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We present the calculation of the probability production of −+ − ee  pairs in a strong rotating magnetic field. By 
comparing this case with that  in which the magnetic field changes only in strength,  we conclude that  for pair 
production the change of direction of the magnetic field is much more efficient than the change of its strength.
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I. INTRODUCTION
An amount  of  experimental  data  obtained through 

astrophysical  observations  indicate  the  presence  of 
magnetic fields of extremely large strength (1015 gauss) 
around compact objects like neutron stars or black holes 
[1,2].  Moreover,  these  magnetic  fields  are  in  general 
non-static  because  their  sources  are  either  rotating  or 
collapsing.  In  view of  these  facts,  the  study  of  QED 
when the magnetic energy is comparable or larger than 
the electron rest mass is no longer a pure
theoretical  exercise  but  could  be  brought  into 
correspondence with experimental  processes,  although 
not realizable in terrestrial laboratories.

Within  this  framework  we  compute  here  the 
probability  of  production  of  −+ − ee  pairs  in  the 
presence  of  a  strong  magnetic  field  varying  both  in 
strength and in direction. Since we are only interested in 
the effect of the electromagnetic field, no gravitational 
effects are considered so, in particular, the space-time is 
assumed  to  be  flat.  Moreover  we  consider  a  process 
taking place in absence of preexisting matter. Finally, 
this process could be interpreted as a first step in the 
production of bunches of gamma-rays which are the real 
experimental signals (gamma-ray bursts) [3-6].

II. DESCRIPTION OF THE MODEL
In the problem we are dealing with there are two 

scales  of  lengths  and  times:  one  related  to  the 
elementary  particles  (Compton  wave-length  of  the 
electron) and the other related to the macroscopic source 
of the field. In this second case the order of magnitude 
of  the  length  over  which  the  field  varies  and  of  the 
typical time of variation are extremely larger than the 
previous ones. This allows us to treat the magnetic field 
as uniform in space and to take into account the time 
variation  by  means  of  the  first-order  adiabatic 
approximation [7]. 

A particular choice for the time dependence of the 
field has been made:
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Maxwell  equations  ensure  that  with  this  choice  the 
macroscopic electric current density  ( )te r,J  vanishes. 
A  form  of  the  vector  potential  giving  rise  to  the 
magnetic field (1) is (symmetric gauge)

( ) ( )[ ]tt Brr,A ×−=
2
1  (2)

With this choice we keep a cylindrical symmetry in 
the  problem  and,  unless  we  also  introduce  a  scalar 
potential, the electric field is completely determined
(ħ = c = 1 units are used)

( ) ( ) ( ) ( )brrEr,Ar,E ×==
∂

∂−=
2
1

t
tt (3)

The  dynamics  of  the  Dirac  field  ( )tr,ψ  in  the 
presence of  this  electromagnetic  field  is  described by 
the Hamiltonian

( ) ( ) ( )∫ ∇−= ttitdtH r,),(r,r,r † ψψ  (4)

with (the charge of the electron is – e (e > 0))

( ) ( )[ ] mteiti β++∇−⋅=∇− r,Aα,r,  (5)

In order to apply the adiabatic perturbation theory 
we have to determine the instantaneous eigenstates and 
eigenvalues of  H(t). To do this we remind some well-
known results about the motion of a relativistic electron 
in a constant and uniform magnetic field which, for later 
convenience,  has  been  chosen  in  the  y-z plane: 

k̂ĵB zy BB +=   [8].
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In  classical  mechanics  the  electron  performs  a 
motion along an helix whose axis is parallel to  B. We 
will call 2

⊥R  the square of the distance of the axis of the 
helix from the origin.

