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Regular and chaotic dynamics of a charged particle, which moves in an external time-periodic electrical field
and in a field of space periodic potential, are investigated. We have obtained a system of integro-differential equa-
tions, which describes the non-linear self-consistent dynamics of excitation of electromagnetic waves by flows of
charged particles. The analytical and numerical analysis of a full self-consistent set of equations is carried out. The
results of this analysis qualitatively well agree with the experimental data.

PACS: 52.35.—¢g
1. INTRODUCTION

It is known that in a vacuum an oscillator effectively
radiates high numbers of harmonics only if it has a large
energy. So, for the synchrotron radiation the maximum
of radiation is obtained at harmonics with number

v ~y3[1]. Many authors (see, for example [2-6] and
referenced therein) studied the radiation of relativistic
particles in a periodically inhomogeneous medium. The
interest to such radiation is conditioned by the fact that
due to the Doppler effect there is a possibility to excite

effectively the short-wave radiation\ ~d /y?>.

It is possible to name one more mechanism for
short-wave radiation generation which does not require
the use of high-energy beams. This is the radiation of
high numbers harmonics by nonrelativistic oscillators
moving in the periodically inhomogeneous medium as
well as by charged particles moving in an external time-
periodic electrical field, and in the field of an external,
space-periodic, potential [7-9].

Meaning features of the radiation mechanism, which
we investigate, one can expect the creation of sources of
an intensive coherent X-radiation with the wavelength
h=d/p .

In this paper we have investigated, analytically and
numerically, the capabilities of excitation of high num-
bers harmonics by ensembles of charged particles. We
carried out the analytical and numerical analysis of a
full self-consistent set of equations. The analytical re-
sults are in good agreement with the numerical results,
and qualitatively well agree with the data of experi-
ments [10].

2. MOTION OF A CHARGED PARTICLE
IN A FIELD OF STRATIFIED -
INHOMOGENEOUS POTENTIAL AND
IN A PERIODIC ELECTRICAL FIELD
Let a charged particle to move in the external time-
field E(0,0,E,)
E.(t)7 - E,yYsin[0 Y] and in the field of periodic poten-
tialU(z)= Uy + gDcos(kz Dz) )

The nonrelativistic equations of electron motion in
such a field can conveniently be presented as:

periodic electrical
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ﬂde/dr :-Esin(Qr)-wgsin((), 0
6 /di =V,

here:V, = Vel |1 = k't ¢ = eE/mcsz, w§= eg/mc2,
Q=0,/ke, ¢ = k,z.

System (1) is reduced to the equation of mathemati-

cal pendulum with external periodic force
c"+w§sin(c):-£sin(§2r). )
The radiation power of harmonic oscillator z = a sin( 0 ost )
can be expressed by the formula (see, for example, [1]):
AW /it= ol a® /3 3)
and radiation takes place at a frequency of oscillator
W o . The higher harmonics are small.

In our case, under the approximationé¢ >> w&, for
n>>1 from (1) it is possible to obtain the maximum am-
plitude of particle displacement at 7 -th Fourier har-
monics a - wgJ,,(u](nQ Y2 (uih, = e/Q 2).

The formula (3) will become as:
aW/it= (e2wext2/3c)(eg/mcz)2n2.]3(p) 4)

So, one can see that conditions of maximum radiation
kep = mw,, = @ in this case completely coincide with
the condition of oscillator radiation in a periodically in-
homogeneous dielectric [7], i.e. in both cases the maxi-
mum radiation corresponds to the same frequency. In

the cases a)g i ¢ the role of the periodical potential is

more significant.

3. LIMITATIONS ON ENERGY AND
WAVELENGTH OF RADIATION

Let's define the conditions, under which the process

of radiation is possible. For particle radiation it is neces-

sary, at least, that its energy should exceed the energy of
radiated quantum

E=mV?/2i ho . (5)

From (5) we find the condition for the length of radiated

wave
A 2h/mcﬁ2, (6)

here ¢ — velocity of light; m — particle mass; f=V/c — its
dimensionless velocity (Fig.1).
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As it is clear from the figure, the wavelengths, ac-
cessible to the radiation, are below the point of intersec-

tion of curves and above the line 1 = 24 /mcf 2,

A
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Fig. 1. Dependence of radiated wavelength
A= 2h/mep? (firm line) and dependence ) = d/p
(dash line) versus Bfor d = 600" cm

4. RADIATION OF OSCILLATORS FLOW

It is particularly interesting to investigate the in-

duced radiation of an ensemble of such oscillators, not
the radiation of one oscillator. The fullest description of
the self-consistent process of interaction of charged par-
ticles with the exciting field implies the simultaneous
solution of the Maxwell equations for the electromag-
netic field and equations of charged particles motion in
the exited fields.
DBl 1= -crotE,d Efd iz crotH-41). ,
dp/dt= eE+ (e/c)vl B+ F,, sinwyt- e U, dr/dt=v (1)
where Wy, Foy are the frequency and the amplitude
of the external force, which acts upon the oscillator
(produces oscillator). Let's suppose that the oscillations
of the oscillator occur along the axis Z.

