0,
and which are defined from the Maxwell's and the Pois-
son equations:

rotH" :QEt +4_”j rotE! :_@‘a_Ht
c c c ot )
diveE' = 47p.
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The solenoidal E' and potential E' =—V® electric
fields are mutually orthogonal and satisfy the boundary
conditions, making their tangential components vanish
on the metal walls of the resonator. Poisson equation
should be complemented by boundary conditions:

D(z=0)=D(z=L)=D(r=b) =0,
®(z=d-0)=P(z=d +0), eai) _® .
82 z=d-0 62 z=d+0
By using the expansion by eigen functions method, the
Poisson equation with boundary conditions (3) can be
solved. Finally, we obtain the potential in the form:

@)

4], (x,r)Z(2) Iy (5,1
— 20( n2 )28(2) 0( n b)z Z qus(zp) (4)
ns (g +x7)b" 37 (x,b) "Zs" peVr

)

In the above (and below in the paper) symbols n and s
enumerate, respectively, radial, and axial indexes; J,

and J; are, respectively, Bessel functions of zero and
first order; «,=A®/b are the radial eigenvalues,
where A% are zeros of the function J,. Z(z) are the

- . . 2 -
axial eigenfunctions, and || Z|" are their norms:

Z,(z)=sinpuz,(0<z<d)
sin u, (z—L)cos g
cos u, (L —d)

Z.(2)=¢ d d<z<1) (5

L
|1, = [ dzez2(2).
0

Axial eigenvalues g satisfies the equation
tgud +etgu(L—d) =0. (6)

The solenoidal part of the electromagnetic field can
be determined by expanding the required fields into
solenoidal fields of the empty dielectric resonator [4].

Let’s write down the fields E' and H' in the form:

E' =Y A(E(r), H' ==Y B,()H(r).  (7)

The functions E; and H,, which describe the spatial
structure of solenoidal fields, satisfy the Maxwell
sources-free equations. By using the orthonormality
conditions of eigen modes
[dVeEE; = [dVuHH, =47N5,,  (8)
Vg A
one can obtain the differential equations for calculation
the expansion coefficients A (t) and B,(t)

B oA ©

B op - vEM T

dt .
Eigenfrequencies e, are determined from the equation
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k2 = ew? 1c? — (A0 10)? k2 =2 1?2 - (2O /b)?  are
the axial wave numbers, respectively, in dielectric and
vacuum. The self-consistent dynamics of bunch parti-
cles is described by relativistic equations of motion in
the electromagnetic fields excited by bunches:

d dr

ﬁqu[E+ 1 prBJ,_p: pp ,
dt m_cy at myy,

p=/p

(11)
where y2 =1+(p, /mpc)2 :

NUMERICAL ANALYSIS

The obtained analytical expressions for components
of the excited electromagnetic field together with mo-
tion equations of particles of bunches allow to carry out
the numerical analysis of excitation of the resonator,
taking into account the reverse influence of a field on
the exciting bunches. For numerical calculations we
used the following parameters of structure and a bunch:
resonator radius b = 4.25 cm, it’s length L = 50.036 cm,
length of a dielectric insertion d = 30.318 cm, insertion
it is made of teflon with dielectric permittivity
& =2.045, the initial electrons velocity of a bunch is

equal to /4 =0.89, a bunch charge are 0.32 nC , bunch
radius r, =5 mm, bunch rms-length &, =8.7 mm, full
length of a bunch L,=40c,, bunches repetition rate
fo =2.805GHz.

