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Using Cesaro mid of Fourier series the quasi-linear Vlasov’s equation is transformed to the integral Fredholm
equation. New results on the oscillatory behavior of solution are obtained. An extension to perturbing equation is
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1. INTRODUCTION

The self-consistent Vlasov equation is one of the
most frequently used equations for the time dependent
description of many-particle systems. Especially in
nuclear physics this equation has been employed to
describe multifragmentation phenomena and collective
oscillations. It is apparently not widely known that there
exists an analytical solvable model from which the
effects of self-consistency can be studied. Here such a
model is presented which shows that self-consistency
can lead to self-focused and acceleration of bunched
beam.

The kinetic equation for the beam distribution

function f has the form
Vs RS20, m

where 7= (X,,X,,X;) is a three-dimensional vector,

x;, i=1,2,3 are Cartesian coordinates;

V= (V,,V,,V;) is their velocity. In this solution the

1
Lorentz force F,=¢qg(E+—[vx H]) acting on a
c
nonrelativistic driving beam. Here ¢ is the particle
charge and E is the electric field: £ = E| + E, where
E, is given field and E, is generated by a charged

bunch, A is the magnetic field and H = H, + H,
too. The fields should satisfy the Maxwell system

J'\'/f(r,v,\'/,t)d\'/
<v>=© : E(E+
S (rv,1) m
+l[vH]),r0tH-la—E: 4—ﬂqjvfdv,
c cit ¢
divE=4ngqg Ifdv @
(@)
(rot E+ lﬂ: 0, divH = 0),
c 0t

where p (¢,7)= QJ f (&, r,v)dv,

j(t,r)= q| v f(¢,r,v)dv are a charge and a current
of the beam, C is the speed of light.
If we formally let ¢=© ,H =0 and replace gE

by E and p / g by P, we get the Vlasov-Poisson
system:

0, f+w f+E@Wr, f=0 3)
AU (t,r)=-4mp (¢,r) 4
p :If(t,r,v)dv.

This system was considered by A.A. Vlasov in his
treatise on many-particle theory and plasma physics [1].
To determine the focusing and accelerating fields we
use the following auxiliary postulate.

The postulate of the existence electric and magnetic
fields realizing any motion of the bunch beam: it is
shown [2] that for any field of the velocity of charged
particle exist electric & magnetic fields that yields same
velocity field satisfying Maxwell’s equations. This
postulate makes it feasible to construct the optimal
fields using the optimal control theory [3].

2. APPROXIMATE SOLUTION OF
VLASOV’S EQUATION

Letting f (¢,7,v)= f, (r,v)c ™" into (1) yields

LfozvarfO-I-Flava:iwa' (5)

Suppose the solution Eq. (5) can be represented in the
form

fom ) e, ©6)
k=-w

where the vector k= (k,,k,,....ks), k, is an

1
integer, 1= 1,2,...,6; the vector X= 71 V ie. it’s sum
of the vector of position and vector of velocity of the

6
particle orbit, kx = Z kixi s

X, =r,i=L23; x,=v,,i=4,5,6.

>
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Let us assume that the the vector 7 falls into a domain
A, the vector ¥U A ,, and

A:AIXAZ:AIIXAIZXAISXAZIXAZZXAZS’

where ;j 1s some line segment, a sign X is the right

multiplication sign. By ¢, we denote Fourier’s

coefficients

2 ¢ (fo)* n )

Thus the formula (6) is a expansion of the function

I fo(x)e “dx

fo in the Fourier series.

Summing Eq. (6) by the method of Cesaro for any
NOT[L2,...,0) we get

1
UNfo(x):F£¢N(x'J’)fo(J’)dJ’, ©)
here @ N (1) is the Cesaro’s kernel

V=[] F)),

H, N+1 H
1 Ds1n 5 uD
F )=
w ) 2(N+DD . u D
sin —
i "2
It is easy to see
l(DN(u)dy:l
and
fo~ 7, -0
N o "No" /o c(d) ,

where ” D” is a norm in the space of continuous
functionson A :c ().

