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INFLUENCE OF THE FINITE Q-FACTOR ON EXCITATION OF
WAKEFIELD OSCILLATIONS IN DIELECTRIC CAVITY BY A
SEQUENCE OF RELATIVISTIC ELECTRON BUNCHES IN THE
PRESENCE OF DETUNING BETWEEN THE RESONANT FREQUENCY
AND THE BUNCH REPETITION FREQUENCY
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Excitation of Cerenkov wakefield oscillations in dielectric cavity with finite value of Q-factor in the presence of
detuning between the bunch repetition frequency and the resonant frequency of the excited oscillations is
investigated. It is shown that the picture of wake oscillations excitation is determined by the ratio between the value
of the Q -factor and frequency detuning parameter zw/ de. For the high Q -factor dielectric cavity Q >> zw/ dw
picture of wake oscillations excitation is the same as in the cavity without ohmic losses. If the opposite condition is
satisfied, the process of wakefield excitation occurs almost as well as in the case of resonant excitation. Linear
growth of the wakefield amplitude at initial stage reaches its saturation level.

PACS: 41.750v, 41.75.Lx, 41.75.Ht, 96.50.Pw

INTRODUCTION

In paper [1] process of excitation of wakefield
oscillations in planar dielectric cavity with a finite
Q-factor by a sequence of relativistic electron bunches
in conditions of exact resonance between the sequence
bunches and one of the cavity modes is investigated. In
this paper it is shown that the accounting of the Q-factor
leads to a restriction of the resonance oscillations
amplitude. Especially strong influence of Q-factor is
shown in the case of a long sequence (the order of
several hundred or even thousands of low-current
bunches). In the excitation process of resonant
oscillation involving only a finite number of bunches (in
orderN =Q/x) located in the leading front of the

chain. The remaining bunches contribution to the
amplitude of the resonant oscillation is not given, i.e.
oscillation amplitude saturates. As is known [2], by
introducing a detuning between the frequency of the
excited oscillations and the repetition frequency of
bunches in the dielectric cavity self-acceleration mode
can be realized. In this case, bunches adjacent to the
leading front will transfer its energy to excite
oscillations, and bunches near the back front will gain
energy. The first part of bunches with numbers
wl26w>=m=1, where Sw is the frequency detuning,
will lose their energy. In turn bunches with numbers
ol dw>m=>wl 26w will be accelerated. Then the
process according to the value of detuning and the total
number of bunches in the sequence can be repeated
periodically. The above considerations are valid for the
dielectric cavity without ohmic losses (Q =x).

Meanwhile the accounting of Q-factor of the dielectric
cavity, as in the resonance case may significantly
change picture of wakefield excitation in the dielectric
cavity in the presence of the frequency detuning and
even disrupt auto-acceleration regime when Q-factor of
dielectric cavity is low. As the estimates show, Q-factor
will not influence on the process of auto-acceleration of
bunches sequence when the requirement for Q-factor
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values Q > 7w/ dw is satisfied. If this condition on the

Q-factor of the dielectric cavity is not satisfied, then the
process of auto-acceleration is disrupted, as in this case,
the amplitude will saturate at low level and cannot be
formed beating oscillations.

In this paper detailed picture of the wakefield
excitation of oscillations in the dielectric cavity with
finite Q-factor by sequence of relativistic electron
bunches in the presence of detuning between the
repetition frequency of bunches and the resonance
frequency of oscillation is presented.

1. STATEMENT OF PROBLEM.
BASIC EXPRESSIONS

Let’s consider the problem in the following
statement. The dielectric cavity is formed by a perfectly
conducting metal cylindrical cavity whose volume is
completely  filled with a uniform dielectric
permittivity ¢ . Dielectric losses determined by Q-factor,
where Q=g /s,, &,¢&, is the real and imaginary part
of permittivity, respectively. On the left end of the
cavity in its volume injected periodic sequence of
electron bunches with arbitrary longitudinal and
transverse profiles of the electron density. The repetition
frequency of bunches «, is different from the
frequency of oscillations @, in the value of detuning
5a)mn =Wy — -

