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For high-current ion-beam focusing a vortical turbulence has been excited in plasma lens by the nonremovable gra-
dient of an external magnetic field. The paper presents theoretical investigation, in the cylindrical approximation, of
excitation of slow and fast vortices with taking into account the finite length of plasma lens. It is shown that the
growth rate of vortix excitation decreases with decreasing the length of plasma lens. The spatial structures of the
vortices are constructed. The expression for the vortex amplitude of saturation is derived.

PACS numbers: 29.20.Bd
1 INTRODUCTION

Excitation of vortices in a plasma lens has been in-
vestigated analytically. The plasma lens is designed for
ion-beam focusing [1]. A focusing electric field is creat-
ed by the electron cloud. The cloud density exceeds the
ion beam density approximately by 10%. Electrons are
distributed on radius approximately homogeneously.
The lens represents the cylinder of a finite length,
placed in a short coil magnetic field.

As shown in [1], the plasma lens is unstable con-
cerning excitation of oscillating fields. The oscillation
excitation is realised owing to a positive radial gradient
of a short coil magnetic field.

As in the lens the crossed configuration of radial fo-
cusing electric, E,, and longitudinal magnetic fields, H.,
is created, the electrons drift through an angle, 6, with a
velocity Vg,=-eE/mcWhe, ue=¢H,/m.c.

The density perturbation of primary homogeneous
electrons results in appearance of an electric field near
the perturbation. Therefore, near the perturbation the
crossed fields are realised. Thus, electron dynamics in a
field of perturbation is vortical.

In this paper a spatial structure and excitation of vor-
tical perturbations in a plasma lens are investigated the-
oretically.

2 INSTABILITY DEVELOPMENT IN PLAS-
MA LENS

We use the hydrodynamic and Poisson equations
O VHVO)V=(e/m.) dP+[ e, V]-(Vi/ne) e (1)
on+0(n.V)=0, O¢=0@-E,., Ap=4T(en.-qin;) (2)
From (1) it is possible to derive equations
d(a-wne)/n=[(0-wne)/nc]0,V, , dV,~(e/m)d.p (3)
d=0+(Vop) , 0=e,;rotV
From (1) one can obtain
Vi=(e/mwe)[e,, d0]-w'ni[e,, Va]-w ' [e,,(VO)Vg]=
=(e/mwye)[e, 00 ]+(e/mw)0.0x0, )
0=2eE,o/rmyet(eE o/m)0:( 1/6ne)+(e/mwye ) Ag@+
+(e/m)(0:@)0:(1/tne)+(e/m)de,[ 0,0 wO@].  (5)
From (2), (5) it approximately follows, O=(Gpe/0Whe)
One/ne,, that the vortical motion begins, as soon as there
appears a perturbation on..
From (3) one can derive

diue/n=(We/e)0, V.. (6)
Taking into account the ion effect, from (2) one can
obtain
BAG/4TEe=0n, , B=1-w,/(W-k,Vip)* , Ne=noctOne. (7)
At first let us consider instability development. We
search the following dependence on.[exp(ik,z+ilgB).
Then from (3) we derive
A Wre/Ne)=-(eWre/MeNeo )ik, P /(00-190e, ), Wo=Va,/r. (8)
From (4), (7), (8) we obtain the equation for ¢
(07 pe/ W11e) o @0: 00+ B(OAP 00,06 )=
=ik Que/(00-lotg, ). (€]
We obtain from (9) dispersion relation, describing
the instability development

-0/ (0K, Vi) - 00%pe (1o/1)0:( 1/0h1e) /K3 (- 16000 ) -

-0 ek, /K (00-1600g6)*=0. (10)

Let us take into account that the beam ions pass

through the plasma lens during T=L/V.; and electrons
are renovated during T>T;. (10) can be presented as

1-00 i/ (00-1/Ti-k, Vi )= 00 ek, /K (00-1/T - 1900g0 ) -

-00pe (16/1)0:( 1/ ) KA (0-1/Te-1900g60)=0. (11)

Let us mean the quick perturbations for which the

phase velocity Vw=Vg,. For them from (11) we derive in

approximation k=0, w=w+8w, BwI<<w® and ne-
glecting T, T;

W= 0y =lo00go, (*)Soz((-*)zpe/ 20e)(An/nee) , 5(*)=qu

Yo (/) [(00/2) (Ie/r) 0 L) 2. (12)
From (12) it follows
lgz(m{/me)l/z(wHe/(A)pe)(noe/An)a (13)

that for typical parameters of experiments the perturba-
tions with Ig>1 are excited at a large magnetic field and
small electron density.

As Y, grows with r, taking into account T, T, it can
lead to that the perturbations with r smaller than some
value can not be excited.

