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     Properties and excitation of the vortical turbulence, excited in a cylindrical radially inhomogeneous plasma in 

crossed radial electric and longitudinal magnetic fields, are considered. The dispersion relation, which allows to 

determine the range of parameters for which the vortical turbulence is suppressed, is derived from the general non-

linear equations for the vorticity. 
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INTRODUCTION 

It is well known from numerous numerical 

simulations (see, for example, [1]) and from experiments 

(see, for example [2]) that electron density 

nonuniformity in kind of discrete vortices are long-

living structures. In experiments [2] a rapid re-

organization of discrete electron density nonuniformity 

has been observed in the spatial distribution of vorticity 

in pure electron plasma when a discrete vortex has been 

immersed in an extended distribution of the background 

vorticity. In plasma lens [3-5] for ion beam focusing a 

small-scale turbulence has been excited in crossed radial 

electrical and longitudinal magnetic fields by 

unremovable gradient of external magnetic field. This 

turbulence is a distributed vorticity. In this paper the 

properties and excitation of similar vortical turbulence, 

excited in cylindrical radially inhomogeneous plasma in 

crossed radial electrical 0rE  and longitudinal magnetic 

0H  fields [6], is investigated theoretically. From general 

nonlinear equation, presented in article [5], for vorticity 

the dispersion relation, which determines the range of 

experimental installation parameters, for which the 

vortical turbulence is damped. 

1. EXCITATION OF VORTICES 

Hydrodynamic equations for electrons and Poisson 

equation are used 

     2

t e He th e eV V V e m ,V V n n          ,(1) 

 t e en n V 0   , 
0rE  ,  e i4 e n n    . (2) 

Here He 0 eeH m c   is the electron cyclotron 

frequency; e, me are the electron charge and mass; V, ne 

and Vth are the velocity, density and thermal velocity of 

electrons in the plasma, ni is the ion density; Eor is the 

external radial electric field,  is the electric potential of 

vortical perturbation. From equations (1), (2) one can 

derive, neglecting  2

th e eV n n  in (1), equations 

   t He e He e z zd n n V          ,                (3) 

 t z e zd V e m   ,  t td V     ,   ze rotV  . 

Also from equation (1) one can derive expression for 

transversal ( 0V H  ) electron velocity. 

V   He ze m e ,       

 1 1

He t z He ze ,V e , V V 

 
        

   2

He z He te m e , e m 
          ,       (4) 

 r0 He He2eE rm e m        .           (5) 

From (2), (5) it approximately follows 

 2

pe He e 0en n      that the vortical motion begins, 

as soon as there appears a plasma density perturbation 

en . 

From (3) one can derive  

   t He e He e z zd n n V    .    (6) 

Taking into account the effect of unmagnetized ions, 

moving in longitudinal direction, from (2) one can 

obtain, searching the following dependence of 

perturbations 
en ,  i zn exp i k z t      .  

e4 e n    ,  
22

pi z i01 k V    , 

e 0e en n n  .        (7) 

Here pi is the ion plasma frequency; Vi0 is the 

longitudinal velocity of the ion flow.  

At first let us consider instability development. From 

(3) we derive  

     2

t He e He e 0e z 0d n e m n ik         , 

0 0V r   .            (8) 

Vo is the electron drift velocity in crossed radial 

electrical and longitudinal magnetic field. From (4), (7), 

(8) we obtain equation for   

   2 2

pe He r He t 0              

 2 2

z pe 0ik       .     (9) 

Assuming that the value  1 2

r pe HeA r     is 

approximately independent on radius and looking for a 

transverse structure with the help of the Bessel functions 

from (9) one can find the linear dispersion relation, 

which describes the development of the instability pe is 

the electron plasma frequency. 

 

   
22 2

pi z i0 01 k V A k         

 
22 2 2

z pe 0k k 0      .        (10) 
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For short magnetic coil  

   2 2

He He0r 1 Br R     

at B<<1 we have 

   1 2 2 2

r pe He pe0 He0A r 2B R .         

For plasma density, decreasing on radius  

   2 2

e 0en r n 1 r R  , 

we have 

   1 2 2 2

r pe He pe0 He0A r 2 R .         