Let’s determine wakefield in approximation of given
motion of a single bunch in the dielectric cavity with
Q-factor. The problem will be solved in a standard way.
Firstly we find wakefield of elementary charge, having
the form of a thin ring with charge dQ,. Elementary

charge density of an infinitely thin ring has the form

dpb:dQ(ro-to) S(r_rO)g(t_tO_i)’ (1)
A 27, A
dQ(r,,t,) = o R(ry /1,)T (t, /t,) 271, drydty . (2)
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where Q, is full charge of bunch, t, is time of entry of
elementary charge, r, is radius ring, v,is bunch
velocity, t,,r, are characteristic duration and transverse
bunch size, R(r,/r,) is function described transversal

profile of bunch density, o, =7zr,° is characteristic
square of bunch transverse section, and T(t,/t,) is

longitudinal profile. These functions are satisfied of the
1 1

normalization condition J'R(x)dx =1, _[T(r)dr =1.
0 0

Elementary charge is within the volume of the cavity in
the time interval t,+L/v,>t>t,, L/v, is the passing
time of elementary charge through cavity, L is cavity
length. After determine field of the elementary ring
bunch (1) E,(r.t,,r,z,t—t) we determine the
wakefield of entire bunch by integrate on initial radial
coordinate r,, and time of entry t,:

Ty )
E, = IZﬂrOdrojdtOEZG(ro,to rzt-t). 3
0 0
After realization the algorithm described above, we

obtain the following expression for the wake field
excited by a single bunch in the dielectric cavity

_8Q,¢° ,Bog D&, Jo4ria)
w Vé‘a ; J (lr/a)momm()COS(kZ) (4)
where S, =V, /c a is cavity radius,
I, j R(X)J, (4, x)xdx (5)
S, (t) = j T (t /) Zpn (E—to)clty (6)
1

Z,.(t-t)= _wz{e(t—tO—L/vo)

mn m

[a)m sina, (t-t,) - (-1)" o, sin e, e 7" (t—t, - L/ vo)]—

-0(t-t)[ @, sin@, (t-t,) ~e o sinw,, t-t,) |},

1/2
2{2
o, =k,Vy, kK, =7m/L, o, = \/Z[kz az] are
frequencies of fundamental oscillations of dielectric
cavity, v, =, /2Q is damping decrement oscillation

with indexes m,n,

1, t>0,
o(t) =
0, t<0

a=1/2 for m=0 and =1 for m>1.

In the case of the chain of the N bunches wakefield
is the sum of wakefields as bunches which are inside at
the current time in the cavity volume and bunches
passed through the cavity. We choose a particular form
of profile bunches. We assume that the transverse
density profile has a Gaussian shape

is Heaviside unit function,

rZ

R(r,/1,)=(/ rbz)e_g ,
and longitudinal profile has rectangular form
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1L 1>t,/t,>0
T(t/t)=
0, t,/t, <0, t,/t, >1

For such model of the bunch profile, the expression for
wakefield of a single bunch has the form

E,trz)=E,@t >2t>0,r,z)+E, (L/v,2t >t r,z)+
+E,, (L/vy+t, 2t > L/v,,r,z)+E,, (t>L/v,+t,r,2).
First term

E,=E ZF (r)zw[cow)t e cos @t ],

n=1 m= O(CU 'mn (()m)tb
Ay 2
where F. (1) = JoGar 1) - 32 g, Sk (=D
J2(4, r/a) pea’l

describes the field, excited by a bunch at transition the
entrance of the cavity t >t>0.
Second term
cosa, (t—t,) —cosa,t) -
a7 eos g (t-t,)+

E, —E i )Z a, cos(k,z)
el (a) —a)m)tb

describes the wakefield excited by a bunch at its
propagation inside the volume of the dielectric cavity
L/v,>t>t . This time interval corresponds to the
regime excitation which is fully equivalent to a semi-
infinite dielectric waveguides [2, 3].

