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EQUILIBRIUM AND STABILITY OF CYLINDER PLASMA
CONSISTING OF UNMAGNETIZED IONS BEEN BORN AT REST

AND MAGNETIZED ELECTRONS IN CROSSED FIELDS

Yu.N. Yeliseyev

Institute of Plasma Physics, NSC “Kharkov Institute of Physics and Technology”,
Akademicheskaya Str. 1, 61108 Kharkov, Ukraine, e-mail:eliseev2004@rambler.ru

The equilibrium and the non-local stability problem of cylinder plasma, consisting of magnetized electrons and un-
magnetized ions, having been born at rest under the ionization of the residual gas, are considered. The equilibrium dis-
tribution function of such ions is used. The dispersion equation of eigen helical plasma waves is obtained analytically
and solved numerically for various azimuth wave numbers. For the lowest radial modes the instability of «negative
mass»-type is possible having the frequency of the order of ion radial oscillation one and the growth rate up to 0.5 of it.
PACS: 52.20.Dq; 52.25.Dg; 52.27.Jt; 52.35.-g; 52.35.Fp; 52.35.Qz; 41.20.Cv

1. INTRODUCTION
Plasmas in crossed fields, consisting of magnetized

electrons and unmagnetized ions, are formed in various
devices: in plasma lenses, in plasma ion sources based on
Penning cell, in the channel of electron and ion beam
(secondary plasma). The peculiarity of ions of these
plasmas is that they are being born at rest under ionization
of residual gas. The peculiarity of operating regimes of
these devices is strong radial electric field for ions over a
wide range of field changing. Under action of such a field
the born ions perform radial oscillating motion along
strongly extended on radius trajectories. The frequency of
these particle oscillations is called the “modified” cyclo-
tron frequency of Ω  (Ω>> ciω , ciω - is the ion cyclotron
frequency). Their amplitude is comparable to the radius of
the plasma cylinder a . The transversal wave length is of
the same order of magnitude. Under these circumstances
the non-local treatment of plasma stability is required. It
has been carried out in [1-3] under strong restrictions us-
ing the variables “cylindrical coordinates – momentum”
( , , , , ,r zr v v z vϕϕ ). In present work the non-local prob-
lem on the plasma stability is considered using the inde-
pendent variables ,R θ  (cylindrical coordinates of Larmor
centre of a particle), ,ρ ϑ  (its coordinates on Larmor cir-
cle), , zz v [4] without these restrictions.

2. PLASMA EQUILIBRIUM
Plasma consists of electrons and of one sort of ions of

small density and is bounded with a metal cylinder casing
of radius a . It is supposed, that the electric potential in
plasma ( )rΨ  obeys a square-law function of radius r
( 2 2( ) ( )( / )r a r aΨ = Ψ , ( )aΨ - electric potential on bor-
der of the plasma). The radial electric field can be caused
by non-neutrality of the plasma ( e in n≠ ), by a spatial
charge of a beam of the charged particles penetrating
through plasma, by introducing in plasma of special elec-
trodes biased corresponding potentials.

The electrons are magnetized being distributed uni-
form in radius with density ,en const r a= < . In crossed
fields they rotate rigidly around the axis of the plasma
cylinder with the frequency of - /e rcE Brω = =

22 ( ) /( ) 0c a a B const= Ψ = >  having the Maxwellian dis-
tribution in rotating frame of reference. In present article
the electrons are assumed to be “hot”,
(ω -mω )/(kzνTe)<< 1 ( Tev is the thermal velocity of elec-
trons, m  is the azimuth wave number, zk  is longitudinal
wave vector and ω  is wave frequency).

The ions have been born at rest radially homogene-
ous with the total density N const=  ( 0 r a< < ) under
ionization of the residual gas and move then without col-
lisions under action of crossed fields. The ions can be
magnetized or unmagnetized depending on the strength
ratio between electric and magnetic fields. The equilib-
rium distribution function of such ions has the form [1]

( )( ) ( ) ( )e( , , )  - -i
z z

ci

mNF M v Y e a M v
T⊥ ⊥ ⊥ε = Ψ ε ⋅ δ ε ω ⋅ δ

ω
(1)

In (1) 2 /T π= Ω  is the period of radial oscillation of an

ion, ( ) ( )1/ 2 1/ 22 2 2-4 / +8 ( ) /ci r i ci ieE m r e a m aω ωΩ = = Ψ , ε⊥ ,
M  - the transversal energy and the generalized angular
momentum of an ion in a magnetic field, im  - mass of an
ion, Y - Heaviside step function, δ  - Dirac delta function.
The factor ( )eM⊥δ ε − ω  reflects the fact of a birth of ions
at rest and makes the distribution function similar to
“rigid rotator” one. The factor ( ( ) )Y e a ⊥Ψ − ε  reflects the
fact of absence of ions with energy ( )e a⊥ε > Ψ and makes
the distribution function similar to Fermi–Dirac one.

3. PROBLEM of PLASMA STABILITY
Running helix waves, having the potential

[ ]( ) exp ( - )m zr i m k z tΦ = Φ ϕ + ω% %  are considered. Un-
known radial function ( )m rΦ%  is represented in Bessel

function expansion: ( ),
1

( ) / /l l
m m m m l m

l
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∞

=

Φ = κ∑%

( l
mC  - the expansion coefficients, ,m lκ - l -s root of Bes-

sel function mJ , ,1(1/ 2) ( )l
m m lmN J += κ ).

