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A new method of theoretical analysis of wave processes in high-current pulse generators through the relations be-
tween integral values reflecting regularities of energy transfer in ideal lines with distributed parameters is described.
The use of the method developed considerably simplifies the procedure of searching for an optimal - from the point
of view of getting maximal efficiency — relation of impedances for pulse facilities on stepped lines including those
with arbitrary number of cascades. High efficiency of the method is demonstrated by several examples.

PACS numbers: 84.30.Ng; 84.70.+p
1 INTRODUCTION

A search for new circuits for multi-cascade pulse
generators is performed, as a rule, by two stages. Firstly,
a generator circuit is selected. Then transient processes
are analyzed basing on the subsequent consideration of
voltage or current waves propagating in lines. As a re-
sult, a mathematical expression for the voltage and load
current, involving impedances of all cascades can be ob-
tained. Impedances are optimized to get a maximum ef-
ficiency, voltage or current. A complexity of traditional
approach is conditioned by the necessity of accounting a
large number of wave limits in the circuits before such
an analysis. As a rule, these are circuits with a number
of cascades not greater than 2 or 3.

In the course of fundamental development of genera-
tors based on stepped lines [1-4] the author developed a
new method of search for an optimal relation of
impedances to reach 100% efficiency. Below, there are
contemplated some regularities of energy transfer in
generators with transmission lines the account of which
in some cases significantly simplifies a search for opti-
mal impedances. The method application is illustrated
on the example of generators with different techniques
of energy storage. All generators are formed by the ho-
mogeneous lines (cascades) of the equal electrical
length 7Ty. For each case there are defined conditions
when for idealized models the generator has 100% effi-
ciency at formation of a squared pulse of 27, duration
on the matched load.

2 SOME REGULARITIES OF ENERGY
TRANSMISSION IN IDEAL LINES

From Maxwell equations one can get two integral
relationships. The first one determines a relation be-
tween time integral of voltage for arbitrary closed cir-
cuit L and a change of magnetic induction flux through

an arbitrary surface S, which is supported by this cir-
t

cuit: IUdl =, (0)- @,,(t), where U~ f’Ed] . The sec-
0 L

ond relationship defines a relation of time integral of

conduction current flowing through a closed surface S,
with a charge change in the volume 7 limited by this

t
surface: jldf: 4(0)- qlt).
0

Provided the energy is extracted out from the vol-
ume ¥ by the time moment ¢  the formulas have a sim-

pler form:
0%
DJ’ uvdt = @,,(0), (1
0
0
H [ 1t = (0). ()
0

Following equations (1), (2) is a necessary and suffi-
cient condition for a complete extraction of energy. It is
convenient to select the time moment as a beginning of
the integration interval = 0, when, as a result of com-
mutation, in the generator electromagnetic waves ap-
pear. In this case for generators with a capacitive energy
storage the right part of equation (1) is equal to zero,
and for generators with an inductive energy storage - the
right part of equation (2) equals to zero.

The formulas obtained do not find a wide applica-
tion when solving electrotechnical problems, as U(?)
and /() in most cases change by unknown law that ma-
kes impossible their integration. The situation is differ-
ent for stepped lines, when pulses are in the form of
squared steps, and time integration amounts to summa-
tion of constant magnitude products. The time integral
of voltage equaling to zero, as a necessary condition for
a complete energy extraction from capacitive genera-
tors, was mentioned earlier in paper [5].

3 CAPACITIVE GENERATOR

Let us consider as an example a circuit of a genera-
tor (Fig.1) formed from #n22 cascades with
impedances Z,.Z,,....Z, . Cascades with impedances
Z,.1,Z, are charged from the external source up to the
voltage U, . After charging is finished (#= 0), a switch
Si is closed. The load Z; = Z, is connected to the gen-
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erator by a switch S, (¢= nT,) with delay by 27, with

regard to arrival of the first wave from switch S to it.
As the voltage along the circuit L (Fig. 1a) differs
from zero only in the cross-section 4B, equation (1)
takes the following form:
lo
[Ugdt=0. (3)
0
As cascades with numbers 1% (- 2) are not initial-
ly charged, for the surface S (Fig. la) intersecting a
grounding electrode near the load and at the juncture of
i and i+ 1 cascades, equation (2) is converted into the
form:

[ 1di=0. (4)

Fig. 1. Capacitive generator circuit.