The third term accounts wakefield excited in the
process of bunch exiting from  cavity

L/vy+t, 2t>L/v,
a)mn(t_tb)"—}

< a,, cos(k,, z)
E
w ; )z<a) - )t2
{cos w, (t—t,)+e 7™ cos
And finally, the fourth term describes the field in the
cavity after the bunch left cavity t>L/v, +t,

+e7™ cos @, t

o, t)—e 7™ cos
X
+H=)"[1+e Y cos g, (t-t,) |

o, cos(k_z) {e‘“"‘ 008 @yt -

E.=E D F, )Z(w a))tz 1,

1 m=0 -e cosa,, (t—-t,) -

—7mn (t=L1vg) _
Ly {e cosa,, (t—L/v,)+ }}

+e 7m0 cos g (t— L1V, —t,)

2. WAKEFIELD EXCITATION
INDIELECTRIC CAVITY WITH FINITE
Q-FACTOR BY SINGLE ELECTRON
BUNCH

At the beginning we numerically consider the
dynamics of wakefield excitation in dielectric cavity
with finite Q-factor by a single bunch with density
profile indicated in the previous section. Numerical
calculations were performed for the following
parameters of the dielectric cavity and the electron
bunch: length of the cavity is L =63.85cm, its radius
is a=3.92 cm, dielectric permittivity is £=2.1, value
of characteristic radius of bunch is r,/a=0.25, bunch

duration is t /T, =5/32, T =1/f is frequency
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oscillation which is in Cerenkov resonance with the
bunch. Synchronous with respect to bunch is the
oscillation with indexes n=1,m=12. For a given
frequency the cavity length contains six wavelengths.
Particle energy of the electron bunch is 4.5 MeV,
charge of bunchis Q, =0.32 nC.
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Fig. 1,a. The dependence of the field amplitude at the
cavity output end in the case of single bunch, Q =«
0.
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Fig. 1,b. The dependence of the field amplitude at the
cavity output end in the case of single bunch, Q =200

In Fig. 1,a dependence on the wake electric field on
time at the output end of the dielectric cavity with a
large observation time /27 =126 without ohmic
losses is presented. It is shown dispersive spreading of
the circulating pulse and its monochromatization. Note
that increasing the duration of the bunch while keeping
the total charge leads to reduction amplitude of the
wakefield. This result is understandable, since the
increasing in the duration of bunch degrades coherence
radiation wakefield by bunch.

The time of flight through the cavity of the bunch is
Tyanst | 277 =6. Group front passes through the cavity

length over time 7z, /27 =12.6 . After bunch left cavity

Cerenkov radiation pulse propagates with the group
velocity. Multiple reflections and dispersive spreading
of the wave packet leads to the decomposition of the
field at the output of the cavity in the pulse sequence.

In Fig. 1,b the dependence of wake electric field
from time to time at the output end dielectric cavity at

Q-factor value Q =200,(v/w=25-10"%) is presented.
Clearly that circulation of pulse in the volume of
dielectric cavity is accompanied by attenuation of its
amplitude.

3. WAKEFIELD EXCITATION IN THE
DIELECTRIC CAVITY WITH OHMIC
LOSSES BY SEQUENCE OF ELECTRON
BUNCHES

In this section the picture excitation of the wakefield
oscillations in dielectric cavity with the finite Q-factor
by sequence of relativistic electron bunches in the
presence of detuning between the repetition frequency
bunches and the resonance frequency of oscillations is
presented. Let’s consider effect of influence of the finite
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values Q-factor on wakefield excitation in the dielectric
cavity by resonance sequence bunches when the
repetition frequency of bunches coincides with
frequency of synchronous eigen oscillation of cavity. In
Figs. 2a, b the dependences of the Cherenkov wakefield
field at the exit of the cavity are presented in the case of
the sequence of 100 bunches. The cavity length is
L=61=63.85cm, A is wavelength, its radius is equal
to a=3.922 cm, the dielectric constant is £=2.1.

Parameters of each bunch are the same as in the
previous section. Fig. 2,a corresponds to the Q = oo and

Fig. 2,b corresponds to the Q =200.
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Fig. 2,a. Dependence of the field amplitude at the output
of the cavity in the case of resonance sequence of
bunches, N =100, Q =
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Fig. 2,b. Dependence of the field amplitude at the output
of the cavity in the case of resonant sequence of
bunches, N =100, Q =200

In this and in the other case in beginning non-
monotonic growth of the amplitude of the wake field
takes place. Nonmonotonic growth of amplitude is due
to circulation of increasing signal through a feedback
circuit, the nature of which is caused by the reflection of
the signal from the perfectly conducting dielectric
cavity ends. With decreasing Q-factor the maximum
value of the amplitude wakefield also decreases.
Moreover, in the second case after the last bunch
passing some attenuation field is observed.