In first  quantization, by working in the symmetric 
gauge, we can choose the Hamiltonian   given by Eq. 
(5) (without the time dependence), the linear momentum 
parallel to  ||B  , the total angular momentum parallel 

to  ||B   and  2
⊥R  as  a  complete  set  of  commuting 

observables. If we call

( ) { }gdj nknj ,,,r ||||, σψ =± (6)

the  functions  building  up  the  common  basis  to  that 
operators then

( ) ( )rr ,, jjj w ±± ±= ψψ , (7)

( ) ( )rr ,||,|| jj k ±± = ψψ , (8)

( ) ( )rr ,
||

,|| jgdj nn ±± 





+−= ψ

σ
ψ

2
 , (9)

( ) ( )rr ,, j
g

j e
n

R ±±⊥
+

= ψψ
B

122 , (10)

where

( )|||| σ++++= 12B22
dj nekmw (11)

are the Landau levels and where the quantum numbers 
vary in the following ranges

,...1,0=dn  , (12)

∞− ∞= ,......,||k  , (13)

1|| =σ (14)

,...1,0=gn  . (15)

It is worth noting that the energies jw  do not depend on 

the  quantum  number  gn  and  that  if  0=dn  and 
1|| −=σ  the corresponding energies jw  do not depend 

on  B. We will call the corresponding states transverse 
ground states.

In order to go to second quantization we expand the 
Dirac field ( )tr,ψ  in the previous basis

( ) ( ) ( ) tiw
jj

tiw
j

j
j

jj edect rrr, ,
†

, −
−

+ += ∑ ψψψ (16)

and the second quantized relevant operators become

( ) ( )
( )∑

∫
+=

==

j
jjjjj ddccw

ttdH
††

† r,r,r ψψ 
, (17)

( ) ( )
( )∑

∫
−=

==

j
jjjj ddcck

ttdP
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||

||
†

|| r,r,r ψψ 
, (18)
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==
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jjjjgd ddccnn
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††||

||
†

|| r,r,

2
σ

ψψ 

. (19)

The minus signs between the operators jj cc†  and jj dd †  

in ||P  and in ||J  are connected to the fact that ( )r, j−ψ  

are not the charge conjugated functions of the ( )r, j+ψ  

so the physical meaning of ||k  and ||σ  must be reversed 

and dn  and gn  must be exchanged for positrons.

III.  RESULTS AND CONCLUSIONS
The first order transition amplitude from the vacuum 

state 0  to the +− − ee  pair state jj ′  is given by [7]
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The transition matrix elements are
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(21)
where ( ) ( ) xit Jt-e ϑ=  is the operator which performs a 
rotation around the x-axis of an angle ( )tϑ  defined by

( ) ( )
( )t
t

t
z

y
B
B

tan =ϑ (22)

and where ( )tj r,,±′ψ  form a basis of the Hilbert space 

in the case in which  ( ) ( ) ( ) ( ) k̂k̂B tttt zy
22 BBB +== . 

After some easy manipulation the matrix elements (21) 
can be rewritten as

( ) ( ) ( )ttTtHjj jj bbB ′⋅′=⋅∇′ ′0 (23)

where

( ) ( ) ( )
( ) ( ) 
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zy
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tt
ttt

bcosbsin
bsinbcos

0

ϑϑ
ϑϑb (24)

( ) ( ) ( ) ( )∫ ′−+′ ′×′=′ ttdetT jjjj r,αrr,r ,
†
, ψψ

2 . (25)

In this way all the effects of the rotation of the magnetic 
field  have  been  put  into  ( )tb′ which  is  the  constant 
vector  b seen from the rotated frame whose  z-axis is 
instantaneously parallel to B(t). Finally, the form of the 
matrix  elements  (25)  suggests  the  usual  one  particle 
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interpretation  of  the  pair  creation  as  a  jump  of  an 
electron  from  a  negative  energy  level  to  a  positive 
energy  one.  This  interpretation  makes  easier  to  write 
down the useful selection rules we will obtain below.