The choice of parameters of the considered resonator
isn't arbitrary. Length of the resonator was defined as
follows. Necessary condition of resonance excitation is
coincidence of one of eigen frequencies of the resonator
with a repetition frequency of bunches. l.e. in the equa-
tion (10) one of possible eigen frequencies is already
set. Fixing the length of a dielectric insertion, from the
dispersion equation (10) we find values of length of the
resonator. Special case is the choice of the resonator at
which length of dielectric area is multiple to wavelength
of any resonance eigenmode. In the resonator used for
the current numerical analysis the length of dielectric
area was equal to three wavelengths in dielectric of Eq;
mode of oscillations resonant with bunches. The length
of vacuum part was selected equal to half wavelength of
Eo; mode of oscillations of the vacuum resonator with
the same frequency f, . In case of such choice of lengths

of vacuum and dielectric areas the radial component of
an electric field of a resonant mode of oscillations
equals to zero at z=0, z=d and z=L, i.e. for this
mode dielectric and vacuum parts are being uncoupled
resonators (for remaining eigenmodes it’s not so). The
velocity of bunches, injected into the resonator, is set
for the following reasons. The phase velocity of
eigenmode of oscillations in the dielectric which fre-
quency is equal to the repetition frequency of bunches,
shall equal the initial velocity of electrons of a bunch.
I.e. the main mechanism of excitation of the resonator is
Cherenkov radiation.

Fig. 2 shows a frequency spectrum of longitudinal
electric field excited by a single electron bunch, and by
train of bunches. The spectrum is calculated from field
realization beginning from the time when the last bunch
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left the resonator. The length of this sampling was equal
to ten times of the free flight of a bunch through the
resonator.
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Fig. 2. The spectrum of a longitudinal electric field. The
electric probe is located on an axis of the structure at
the end of the resonator. The resonator was excited by a
single bunch (a), and by a train of bunches (b)

In Fig. 3 the axial profiles of longitudinal electric
field excited in the resonator and also the phase planes
"energy-longitudinal coordinate" of bunch particles for
the time when the last bunch of sequence of 300 bunch-
es completely entered the resonator are provided.
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Fig. 3. Axial distribution of longitudinal electric field
after injection of the 300th bunch, and also the phase
planes of particles of bunches. Bunches moves from left
to right, the plane of injection correspondsto z=0

The vacuum part of the resonator in the conducted
experimental studies is a diagnostic part — in it the out-
put of electron bunches is carried out (after passing
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through dielectric part), and also in it diagnostic electric
probes are located. From distribution of the excited
electric field depicted in Fig. 3 it is visible that adding
of vacuum part, with length equal to the multiple half
vacuum wavelength of eigenmode of oscillations (a
particular case a mode, resonant with bunches), to die-
lectric part, with a length, the multiple wavelength of a
oscillation mode in dielectric (a particular case a mode,
resonant with bunches), doesn't make change to excita-
tion of the resonator at a frequency equal to repetition
frequency of bunches. As a result — existence of such
vacuum part isn't a negative factor for the resonator
concept of wakefield accelerating section, and also al-
lows realizing measurements of parameters of the excit-
ed electromagnetic field without diagnostics directly in
dielectric. Introduction of probes into a dielectric inser-
tion can lead to unwanted change of values of eigen
frequencies of the resonator, and also topography of
components of the excited electromagnetic field. In pro-
cess of increase in humber of the injected bunches the
field amplitude in the resonator increases, and in the
longitudinal distribution becomes more monotonic with
the characteristic spatial period of a resonant mode of
oscillations, both in dielectric part of the resonator, and
in vacuum (see Fig. 3).

In Fig. 4 dynamics of change of energy of particles
of bunches in the resonator for four sequential times,
since the moment of full entrance 300 (last) bunches of
the regular sequence is provided.
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Fig. 4. Time debendence of changing of energy of bunch
particles. The time t=t; corresponds to entrance of the

last bunch of sequence. Injection of bunches wasn't car-
ried out at the next time

The excited electromagnetic field changes in time so
that all bunches passing through dielectric part of the
resonator remain in the braking field phases, giving en-
ergy to the field. At that an energy of bunches at the
output of vacuum part of the resonator practically
doesn't differ from their energy at an input in it (see
Fig. 4).