Let us write down the function f o as follows
fO =0 nfO + g, Where go-NfOngx:O

N - o s vanishing.
Now differentiating formula (6) by the Eq. (5), we
obtain the following equation

1~
Aoy fo - go:ﬂ_éjq) y&x=») o) dy, (8)

A
-l g, 0=L0 x,y04

This reasoning yields Fredholm equation for the

and for

where g =

function 0 , f, if g, is a given function then:

1 -
AJNfo_gO:n_éJcD (x=»)a yfo(Mdy (9)

A

Define a matrix & = [k, 11V, as follows

qr

k= LJ'GT(x- y)e™ e " dxdy
me
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It is easy to see that the matrix K is the Toeplitz

matrix which generates a vector-function X-= {V, F ,}

[4].
The Eq. (9) is transformed to the linear algebraic
equation as f0110WS'

Z k,c..q=1....N, (10)

onset Y = [e”"‘]l ,here K, 0[L,...,N].

The Eq. (9) is an integral equation with degenerated
kernel [5].

Corollary 1. We can always find a sufficiently large
N such that there exists € >0, such that the
following relations are true:

‘f(t,r,v)-a Nfoe_im
Nfo it

where [ is continuous at every point (¥,V) of the
domain |\ . The function 0 \ [, is a solution of Eq. (9),

and the W s the eigenvalue of the matrix K , thus it is
frequency of a wave motion of the bunched beams.

hm

The number @ , generally, maybe any complex
number: & =0 + i .

It can be shown in the usual way that if Imw > 0
then ‘f(t,r,v)‘-» 0 for £~ © if Imw <0 then the
solution f* goes out from the domain A . Finally, may

be the case such that @ = 0. These results are discussed
in more details in the next section. Under this condition
we have a stationary solution of Eq. (1).

Definition. The solution f =0 of Eq. (1) is said
to be an asymptotically stable if for any t,2 0 and
arbitrary € 2 0 it is possible to find such 0 > O that
implies 0 (fops f0)€8 = 0 (f(tr,),0)< 6 and
p(f(tr,v),0- 0 as ¢ tends © . Here
P07 max| £ 11 =[] e,

Joo = Ftg:75,v0).

3. CHAOTIC BEHAVIOR OF THE
BUNCHED BEAM

The motion of particles of bunched beam is evolving

in the space
0,x0Q,,0,={r:[dcn}, Q, = p|col

It is well known that the variables 7>V are governed
by the following equation

r=v,
v= <Bes Ll (11)
m ] c 0
Here Q . xQ [ R®.



Thus

v, 2 [vH]k
dx, Z dv,
for this reason (well known Liouville theorem) the
measure 0 [l = drxdv is the invariant measure for a

group T, (11), ie. T, iy = ), for all t0[- o o],
that is easy to see. Consider an invariant measure on
0 m

by eigenvalue method, because we now have the
eigenvalue problem with electro-magnetic dependent
coefficients and the zero eigenvalue. We claim that the
eigenvalues will be points of the continuous spectrum
and eigenvector of (5) will be chaotic in the phase space
in the present case. It is interesting to know if it is the
case and how should one solve this kind of eigenvalue
problem when the system (11) is chaotic.

Let us consider the following operator [, that is

=0

simplify to solve linear partial differential (4)

selfadjoint extensions of the operator L, in Hilbert
space ? (Q ) . In accordance with the Stone theorem, the

operator L = L generates a group of transformation

U, - e"™ | such that
U -
i tim 2
-0 ¢

Let e, (1) be an eigenfunction of the group U,
then

U, (1)= emek ),

k=1,...
point A 0 0 (L) and 0 is the spectrum of the [, .

The e, (1) belongs to the space

H_ Q)= H Q)" (8]p.387).

It is a direct consequence of the existence of the
invariant measure in dynamical system (11).

It is well known that ek(A )D H-l(Q V)

e, (M0 CQ ) if it is the point of the continuous

spectrum.

In this case the first integral will be absent for
dynamical system (5) and it has become the transitive
system. In particular this reasoning yields the first
integral destruction. A. Einstein, [7] has given
conditions under which the first integral disappears.

,dim L, , where L, is a multiple of the

element

and

Corollary 2. The electro-magnetic field in (11) can
generate the ergodic or chaotic motion. Suppose that
ergodic is equivalent to the chaos. This reasoning yields
an approach of the problem of deterministic chaos.

We return back to the Eq. (1) and assume that there
is the stationary solution fq (g¢>7>V) for which:

1° There exists a function ¥ (gos7>v) such that
V=0 on the solution fy(go>7sV), where f, = 5, at

F=r,, VEvy,s

2° The function V' is positive defined and founded
on an arbitrary solution f(S,%,7,V) of Eq. (1), here S
is an arbitrary function such that

s= f(ty,79,v0), ||f(fo,7”0,Vo)' So

3° The derivative V of which in view of Eq. (1) is
negative.
We are going to show that in this case the solution

c

fo of Eq. (1) is orbital asymptotically stable.