While investigating the elementary mechanism of
the oscillator radiation it was found out, that a direction-
al diagram corresponds to a dipole radiation, i.e. the ra-
diation is directed in a transverse direction with respect
to direction of the oscillator oscillation. Therefore, we
will search for such solution for an exited wave

E = Re A(t)exp(ikx) . ®)
We will study a time evolution of the electromagnet-
ic field, in which the only E o EZ , H , components are

nonzero. Let's substitute the field expressions (8) into
the set of equations (7). By averaging the obtained equa-
tions on space phase of perturbation, we get the follow-
ing set of equations for the fields and characteristics of
the oscillator:

dp, /dt = Ree  exp(ix)- V. Reh, exp(ix),
dp,[dr = Ret , exp(ikx)t v, Reh, exp(ix)- SosinQ 1 - wsin[K z) ,

dx/dl = vy, dz/di =v_, vz plyl+ pit pZ, (9)

2n
de ,[dr = -ih, - (207 2| TV exp(- i), |
0
2n
dhy [dr = . de  fdr = -2 /1] TV, exp(-ix)d,
0

The coordinates # = 7 (7,7 ) and pulses p = p(7p,T)
are the Lagrangian coordinates and pulses of particles.
The integration in the right part of these equations for
fields is the integration over the initial values of oscilla-
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tor coordinates. The set of equations (9) is written in the
dimensionless variables:

-~ o - ~ o
ket - T ke - 2 poktko ke =m0 ke,
me mcke
}:: eH e eEoy . egk, 2. 4n eznb
mcke’ 07 ncke”’ mew m(ke)* ’
v = V/w /k, where ".€¢ — mass and charge of

electrons, 7, — density of oscillators.

5. RESULTS OF THE NUMERICAL ANALYSIS

The numerical analysis of the self-consistent set of
equations (9) confirmed the presence of an instability in
the considered system. The values of dimensionless

parameters were the following: @ p =0.3, w=0.02, fo
=0.02, n =5. Under these conditions the excitation of
10-th harmonics by oscillators in the periodic potential
with K = 5k was observed. The results of simulation

are presented in Figs.2,3.
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The dark filling inside the envelope amplitude
corresponds to the high frequency oscillations.

Spectrum of the field ¢, has a maximum at the

frequency, which equal 1, and that corresponds to the
10-th harmonic of the oscillation frequency of the
oscillators. The results of numerical analysis
qualitatively well agree with the data of experiments
[10].

6. CONDITIONS OF COLLECTIVE
RADIATION OF ENSEMBLE OF
OSCILLATORS

At the particles motion in the fields of complicated
configuration the development of stochastic instability
is possible. The presence of such instability in beam
systems is similar to the appearance of thermal spread
of particles over velocities. The thermal spread can es-
sentially limit the minimal wavelength, which can be
excited by a beam in induced way.

We will see that, formally, the conditions of devel-
opment of stochastic instability are fulfilled. However,
the particle dynamics remains practically regular.

The presence of a perturbation results in a formation
of a stochastic layer on a phase plane nearby a separa-
trix — an area in which particle motion is irregular and



the separatrix is splitted. The width of such splitted sep-
aratrix is proportional to perturbation [11]. The numeri-
cal analysis of the Eq. (2) confirms this fact (Fig.4).

&F

Fig.4. Poincare map of mathematical pendulum: ¢
=0.005, 0 =0.025

By passing to a moving frame by the variable trans-

formation ¢ = ¢ + (¢ /6 %)sin(07 ), the next equation is
obtained for ¢ from Eq.(2)
r

£+ e J,(/0%)sin@ + nf1)= 0,

n=-T

(10)

where J, (¢ / §2) is the Bessel function of order n,

0 = W oxt / Wo .

Eq.(10) describes the phase change of the particle ¢
which the high number of waves excites. An interaction
of the particle with one of these waves will be most
effective under fulfillment of the resonance condition

"= nd . The typical feature of such interaction is a

large number of nonlinear resonances. A parameter,
determining the degree of influence of the nearby
resonances on each other, is a parameter K = 4 ., /00 |
a ratio of the resonance width to the distance between
resonances, having a simple physical sense of degree of
resonances overlapping [11]. In our case, the distance
between the resonances is A® =0 , and the width of
resonance with the number of n is equal

Do = 2T, (/67 (11)

When condition K >1 is fulfilled all the nearby
resonances are overlapped and, from the formal point of
view, a chaotic motion must be realized in the whole
region of phase plane of Eq.(10). However, when K
>> 1, the chaotic motion begins regularizing itself. It is

due to the fact that at the parameter values ¢ /§ 2>>1 (

0 <<I1) the resonances with the numbers of n J ¢ /§2

remain indistinguishable. Motion of particles here can
be described as a motion in a new effective resonance
and such motion will be regular practically in the whole
region of phase plane except for the region near the split
separatrix. The numerical analysis of the Eq.(2) also
confirms this fact (see Fig.4).