The important task of development and implementa-
tion of accelerating structures is the accuracy of mainte-
nance of a resonance  between  resonant
eigenfrequencyof the resonator and repetition frequency
of bunches. Therefore the dependence of amplitude of a
wakefield on the accuracy of maintenance of a reso-
nance was studied by us numerically (Fig. 5).
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Fig. 5. Dependence of amplitude of a longitudinal elec-
tric field E, on an axis of structure at z=0 as a func-
tion of detuning of repetition frequency of bunches from
an exact resonance. The structure was excited by se-
quence of 300 bunches

From Fig. 5 one can see that for the most effective
excitation of the resonator it is necessary to support pre-
cisely a resonance between eigen frequency of the reso-
nator and frequency of injection of electron bunches.
Deviation of repetition frequency on +3GHz leads to
change of amplitude of a wakefield on = 5%.

CONCLUSIONS

Self-consistent theory of wakefield excitation by an
electron bunches in cylindrical resonator with longitudi-
nally nonuniform filling by dielectric is constructed.

Presented theory allows to analyze the self-consistent
dynamics of excitation of the dielectric resonator by
charged bunches. By results of numerical simulation are
obtained and analyzed: amplitude-frequency distribu-
tions of the excited electromagnetic field (both a single
electron bunch, and their regular sequence); longitudinal
distribution of amplitude of axial and radial components
of the excited electric field; dependence of amplitude of
a longitudinal electric field on detuning of repetition
frequency of bunches on an exact resonance. The ob-
tained results can be used when carrying out the appro-
priate experimental studies, in particular, in case of a
choice of parameters, both accelerating structure, and
the injected electron bunches for the purpose of excita-
tion of the necessary operation mode with the greatest
amplitude of the accelerating field.
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BO3BYXJAEHHUE 3JIEKTPOMATIHUTHOI'O TOJIA JIEKTPOHHBIMH CTYCTKAMHA
B YACTUYHO 3ANTIOJTHEHHOM JUIJIEKTPUYECKOM PE3OHATOPE

K.B. I'anaiiovtu, I.B. Comnuxoe, H.H. Onuwenko

ITocTpoena HenMHENHHas CaMOCOTIACOBAHHAS TEOPHsS BO30YXKJIEHHS KHUIBBATEPHOTO IOJS 3JIEKTPOHHBIMU

CTYCTKaMM B LMJIMHAPHUYECKOM PE30HATOPE C MPOA0JIEHO-HEOTHOPOAHBIM JHAIEKTPUYECKUM 3aloTHEHHEeM. Bo3-
Oy’kaaemMoe MoJje MPeICTaBIeHO B BUJE CYNEPIO3HUIMH MOTEHIMAIBHOTO U COJICHOMJanbHOro moseil. Paspaboran-
Hasi TEOpHsI MO3BOJISIET MPOBECTH YUCICHHBIN aHAIN3 BO30YKICHUS PE30HATOpA AIIEKTPOHHBIM CTYCTKOM JUISl Hau-
Jy4qlIeld HHTEPIPETaIuy MOJYyYSHHBIX 3KCIIEPUMEHTAIBHBIX PE3YJIbTATOB.

3BYKEHHS EJIEKTPOMATHITHOT'O ITOJIA EJIEKTPOHHUMH 3I'YCTKAMM
B JIEJJEKTPUYHOMY PE3OHATOPIL, IIIO € YACTKOBO 3AIIOBHEHUM

K.B. I'anaiiouu, I'.B. Comnikos, I. M. Oniwenxo

[ToOynoBaHO HEMHINHY CaMOY3TOKEHY TEOPito 30Y/HKEHHSI KITbBATEPHOTO TIOJS €EKTPOHHUMU 3TYCTKAMHU
B IWIIHAPUYHOMY PE30HATOPI 3 MO3/J0BKHBO-HEOTHOPIHUM JieIEKTPUIHUM 3aroBHEHHIM. [Tose, mo 30yKy€eTh-
s, IPEACTABJICHO Y BUMJIAI CYNEPIIO3HIii MOTEHIIIHOTO Ta COJICHOIAAIBHOTO MoJiB. Po3pobieHa Teopist 103BoIsE
MIPOBECTH YHCIIOBUH aHaJi3 30y KEHHS pe30HAaTOpa SIEKTPOHHUM 3TyCTKOM JUI HAWMIMNIIIO] iHTeprIpeTanii oTpuMa-
HUX EKCIIEPUMEHTAIBHUX PE3YIbTaTiB.
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