Let the wave arrives to the cross-section 4B at the
time moment f,. The voltage and current in this cross-
section should differ from zero in the time interval
t; = (t;+ 413) . If one designates the amplitude of voltage
and current in the time intervals ¢+ (¢, + 27;) and
(t;+ 2T)+ (1, + 4Ty) as U, 1, and Up, 1, , equations
(3), (4) takes the form U,+U,=0, [I,+1,=
1,=U,/Z . Energy transmitted through the cross-sec-
tion AB should be equal to the energy absorbed in the
load: (U1, + U,l,)2T, = (U;/Z)[2T,. When solv-
ing jointly equations with the use of relations
Uglly=Z and Uy, = Un2Z\(Z,\t Z;) we ob-
tain:

WAIZAUULIZ, =ULZ,. (5)

After subtraction from (5) of the similar equation for
the voltage Ui-12 with regard to U, = -2U,; let us find
the final expression for relation of impedances of cas-
cades with numbers i< n- 2 :

Z, =27, i+ 1)] (6)

In this case the voltage on the load is

n-3
U,=- 2Uﬂ-z,1|-| 2Z; (Z;+ Z))= ~U, (n- 1) (7)
71

Now let us line a circuit (Fig. 1b) passing along the
grounding and high-voltage electrodes of a line with
impedance Z, through switch S; and junction of lines
with impedances Z,,Z,-1 . When closing the switch S
the voltage along the circuit differs from zero only at the
junction of cascades with impedances Z,, Z,.;. One

can demonstrate that in the time interval 0+ 7 the volt-
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age is Uy, and in the interval Tp+37, -
U=-Ul(Z, = Z) 2,1+ 2,0 22,1 Z,3 (Z,1 + Z,)0
(Z,-1+ Z,)1} . Further the voltage in this cross-section
should be equal to zero, for, otherwise, the residual en-
ergy will not have a chance to arrive at the load by the
time moment = (n+ 2)T; . From the condition of equa-
tion to zero of time integral of voltage in this cross-sec-
tion (1) we obtain:
Z, - Z)Z, .+ Z,)+ (22, 2,2, +

Y2, 02, t Z)]= 12, (8)

Through the left bound into the volume limited by
the surface S (Fig. 1b) in the time interval T+ 37
there flows out current U,/(2Z,), and through the left
bound in the time interval nT, * (n+ 2)T, there flows
out current U, /Z, . The voltage on the load can be de-
termined with regard to N:
U,=Uyn-1Z, ,(Z,+ Z,,). As for the case under
study ¢(0)= U,T,/Z,.,, equation (4) is transformed
as:

VZ,, 2 Z,- 2= DIZ,, 1Z,0Z,,+ Z,.)]. (9)

Solving equations (8), (9) with regard to (6) we find:
Z,=2Z/[n(n+ ], Z,.,= 2Z,/[(n- Dn] .

In ideal case such a generator possesses 100% effi-
ciency and forms a rectangular voltage pulse of 27, du-
ration and amplitude U, = nU,/2 on the matched load.
Addition of each supplementary cascade to the genera-
tor raises the voltage by U, /2.

n-1

4 INDUCTIVE GENERATOR

Let us consider a stepped forming line (SFL, Fig. 2)
constituted by »n subsequently connected cascades. In
the initially closed circuit composed by electrodes of
SFL and current opening switches S, and S, under the
action of the external source the current is created /o
and magnetic energy is stored in the SFL. At the time
moment 7= 0the opening switch S, disconnects the cur-
rent source, and the load is connected to the stepped
forming line at S, operation at the time moment ¢ = n7j,

IO,(/;?/\“ e L ; t=nTo
SN 71 ... Zi Zia m 20
t=0 P

To 7L

Fig. 2. Inductive generator circuit.

For the closed surface S covering a part of one of
electrodes of SFL from the output (point A) to the
juncture of i and i+ 1 cascades (point B ), according to
(2) for circuits with an inductive energy storage
N
J'Idt =0.Asat 12 0 S, is opened, the value / repre-
0
sents the current at the juncture of i and i+ 1 cascades.

Before the current arrival from S| the current /; equals

I,. At the time moment f = iT, the current becomes



itl

equal 7,{1-2' Dﬂ [Z. .\ /(Z, ., + Z,)]} and remains con-
=2

stant in the time interval Ty * (it 2)T,. At > (i+ 2)T,
the current {5 = 0. Equating the /5 current time inte-
obtain t= (Vl -i- Z)TO or

gral to zero we

it

] [Z»"“/(Zf-' f Zj)] = (i+2)m7 Y
J=2

The given equation is reduced to the form:
Z1Z = 2/[ii+ 1] (10)
Provided that (10) is adhered, on the matched load
there is formed a rectangular current pulse of the ampli-
tude /on/2 and duration 27,, during this pulse the en-
ergy is fully delivered to the load.