Thus, as an estimated value of measure that shows
the degree of an electron motion chaotization, one can
take the ratio of the region of phase plane occupied by
the split separatrix to the region of phase plane at which
motion of particles is regular.

REFFERENCES

1. A.A.Sokolov, .M. Ternov. Relativistic electron.
M.: “Nauka”, 1974 (in Russian).

2. V.L. Ginzburg, V.N. Tsytovich. Transition radiation
and transition scattering. M.: “Nauka”, 1983 (in Rus-
sian).

3. V.A.Buts, A.V. Shchagin // UFZh. 1998, v.43, Ne9,
p-1172-1174 (in Russian).

4. V.G. Baryshevsky, I.Ya. Dubovskaya // The totals of
science and engineering. Series: Beams of charged
particles and solid. 1992, Ne4 (in Russian).

5. V.L. Ginzburg // UFN. 1996, v.166, Nel0 (in Rus-
sian).

6. M.A. Piestrup, P.P. Finman // IEEE Journal of Quan-
tum Electronics. 1983, v.QE-19, p.3.

7. V.A.Buts // Intense Microwave Pulses. San Diego,
California. 1997, v.31158, p.202-208.

8. V.A.Buts // Radiotekhnika. 1997, v.9, p.9-12. (in
Russian).

9. V.A.Buts // ZhTF. 1999, v.69, Ne5, p.132-134. (in
Russian).

10. V.A. Buts, E.A. Komilov. // Problem of Atomic Sci-
ence and Technology. Series: Plasma Electronics
and new methods of acceleration. 2003, Ne4(3),
p-114-118.

11. G.M. Zaslavsky, R.Z.Sagdeev. Introduction into
nonlinear physics. M.: “Nauka”, 1988, p.368 (in Rus-
sian).

BO3BYKJEHUE BLICOKMX HOMEPOB 'APMOHUK 3APSI’)KEHHBIMHU YACTHIAMU B IEPHOJUYECKOM
BO BPEMEHH DJIEKTPHYECKOM IOJIE U B TOJIE IPOCTPAHCTBEHHO-ITEPHONYECKOT' O IIOTEH-
LUAJIA

B.A. byu, B.U. Mapexa, A.Il. Toncmonyacckuii

HccenenoBana perynsipHas U XaoTU4yeckasi JTUHaAMHKa 3apsKeHHOI YaCTHIIbI, KOTOpast IBUKETCS. BO BHELTHEM MEPUOUYECKOM
BO BPEMEHH 3JIEKTPHUYECKOM II0JIE U B [10JIE TIEPHOANYECKOr0 B IpOCTpaHCTBE NoTeHuuana. [lomydena cuctema uarerpo-audde-
peHLlI/IaJ'IbelX ypaBHeHI/IP'I, KOTOpaﬂ OIIUCBIBACT caMocornacosaHHyro HeﬂHHeﬁHy}O ﬂHHaMI/IKy B036y)l()16HI/Iﬂ SHGKTpOMaFHI/ITHbIX
BOJIH MOTOKAMHU 3apsHKEHHBIX vacTull. [IpoBelieH aHaIUTUYECKUI M YUCIIEHHBIH aHaJIM3 MOJIHOM CaMOCOTJIaCOBAaHHOW CHUCTEMBI
ypaBHeHUH. Pe3ynbpTaTel 3TOr0 aHanm3a KaueCTBEHHO XOPOIIO COTTIACYIOTCS C 9KCIIEPHMEHTATBHBIMU TaHHBIMU

3BYJKEHHSA BUCOKHUX HOMEPIB 'APMOHIK 3APA/UKEHUMHU YACTUHKAMMU Y IEPIOAUYHOMY
Y YACI EJIEKTPUYHOMY MOJII TA Y IOJI MPOCTOPOBO-NNEPIOAUYHOI'O HOTEHIIUAJTY

B.O. byu, B.I. Mapexa, O.11. Toncmonyyccokuit
Jocnipkena peryisipHa Ta XaoTUYHA JUHAMIKa 3aps/UKEHOT YaCTHHKH, [0 PYXA€THCS Y 30BHINIHBOMY MEPIOANYHOMY Y daci
CJICKTPUYHOMY MOJI Ta y MOJI MPOCTOPOBO-MepioAndHOro moreHuiany. Onepxana cucreMa iHTErpo-An(epeHUiiHuX PiBHAHD,
IO OIKCY€ HENiHIHHY CaMOy3TO/DKeHY AWHaMIKy 30Yy/DKCHHs eNeKTPOMArHiTHHX XBWJIb TOTOKAaMH 3apsKEHHX YaCTHHOK.
IIpoBeeHO aHANMITHYHMIA 1 YUCTIOBUI aHAaIli3 TOBHOI CAMOY3TO/IXKCHOI CHCTEMH PiBHSAHB. Pe3ynbpTaTi 1IbOT0 aHANI3y AKiCHO H00pe
Y3TO/KYIOTBCS 3 €KCTIEPUMEHTAIbHUMH TaHUMH.
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