For considering the plasma stability Vlasov equation
for ions and Poisson one should be solved jointly. Ob-
tained in [5] the solution of linearized Vlasov equation in
the independent variables , , ,R θ ρ ϑ , introduced according

to the relation exp( ) exp( ) exp( )r i R i iϕ = θ + ρ ϑ  ( iθ ω+=& ,
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iϑ ω−=& ), is used. The equilibrium ion distribution func-
tion (1) should be expressed over new variables ,R ρ . By
integrating the solution of linearized Vlasov equation over
the velocity space, the ion density disturbance in%  is ob-
tained. Substituting in%  in Poisson equation and multiply-

ing both parts on Bessel function ( ), /m m kJ r aκ  one
should integrate the obtained equation over coordinate
space. It is necessary to proceed from variables ,r vr r  to
variables , , , , , zR z vθ ρ ϑ  and take into account, that
Jacobian is equal to 2 RΩ ρ  [5]. In result it is obtained the

homogeneous system of the linear equations for expan-
sion coefficients l

mC :
2( ) 0l

kl kl mL b A C− = .                  (2)

The diagonal matrix 2 2
,(1 )kl klm kL b= + κ δ  describes the

contribution to Poisson equation of Laplacian of Φ% ,
which takes into account charge separation, and density
disturbance of "hot" electrons ( 2 2 2 2 2 -1(( / ) )De zb a r k a= + ,

Der - the electron Debye radius, klδ  - Kronecer symbol).
A symmetric matrix klA describes the contribution of ions
( 2 24 /pi ie N mω = π , , /l m lz±

±= κ ω Ω , m +′ω = ω− ω )
2 2 2 1
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2 2 2
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∫ (3)

Expression (3) is valid within the total range of the
"modified" cyclotron frequencies of ions ( ~′ω Ω ), for
arbitrary strength of magnetic and radial electric fields,
azimuth wave number m and longitudinal wave vector zk .
As seen from (3), in the strong electric field (Ω>> ciω ) the
normalized frequency spectrum in the ion rotating frame
of reference /′ω Ω  does not depend on ion mass, i.e. the
spectrum /′ω Ω  is universal.
     The dispersion equation for the plasma waves has the
form 2det( ) 0kl klL b A− = . It was solved numerically for
the waves with various azimuth wave numbers m .

4. SPECTRA of PLASMA OSCILLATIONS
      The obtained spectra of oscillations ( /′ω Ω -in the
rotating and /ω Ω - in the laboratory frames of reference)

are presented in Fig. 1 depending on parameter 2b

( 5 2 110 5 10b− −≤ ≤ ⋅ ) for ions of atomic nitrogen at den-
sity 7 310N cm−= , 0 200B Gs= , 1zk cm= , 1a cm= ,

( ) 1a VΨ = . The chosen value of electric potential
( )aΨ corresponds to a strong electric field for ions of the

atomic nitrogen ( / 0.18ciω Ω ≈ ).
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Fig.1. The spectra and growth rates of plasma oscillations depending on parameter 2b  for azimuth wave numbers
1, 2, 3, 4m = . The unstable sections of spectra are plotted by thick lines with circles and are marked with numerals
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The curves form families located close to the ion “modi-
fied” cyclotron frequency (both above and below it) and its
harmonics including zero-order one. Different curves inside
the family correspond to different radial modes. The lowest
radial modes are located further from integer value of “modi-
fied” cyclotron frequency. The curves, belonging to the adja-
cent families, approach each other with the parameter 2b  in-
creasing. Some lowest radial modes (zero-order and less often
first-order) can intersect. These modes become unstable. There
is the instability of  the “negative mass” type [6]. It is charac-
teristic of oscillators, by what the ions of plasma essentially
are. The behaviour of curves in fig. 1 is similar to behaviour of
eigen waves of electron unbounded homogeneous plasma with
distribution function of oscillator-type ([7], chapter 7, 9).
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Fig.2. The frequencies ( Re( / )ω Ω ) and growth rates

( Im /ω Ω ) of all unstable modes in laboratory frame of
reference. The  parameters are the same as in fig.1.

Figures above columns specify azimuth wave numbers

The maximum growth rates achieve some tenth parts
(up to 0.5) of the ion “modified” cyclotron frequency Ω .
As a rule, one - two lowest radial modes with large
growth rates ( Im / ~ 0.2 0.5ω Ω − ) are present in a spec-
trum at 2m ≥ . In the latter case the frequencies of two
unstable modes are very close to each other. On changing

parameter 2b over some orders of magnitude the real part
of normalized frequency of unstable modes ( Re( / )′ω Ω )
change insignificantly, less than by 0.1. It’s interesting
that in the laboratory frame of reference nearly all unsta-
ble waves rotate in a positive direction ( Re / 0mω > ) and
their frequencies are of the order of Re ~ω Ω  (Fig.2).

At 0m =  all radial modes are stable. At 1m =  only
one mode is unstable with small growth rate
( Im / ~ 0.02ω Ω , Re / 1.3ω Ω ≈ − ).

Calculations were carried out also at 6 310N cm−=  and
( ) 452a VΨ = . This potential is created on the bound of

the electron plasma with density 9 -310en m= . In this
case / 0.0087ciω Ω ≈ .  The  obtained spectra  of  plasma
oscillations are stable. The curves are located close to the
integer values of '/ω Ω .
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