Let us take into account that the ions pass through 

the system of length L during 
i i0L V   and electrons 

are renovated during e. (10) can be presented as 

   
22 2

pi z i0 i 0 e1 k V i A k i             

 
22 2 2

z pe 0 ek k i 0        .    (11) 

Let us mean quick perturbations those, which phase 

velocity approximately equals ph 0V V . For them from 

(11) we derive in approximation kz=0, =
(o)

+, 

<<
(o)

 and neglecting  e , i 
 0

pi 0      ,   2

0 pe He 0e2 n n     , 

qi  ,  1

q pik 2 A

   , 
0e 0in n n   .   (12) 

From (12) it follows 

 i e He pe 0em m n n     ,      (13) 

that for typical parameters of experiments the 

perturbations with  1    are excited at a large 

magnetic field and at small electron density. 

For slow perturbations it is fulfilled ph 0V V . We 

derive for them from (11) in approximation kz=0 and 

neglecting e , i the following expressions 

    
1 3

4 3 2 2

s pi pe He 0e3 2 2 n n
      
 

, 

2

0k A    , s sRe 3   .    (14) 

Here s is the growth rate of slow perturbation 

excitation. 

2.  SPATIAL STRUCTURE OF VORTICES 

Let's describe structure of a fast vortex, placed on 

radius rq, in a rest frame, rotated with angular rate 

ph ph qV r  . Let's consider a chain (on ) of 

interleaving vortices  bunches and vortices  cavities 

of electrons. Neglecting non-stationary and non-linear 

on  terms, we receive the following equation 

   He z r0 He zV e m e ,E e m e ,
           ,   (15) 

describing quasistationary dynamics of electrons in 

fields of crossed fields and vortical perturbation. From 

(15) we receive expressions for radial and azimuth 

velocities of electrons 

 r HeV e m      ,  

V=Vo+(e/meHe)r , 

Vo=-(e/meHe)Ero=(
2

pe/2He)(n/noe)r . (16) 

V can been presented as the sum of the phase velocity 

of the perturbation, Vph, and velocity of azimuth 

oscillations of electrons, V, in the field of the 

perturbation, V=Vph+V. As V=rd/dt, we present 

d/dt as d/dt=d1/dt+ph, here 

ph=(n/noe)(
2
pe/2He)r=rq. Then from (16) we obtain 

d1/dt=(e/me)[Ero(r)/rHe(r)-Ero(rq)/rqHe(rq)]+ 

+(e/rmeHe)r , dr/dt=-(e/meHer).                    (17) 

At small deviations r from rq, decomposing n(r)/He(r)  

on rr-rq and integrating (17), we obtain  

(r)
2
+4/rqHer[Ero(r)/rHe(r)]r=rq=const.           (18) 

The vortex boundary separates the trapped electrons, 

formed the vortex and moving on closed trajectories, 

and untrapped electrons moving outside the boundary of 

the vortex and oscillating in its field. For vortex 

boundary we receive the following expression from the 

condition r=-o=rcl,  

r=[-4(+o)/rqHer[Ero(r)/rHe(r)]r=rq+(rcl)
2
]

1/2
. (19) 

Here rcl is the radial width of the vortex-bunch of 

electrons. From (19) the radial size of the vortex-cavity 

of electrons follows 

rh=[-8o/rqHer[Ero(r)/rHe(r)]r=rq+(rcl)
2
]

1/2
.    (20) 

From the equation of electron motion and Poisson 

equation one can derive approximately expression for 

the vorticity ezrotV , which is characteristic of the 

vortical motion of electrons 

-2eEro/rmHe+(
2

pe/He)ne/neo. 

From here it follows that up to certain amplitude of 

vortices the structure of electron trajectories in the field 

of the chain on  of fast vortices in the rest frame, 

rotated with phVph/rq, looks one kind and for large 

amplitude another kind. 