Let us now consider the case of wakefield excitation
in dielectric cavity with different values Q-factor in the
presence of detuning. The cavity length is
L=31=31.925cm, dielectric  permeability is
&£=2.045, the number of bunches in the chain is 400,

the value of detuning is dw/w=2.5-107.

For this value of the detuning in the case of the
lossless cavity phase shift of wakefield after the last
bunch is 2z . Figs. 3,a-3,d shows series of curves for
different values Q-factor lying within
2-10* >Q>1.25-10°. For high Q-factor dielectric

cavity Q=20-10" (see Fig.3,a) picture of the

wakefield excitation is practically identical to the case
of cavity without ohmic losses [2].
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Fig. 3,a. Dependence of the field amplitude at the output
of the cavity in the case of nonresonant sequence of

bunches, N =400, Q = 2000, value of detuning is
o] w=25-10"
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Fig. 3,b. Dependence of the field amplitude at the output
of the cavity in the case of nonresonant sequence of
bunches, N =400, Q =1250, value of detuning is

dwlw=25107
This case is intermediate, since the value of the
detuning parameter zw/Sw=1.2-10° is close to the
value of Q-factor (Q=1.25-10*). The picture of

wakefield excitation has undergone a qualitative
change. After the non-monotonic growth the wakefield
amplitude relatively quickly reaches its maximum
value. And the maximum shifted towards the region
leading front of bunches sequence. The amplitude of the
field decreases slowly until the last bunch. After last
bunch field non-monotonically decreases with higher
rate, compared with the region of bunches.
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Fig. 3,c. Dependence of the field amplitude at the output
of the cavity in the case of nonresonant sequence of
bunches, N =400, Q =125, value of detuning is

dwlw=2510"°
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Fig. 3,d. Dependence of the field amplitude at the output
of the cavity in the case of nonresonant sequence of
bunches, N =200, Q =125, value of detuning is

owlw=5-10"°
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In Fig. 3,b dependence of the wakefield amplitude on
time for value of Q-factor Q=1.25-10° is presented.

The picture of wakefield excitation practically does not
differ from the case of resonant excitation [1]. After the
non-monotonic growth amplitude reaches stationary
constant value. Of 400 bunches at such value of
Q-factor in process of the wakefield excitation
participates only the first 100 bunches. With a constant
value of amplitude decrease to almost 3.8 times
compared with the case of high Q-factor cavity (see Fig.
3,a). After the last bunch wakefield amplitude non-
monotonically decreases to zero (see Figs. 3,c; 3,d).
Thus, in this paper excitation of Cerenkov wakefield
oscillations in dielectric cavity with finite value of Q-
factor in the presence of detuning between the repetition
frequency of bunches in the chain and the frequency of
the excited oscillations is investigated. It is shown that
the picture of wake oscillations excitation is determined
by the ratio between the value of the Q -factor and

frequency detuning parameter zw/ow. For the high
Q -factor dielectric cavity Q>> 7w/ ow picture of

wake oscillations excitation is the same as in the cavity
without ohmic losses. If the opposite condition is
satisfied, the process of wakefield excitation occurs
almost as well as in the case of resonant excitation.
Finally, when both parameters are close in value
Q~ 7wl dw, the intermediate case is realized (see

Fig. 3,b).
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BJIMSIHUE KOHEYHOI' O 3HAYEHUS JOSPOTHOCTH HA BO3BYK/JIEHUE KNJIbBATEPHBIX
KOJIEBAHUM B IUDJIEKTPUYECKOM PE3OHATOPE ITOCJEJOBATEJIBHOCTBIO
PEJISITUBAUCTCKHUX JIEKTPOHHBIX CT'YCTKOB ITPU HAJIMYUU PACCTPOMKU MEXKIY
PE3OHAHCHOM YACTOTOM U YACTOTOM CJIEJJOBAHUSI CTYCTKOB