One of  us  has already calculated all  the transition 
probabilities in the case in which  B(t) changes only in 
strength  [9].  Then,  now  we  want  to  stress  the  new 
effects  due  to  the  rotation  of  the  magnetic  field.  If 

( ) ( ) k̂B tt B=  the only transition operator is  ( ) z
e αr×
2

 

and then only 0=∆ ||J  transitions are allowed. This is 
the quantum counterpart of the classical fact that in the 
same  physical  situation  the  angular  momentum  of  a 
classical  electron  is  an  adiabatic  invariant.  Instead,  if 

( ) ( ) ( ) k̂ĵB ttt zy BB +=  also  1±=∆ ||J  transitions are 
allowed  because  of  the  presence  of  the  transition 

operator  ( ) y
e αr×
2

.  Last  but  not  least,  from  the 

anticommutation 

( )[ ] 0=× +zz σ,αr (26)

it follows that the selection rule

0=+ fi |||| σσ (27)

holds  for  the  eigenstates  of  zσ .  Since the transverse 
ground states
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are eigenstates of zσ  with 1−=′= |||| σσ  then only the 
rotation of B(t) allows the transitions from a transverse 
ground state  to  another  transverse ground state  or,  in 
second quantization language, only the rotation of  B(t) 
allows the creation of a pair in which both the electron 
and the positron are in a transverse ground state.

This  is  an  important  observation  because  if 
( ) ( )ggPtP ′→= 00  is the probability transition to a 

state  in  which  both  −e  and  +e  are  in  a  transverse 

ground state and ( ) ( )ggjjPtP ′≠′→= 0  then 
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and we are allowed at first approximation to calculate 
only ( )tP0 . Actually, we want to calculate the transition 
probability to a normalized state and we consider  the 
state

+−+− = eeee (31)

with
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α

π
,(33)

where the quantum numbers dn  and ||σ  are fixed to 0 

and –1 respectively and where we have put ||kk = . This 
state  represents  an  electron  with  mean  longitudinal 
momentum  0k  and  a  positron  with  opposite  mean 
momentum because of the opposite meaning of  ||k  for 
positrons. The widths of the two Gaussian wave packets 
are  both  equal  to  a .  Finally,  we  note  that  the  final 
probability  will  be  multiplied  by  two  to  take  into 
account the contribution of the states with  1+gn  for 

electron and gn  for the positron.
Since this transition is  an effect  of  the rotation of 

B(t), we put for simplicity 

0b =z  and  
τ

0B
bb ==y ,  then  the  transition 

amplitude is
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(34)

where

( ) 22 kmk +=ε . (35)

Since τ  is a typical evolution time of the magnetic field 
( s510~τ )  then  ( ) 1> >kτ ε  the integral  in  η  can  be 
substituted by the first term of its asymptotic series:
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(36)

If we look for times t such that tm>>1 then tε(k)>>1 and 
if  we also assume that  the width of  the  Gaussians  is 
much larger than the Compton wave-length (ma>>1) we 
obtain the approximated transition amplitude
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By squaring the modulus of ( )takng ,, 0γ  we have
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We can transform the sum on  gn  into an integral by 

using  the  operator  relation  ( )te
N

R g

B
122 +

=⊥  (see 

Eq. (10)):

( )
∫∑

⊥
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2
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B M

g
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n
dRte (39)

and the final result in c.g.s. units is 
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where  
mc


 =  is  the  Compton  wave-length  of  the 

electron.  In  this  expression we observe a  plane wave 
contribution ( ∞→a ) and the first order wave packet 
width contribution. Finally, the unusual dependence on 

4
MR⊥ is an effect due to the presence of the electric field 

E(r) which necessarily depends on r.

By  resuming,  we  have  calculated  the  production 
probability  of  a  pair  +− − ee  in  a  strong  rotating 
magnetic  field.  We  have  seen  that  the  probability  of 
creating both −e  and +e  in those particular states with 
energies independent of the magnetic field and that we 
called  transverse  ground states  is  different  from zero 
only if the direction of the magnetic field changes with 
time and that  this probability  is  much larger  than the 
other probabilities. This allows us to conclude that for 
pair  production  in  very  intense  magnetic  fields  the 
change of the direction of B(t) is much more important 
than the variation of its strength.
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