For large amplitudes of fast vortices in the region of 

electron bunches the reverse flows are formed. The 

vortex-cavity is rotated in the rest frame, rotated with 

frequency phVph/rq, in the same direction as 

nonperturbed plasma. The vortex-bunch is rotated in the 

opposite direction of rotation of nonperturbed plasma at 

ne>nnoe-noi. One can see that the size of the vortex is 

inversely   proportional   to                   

[-8/rqHer[Ero(r)/rHe(r)]r=rq]
1/2

 and is proportional to 


1/2

o. That is the size of the vortex essentially depends 

on a gradient of the magnetic and electrical fields. At 

small r[Ero(r)/rHe(r)]r=rq]
1/2

 already at small 

perturbations of electron density the size of the vortex, 

rh, can reach rhR/2, R is the radius of the plasma. 

Eq. (17) can be integrated without decomposing 

n(r)/He(r) on rr-rq. For this purpose in 

approximation nn(r) we approximate  

He(r)= Ho(1+r
2
/R

2
). Then, integrating (17), we obtain 

2+enr
2
[1-Ho/2He(rq)-He(r)/2He(rq)]=const.    (21) 

From the condition r=-o=rq+rcl and (21) we derive the 

expression, determining the boundary of the vortex - 

cavity of electrons,  

 [r
2
-(rv+rcl)

2
][1-Ho/He(rv)]- 

[r
4
-(rv+rcl)

4
]Ho/2R

2
He(rv)+2(+o)/en=const. (22) 

From (22) and r=o=rq+rh we derive the expression, 

determining the radial width of the vortex - cavity of 

electrons, 

o4R
2
He(rv)/en]Ho= 

=(rh-rcl)(2rv+rh+rcl)[rv(rh+rcl)+(rh
2
+rcl

2
)/2].  (23) 

Let's consider the vortex with the small phase 

velocity Vph in comparison with drift velocity of 
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electrons, Vph<<Vo. The spatial structure of electron 

trajectories in its field for small amplitudes of the vortex 

looks like as corrugated structure. It is determined by 

that in all system  has the identical sign, >0. In other 

words, radial electrical field created by the vortex is 

less, than external electrical field, Erq<Ero. Then in all 

system the azimuth velocities of electrons have the 

identical sign and there are no reverse flows of 

electrons. There is no separatrix in slow vortex of small 

amplitude. For the description of spatial structure of 

electron trajectories we use (16). Using in them 

V=rd/dt and excluding , we obtain for vortex 

boundary r() 

r=[r
2
s+(o-)2/en]

1/2
 .   (24) 

In the case of small amplitudes (24) becomes 

rr-rs=(o-)/enrs .   (25) 

From (24) we derive the radial size of the slow 

vortex 

rsr=-o-rs=[r
2

s+4o/en]
1/2

-rs .  (26) 

In the case of small amplitudes (26) becomes 

rs2o/enrs .   (27) 

Because on r=rv , n(r=rv)=0, then the electron moves on 

it with Vo without radial perturbations. At r>rv radial 

displacement is positive, and when r<rv  negative radial 

displacement of the electrons.  

At large amplitudes, ne>n (or Erv>Ero), in the 

region, where the electron cavities place, the 

characteristic of the vortical motion  obtains the 

inverse sign, <0. In other words, on the axis, 

connecting the vortex-cavity and the vortex-bunch, the 

inequality Erv>Ero is executed and there is an azimuth 

reverse flow of electrons. Then in some regions the 

electrons are rotated in the direction inverse to their 

rotation in crossed fields. The slow vortex is a dipole 

perturbation of electron density, disjointed on radius. At 

ne>n the structure of the slow vortex is similar to the 

structure of Rossby vortex. 

3. SUPRESSION OF EXCITATION  

OF VORTICAL PERTURBATIONS  

IN CASE OF MAGNETIZED IONS 
Similarly (10) one can derive dispersion relation 

   
22 2

pi 0o1 A k 0        , 

which demonstrates the suppression of the instability in 

the case of magnetized ions 
Hi

2

r ieE m R  .  

CONCLUSIONS 

Properties and excitation of the vortical turbulence, 

excited in a cylindrical radially inhomogeneous plasma 

in crossed radial electric and longitudinal magnetic 

fields, have been described. The dispersion relation, 

which allows to determine the range of parameters for 

which the vortical turbulence is suppressed, is derived 

from the general non-linear equations for the vorticity.  
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