For slow perturbations fulfilled is V;<<Vg,. We de-
rive for them from (11), in approximation k,=0 and ne-
glecting T., Ti, the following expressions

Ve=(V3/2) [0 pila( 0P pe/ 200 ) (AN/N0e) |2

K*=-(r/ (g0 ) 1ped:(1/0e), Rew =Y,/ V3. (14)
Here v is the growth rate of slow perturbation exci-
tation. As Y, grows with r, because k grows with r, tak-
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ing into account T, T;it can lead to that the perturbations
with r smaller than some value are not excited.
From (10) we obtain the growth rate with k,Z0

Vs:(.\/3/24/3)(402/3pi(18%0'kzvbi)1/3x
x{1-k, /[ 2k, +(1o/1) (lowgo-k, Vi) D0:(1/0) D]} . (15)
From (15) one can see that the particle longitudinal

dynamics results in reduction of V.. Perturbations with
least k,=TUL have a maximum VY.

3 STRUCTURE OF VORTEX

Let us describe structure of a quick vortex. Neglect-
ing nonstationary terms, we have from (4)

V=-(e/metne)[ e, Ero] He/mwne)[e,0¢],  (16)
Vr:'(e/me(*)l-le) DG(P 5 V9:V90+(e/me(*)l-[e) Dr(p’
Vgo=-(€/MeWhe) Ero=(00pe/20he ) (An/npe)r.  (17)

Vp can be presented Vo=V, +dVe. As Vg equals Ve=rd0
/dt, we present d6/dt=da/dt+w, where Wn=(An/ne.)(w
2¢/201.) [y, 1y 18 a vortex localisation. Then, decompos-
ing Wye(r) on &r=r- 1, near ry, from (17) we derive
dot/dt=-(0 e/ 200%1e) (AN/ N6 )OT(0; ) i+
+(e/MmeWie)0,@, dr/dt=-(e/m.ur)de®.  (18)
Integrating (18), we obtain the equation, describing
oscillatory dynamics of electrons in a vortex field
(Or)*-(e/me)(No/An,) (Wre/ W e ) 8P 1(0:Whe) [Lv=const (19)

Let us consider the following dependence @8)=¢
o0S[lg(B-ynt)] and determine the boundary of a vortex
from the condition or({} =0

Sr=+2[2(e/m)(@+@,)(n/An)(Wa/6,)/1(0:6) [ ]2 (20)
The radial size of a vortex follows from (20)
Or,=2[2(e/me)@y(Noe/ AN ) (Wre/ 0P pe ) /1y(0:0he) L] 2. (21)
From (18), (20) it follows that the frequency of electron
oscillations Q. on closed trajectories is equal to
Qu=(19/2) (/610X
X[2(e/me) @ (An/2n,e)(0:wre) G/ rer ] 2. (22)

For a simplicity we consider structure of electron
trajectories in a slow vortex, V,n<<Vy,, with lg=1 (see.
Fig. 2).

From (17) we approximately derive, similarly to
(18), equations describing electron oscillations in the
vortex field

d0/dt=(0pe/ Whe ) (AN/ 2106 )H(E€/Me W) 0P,

dr/dt=-(e/m.0xer) 0. (23)
Integrating (23), we obtain
*+8(e/me0¥ e ) (Noe/An)=const. 24)

Let us consider the following dependence ((0)=-@
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oC0S[la(B-wynt)] and determine the boundary of a vortex
by putting r=tmi» at @=@,. Here rmin is @ minimum radius
of electrons oscillating in a field of a vortex at its
boundary. From (24) we derive
=[Pmint8(Q-@)(6/metpe) (Noe/An) | 2. (25)
From (25) the maximum radius of a vortex is as follows
Tinax=[ Pmin+ 1 6@, (€/Me 0 e ) (oe/An) | 2. (26)
From (26) we obtain the radial size, Ar,, of a vortex

Ar=[1 it 160,(e/MebPpe) (Moe/An) L. (27)
In case 1yi=0
ArChin-o=[16Q,(e/m.0Ppe)(noe/An) ]2 (28)

Fig. 2.

Instability is developed in a homogeneous plasma so
long as bunching of homogeneously distributed elec-
trons happens. Bunching ceases, when a slow (adiabat-
ic) stage of electron dynamics comes,

QY. (29)

From (12), (22), (29) it follows that it happens at the
amplitude of an electrical potential of a fast vortex

Q=W 2k?) (noe/An). (30)

However the amplitudes of a set of separate vortices
with a large distance between them can grow further.

The maximum amplitude of this set of vortices, @,
is determined by a condition, that the magnetic force
does not keep any more electrons of a vortex, rotated
around its axis on the closed trajectories. In other words
the electron bunch of a vortex can extend across a mag-
netic field. Thus bunching of electrons ceases. Thus
from a violation of forces balance,

m.V2/r-eE.>m.y. V. (31)
one can obtain the amplitude of a vortex saturation, Q.
Here E, is the electrical field of a vortex, the perturba-
tion of electron density in which is &ne,. From (31) it
follows that electrons of a vortex at inequality fulfilment

P pe(ONe, AN ) M0e= 0P /2. (32)
can freely move across a magnetic field. Thus, using
(2), we have found, that the amplitude of a vortex is sta-
bilised at [1]

Qu=(Me/ek?) [0/ 2-(AN/Noe) W pe ] (33)
From (33) one can see that if An is close to
An=H,*/8Tim.c?, (34)
the vortical perturbations are not excited.
Let us compare @, with @
Pt/ Q=2 (Noe/ AN ) Wi/ Wiic ). (35)

One can see that in case of heavy ions and large
magnetic field the inequality @un<<@n is fulfilled.