In fact, for the function V (t ., v) mentioned
above we have an estimate

Vt,,riv)sV(t,r,v),t
if ¢, <t and MV =0

Thus the function J is decreasing and V is

representing its total time derivative, taken under the
assumption that 7>V are function of [, satisfying
differential Eq. (5).

Note that a perturb have initial value, ie. a
perturbation motion appears due to perturb of the
function § only. Now introduce into consideration a
function

Vitr)= J n@) ft,r,v)de

and will show the one fulfils the conditions 1° —3°. A
function /] is an arbitrary symmetric function such that

{fi (r) fo(r,v)dv=
Its derivative has the form

= L 10() fydv+ div, [0 () fydve

bdiv, [ (r) fudv:
A
Indeed, in the case under consideration we get

0 B
ﬁj'f] fdv —0,
divrfn fodv+ diVVIU fodv=

IDV_f0+’7H af0+aaf°FH dv,

0r

(12)
while

Ia—nvfo dav=0, v%+ %Ff 0.
dr ir dv

The first integral equal to zero under the following
condition

quO

>

i.e. the function f is a quickly decreasing with the
increasing velocity V.
Corollary 3. The function | be no positive if

R,0 < 0. 1tis easy to verify (see above) that
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0
J —”Vf dv=0.
ir
By using this reasoning Eq. (12) yields
V= JI] L f(s,t,r,v)dv= II] Gwf dv
A" I
or R,V 20and R, V<0.
Thus the particles beams under the above condition
be orbital asymptotically stable for solution f| 0-

Speaking about the condition of the asymptotically
stable, we mean that the postulate in respect to the field

(E, H) holds.

Thus this consideration proves that in domain
A°0 A there is (E,H) such that the solution f,
Eq. (5) is the orbital asymptotically stable. Note that if
the velocity v (V,,V,,V;) is such that the following

condition v{ + v% + v% = const holds, then we have case

focusing and acceleration of bunched beam around f,,.

It is easy to see that we can choose any unperturbed
motion such that one is a motion of bunched beam along
arbitrary axis of rotation. This can do always, because
always, there exist electric and (or) magnetic fields
satisfying the Maxwell equation for a given arbitrary
motion, i.e. any (or) magnetic fields which satisfy the
Maxwell Eq. (2).
It follows that we can choose optimal fields.

4. CONSTRUCTION OF AN OPTIMAL
ELECTRIC FIELD

We can assume without loss of generality that the
matrix K is given in the following form

Z ki=-1k;=-a,,
where ' ; is given number, the vector ¥ is one-
dimension vector 7' = X | the velocity V= X and
- 1< v< 1, ie. itis normalized on € (the speed of
light). Then & = &, x 8,8, = {x:|x < n},

+0

B 1 i
A = : Sl’ n(x):ielnx ,
L= {vip< ) $a(0 e

n=tow

P, (v)@ ,

2n+1

o

A

P, are the polynomials of Legendre.

Next we show how to choose the electrostatic field
E for the Vlasov-Poisson system

0,f+v f+E@x)d, f=0
AU(t,x)= - 4np (t,x),
where E(t,x)= -0 U(t,x),

(13)

p(t,x)= I J&x,v)dv a0d E is such that the beam
!

of particle focused and accelerated along axis X. For
this purpose the distribution function f (£, x,V) of the
particles in phase space A will be sought in the form

250

it

f=f (%, V)e_im. The substitution of f,e
[ yields VW _f, + E0 , f, = i0f,.

Next, we construct the function 0  f,,. Thus we

for

arrive at the following matrix K = [qu]fv,

- i(g-r)x Y a])m
k, = Je 1 E(x)dxz AIPn dv, but
] v i, Jv

N i N N 1
|

P, .. i
ZNAIZ ™ dv = IIZNG(Pan)- ZNPan

here P,(1)=1, P,(-1)=(-1", |n|=1,.,N.
Let the matrix K be given then the problem arises
of finding the field FE under which the formulas

n
[k, = C, j """ E(x)dx] are fulfilled. Note

n
that in this situation the N X N number k
and N x N function
necessary to find the function E(Z, X).

Let exist some number L > (O that |E(t, x)| < L.

Thus we obtain the well known [
moments [3].
Now from Eq. (4) we can find f and U .

:C0

-1

g are given

"% are given too, it is

- problem of
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