5 INDUCTIVE-CAPACITIVE GENERATOR

The generator (Fig. 3) contains 72 2 cascades with
impedances Z,Z,,....,Z, . The magnetic energy W, is
stored in all cascades under the action of the /,, current,
formed by the external source. Simultaneously, the elec-
tric energy We, is stored in n-1 and 7 cascades

charged up to the voltage U, from another source. At
the time moment #= 0 the switch S, is closed and
opening switch S, connects the load at the time mo-
ment ¢ = (n- 2)T; . Switch S; must close the grounding

electrode before the first wave arrives from S, .

Fig. 3. Inductive-capacitive generator circuit.

Applying the integral equation (1) for the circuit
passing through a short-circuited electrode of stepped
lines, supposing that the voltage on the load is U, we
obtain:

U, = (I,L)/2T, = (I, DZ Z)/2T,, (11)
=1

where L is a total inductance of stepped line. The ener-
gy transmitted to the load with regard to (11) is

W, = U127, = 051,1,T,Y Z; . (12)
i=1
As W, = Wit Wey we get:
1,71, = 0.5(1+ Weo /W)= 051+ 0) ) (13)

where the factor 4 = Weo /Wy, .

Let us now consider the surface S (Fig. 3). Current
flowing through the surface S at the point A4 in the
time0+ (n-i- 2)T}is equal to{,. After the arrival of
the voltage wave of U, amplitude at the i cascade from
S, at the time moment ¢ = (n-i- 2)T; the current in-

creases up to I, + U;/Z; and remains constant during

the time interval 27, . Beginning with the time moment
t= (n- DT, the current in this cross-section must be
equal to zero. The current flowing out through the sur-
face S at the point B remains equal to /, until the

switch S, is opened. Then in the time interval

(n-2)T,+ nT, this current equals to the load current
U, /2.
Taking into account that g, = 0 the relation (2) will
be written in the form
(I,+ U,/ Z)2T, = 1,iT,+ U, 2T,/ Z,

or
2U,/Z; = I,0(i- 2)+ 2U, / Z, (14)
Taking into account that
i-1
U =0, Dﬂ [ZZ_,- /(Z‘,‘ * Z‘/+1)] R (15)
=1
UL = U1+ [0 DZl/zs (16)

from (14) one can get a relation
2v,-1,2,12)/ 2,

i-1
= [1,G- 2)+ 2UL/Z,.]D|'| [2Z,(Z,+ Z,,)].
J=1

Solving this equation together with a similar equa-
tion written for a cascade with a number greater by one
unit we find a recurrence formula Z;;= Z[21,/1y+
t(@-2)]/21, /11,+7)
impedances of cascades with numbers i = 1+ (n- 2):

Z=ZA(+ DA+ D0 +i- D] (17)

After the switch S is closed the energy must be fully

and an expression for

extracted from the cascade with the impedance Z, in
the time interval 0+ 7;. In the mathematical form this
condition has the form:

Uy = 2,11, (18)

To avoid a recharge of this cascade one must avoid

appearance of the voltage wave reflected from the junc-
ture of 7 and n- 1 cascades:

UO(Zn-l - Zn)/(Zn—l * Zn)+ Uo2Z2,Z

n n-l/
(z,+z,.)2,.+Z.,0=0 (19

When closing the switch S, the voltage wave will

n-1

go into cascade n- 2
U -2 = UOZn*Z /(anl + ZVI’Z) .

n

(20)
The amplitude of this wave can be also determined
from equation (15) taking into account (16), (17):

n-3
U= U /] 2z,/z,+ 2, = 05021, - 1)/
o1
ﬁs[(m G+ j-1)]= 05220 (A +1)/(2 + n-2) 21y
=1
Equating the right sides of (20) and (21) we obtain:
UyZ,, NZ, .+ Z,,)= 052,10 (0 +1)/ (1 +n-2).

From (19) we find:
Z, = Zn’l(Zn-Z * Zn’l)/(Zn-Z - Zn-l) .

. (22)
Substituting the expression for Z, in (21) with re-

gard to (18) we find the impedance Z,-1:
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Z,, = Z) A+ DA+ n-2)000 + n- D] (23)
The optimal impedance Z, is found after substitu-
tion of the expression (23) in (22):

Z, = ZAA+ DI+ n-1), (24)
The voltage on the load is equal to
U, =U,(Atn-1)/2) . (25)

The optimal relation of generator impedances
(Fig. 3) is determined by equations (17), (23) and (24).
Besides, there should be matched the amplitudes of U,
and /o according to expression (18). Polarity of charged
voltage should be so that after the switch S is closed,
the current in the line 7 decreases.

6 CONCLUSION

There was developed a new method of calculation,
whose employment significantly simplifies a search for
optimal relation of impedances of multi-cascade genera-
tors on stepped lines possessing in the ideal case 100%
efficiency. A high efficiency of the method was demon-
strated on the example of generator circuits with differ-
ent methods of energy storage.
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