4 EXCITATION OF NON-LINEAR VOR-
TICES

Let us describe excitation of non-linear vortices us-
ing equations

BAG=4Tedn,, B=1-0’/0’, dn=ne-Neo, (36)

d(0-0ke)/n=0 , d=0+(V0O), (37)
V=-(e/mcuc)[e,Er]H(e/mwyc)[e,, Q|-

W' e, V]-w'u[e,(VO)V]. (38)

Selecting a time derivative 0; and a vortex motion in the
crossed fields with a velocity Ve, we have
d=0:+(VO)-Vele.
From (36)-(38) we obtain
0=-2€E,o/rm.wye-(€Eo/m)0:(1/0he)+(e/mwn. ) AP+
+(e/m)(0:9)0:(1/0re)+

(39)

+(e/me)[r'0: (1/00ie)0e@ 1" W n0%6@],  (40)
d((ue/n)=0 , n=nc,+(qi/e)dn;+Adp/4TEe, 41)
Vo=V, H(e/metuye)[ e, @], (42)
Veo='(€/ me(k)l-le)EmZ((*)zpe/ 2(*)1-16) (Al'l/l’loe)r~ (43 )

From (36), (41), (42) we derive the non-linear evolu-
tion equation, describing an excitation of non-linear vor-
tices

[0r+(Veo-Vso) Dot (44)
+(e/meWie) ([ €, 0] ) e/ (neoH(qi/e)dni+AE4TER)=0.

In stationary approximation the slow vortex is de-
scribed according to (44) by equation

[(Ver-Ve) gt (45)
+(e/metre)([ e, 0] 0) (e tAPe/m,)/0=0.
The equation (45) can be presented in the form
(1-V/Veo) JeA@-2(noe/An)(Te@)r'9:(1/00m.) +
+2(&/MeWrepe )1 (Noe/AN) { AP} 6=0,  (46)

{@.AQ} =L @) UeAp-(Lo@) L AG=
=[P GLP-(eP@LP)].
Taking into account in (44) terms with 9, and effect
of ions we derive
0AQ=-411q(VeoJs))On0;. (47)
One can obtain from the hydrodynamic equations the
equation for the ion density perturbation, &n;,
9% Oni=nyi(qi/m;) AQ. (48)
From (47), (48) we obtain the equation, describing the
vortex excitation

63A(p=-w2pi(V90De)A(p. (49)
The solution (49) we search as
@=@n[0-fdt dwg]. (50)

Here n is the quasi-stationary shape of the vortex, deter-
mined by (46); 0w is the shift of the angle frequency of
the vortex, determined by its interaction with ions.

From (46), (49), (50) one can show that the non-lin-
ear growth rate of the vortex excitation is proportional
to YarsOysO(me/m;) ',

From (44) and hydrodynamic equations for ions in
stationary approximation we derive for a quick vortex

[(Voo- Vo) Dgt(e/meue) {@, }:0](AP+qidndm)=0. (51)

{@ =1 [(0:9)06-(06@)0:] , (Violl)*dni=nai( q/mi) AG.

Taking into account in (44) the term with 0, and ra-
dial non-uniformity of wu. we derive the following
equation for a quick vortex

0:0n.~(e/me)(He@noe0:(1/0ue). (52)
Using (41), we rewrite (54) in the following form
0:AP+HATYi0:0n=(Te®) 0 pe0:( 1/ ). (53)

From the hydrodynamic equations for ions one can
obtain the equation
(Vss0g-0:)*0n=ni(q/m;)AQ. (54)
From (53), (54) we have, with taking into account that
for main terms of (51) the following equality (Ve(g)*®
=-W,@ is approximately true, the equation
0% AQ=(0 i/ 2V 0) QU pe0:(1/ G ). (55)
Let us introduce a non-linear wave number, Ky, fol-
lowing the expression A@E-K*@. Then from (55) we
obtain the non-linear growth rate of the quick vortex ex-
citation

Y=/ Kne) [(0pe/2 Vi) Or(1/6ie) 1" O ya. (56)
5 CONCLUSION

So, it is shown that the electron density perturbation
in the plasma lens leads to the vortices. Two kinds of
vortices are excited: quick perturbations with V,, close
to the drift velocity, V,»=Vg,, and slow perturbations
with V,;<<Vg,. Owing to the fast pass of ion beam
through the plasma lens and finite time of electron
renovating the perturbations are not excited in the
neighbourhood of its axis. The radial width of vortices
is proportional to the radical square from the amplitude
of the vortex electric potential, V.. The radial width of
a quick vortex depends also on the radial gradient of a
magnetic field. The instability of excitation of a homo-
geneous vortical turbulence is saturated at a low level,
when a frequency of electron oscillations in the vortex
on the closed trajectories begins to exceed the growth
rate of the instability development. At large amplitudes
the set of separated non-linear vortices is excited. The
non-linear growth rates are proportional to the linear
growth rates.
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