B.A. Banakupes, H.H. Onuwenko, A.Il. Toncmonysccxkuii

W3yden mporecc BO30YyXKIEHHS KWIbBATEPHBIX KOJEOAHWII B IUAJIEKTPUYECKOM PE30HATOPE C KOHEYHBIM
3Ha4YeHHeM A0oOpoTHOocTH Q TpW HAIMYWUHM PAcCTPOWKM MEKAY HYacTOTOHW CIIEHOBAHUS CTYCTKOB M YacTOTOH

pe3oHaHCHOTO KoieOaHus. IlokazaHo, 9TO KapTWHA BO30YXKOCHMS KWIBBATEPHBIX KOJICOAHWH ONpenersieTcst
COOTHOIICHHEM MEXIy 3HadeHHeM NoOpoTHOCTH Q U ImapamMerpoM 9acTOTHO# paccrpoiiku 7zw/dw. B ciaydae

BBICOKOH TOOPOTHOCTH AMAICKTPUYECKOro pe3oHatopa Q >>7zw/Sw xapTuHa BO30OYKACHUS KHIBBATCPHBIX

Koyie0aHMH Takas ke, KaKk U B pe3oHaTtope 0e3 OMHYEeCKUX MoTepb. B nuanekrpuieckoM pe3oHaTtope GpopMupyercs
OueHne KHIIbBATEPHOTO MoJIsl. EcM BBIMOIHEHO MPOTHBOIOJIOKHOE YCIOBHE, KAPTHHA BO30YKACHHUS KIIIbBATEPHBIX
KoJIeOaHNi NMPaKTHIECKH HE OTVIMYACTCS OT CiIydas pE30HAHCHOTO BO30yxieHus. Ilocne HaganbHOTO JTMHEHHOTO
POCTa aMIUTUTYIbI IMEET MECTO €€ HACBIIIEHNE HAa IOCTOSIHHOM YPOBHE.

BIIJIMB CKIHYEHHOI BEJIMYWHU JTOBPOTHOCTI HA 3BYUKEHHS KIIbBATEPHUX
KOJIMBAHDB Y JIEJEKTPUYHOMY PE3OHATOPI NIOCJIJOBHICTIO PEJISITUBICTCBKHUX
EJEKTPOHHMX 3I'YCTKIB 3A HASSBHOCTI PO3CTPOMKHU MI’K PE3OHAHCHOIO YACTOTOIO
IYACTOTOIO CJIAYBAHHS 3I'YCTKIB

B.A. banakipes, .M. Oniwgenxo, O.I11. Toncmonyxrccokuii

BuBueHo nporec 30yKeHHs KiTbBaTEPHUX KOJMBaHb y TiCISKTPHYHOMY PE30HATOPI i3 CKIHUCHHUM 3HAYCHHAM
nmobpoTHOCTI Q TPH HASIBHOCTI PO3CTPOWKHM MiX YaCTOTOIO IPOXOJDKEHHS 3TYCTKIB 1 YacTOTOI PE30HAHCHOTO
KoymBaHHs. [loka3aHo, 10 KapTUHA 30Y/PKCHHs KiJbBATCPHHX KOJIMBAaHb BU3HAYAETHCS CIIIBBIIHOLICHHIM MIiX
3HAYEHHAM A00poTHOCTI Q ¥ mapaMeTpoM YacTOTHOI PO3CTPOWKH 7w/ ow. Y BHUMAAKY BHCOKOI JOOPOTHOCTI
JieneKTpuIHOro pe3onatopa Q >> 7w/ dw xapTuHa 30yIHKCHHS KiTbBATEPHUX KOJMBAHb Taka X, K i B pe30HATOPI
0e3 oMigHHX BTpaT. Y HICNEKTPUIHOMY PE30HATOPI (OPMYETHhCS OWTTA KiNBBaTEpPHOTO MONA. SIKIIO BHKOHAaHA
NPOTHJIC)KHA YMOBA, KapTWHa 30YIDKCHHS KiIbBATEPHUX KOJHMBaHb HPAKTHYHO HE BINPI3HAETHCS BiJ BHUIIAIKY

pe3oHaHCHOTO 30ymKeHHs. [licnsd MOYaTKOBOTO IIHIHHOTO pOCTY aMIUIITyOd Mae€ Micue i1i HAacHYeHHS Ha
MOCTIHHOMY piBHI.
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