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Äëÿ íåîñîáëèâî¿ ìíîãî÷ëåííî¿ ìàòðèö³ ( )A x  íàä íåñê³í÷åííèì ïîëåì ïîáóäî-
âàíî ïåâíó ìíîæèíó ¿¿ ä³ëüíèê³â, ÿêà ì³ñòèòü âñ³ íåàñîö³éîâí³ ä³ëüíèêè ³ç íà-
ïåðåä çàäàíîþ êàíîí³÷íîþ ä³àãîíàëüíîþ ôîðìîþ. Ïðè äåÿêèõ îáìåæåííÿõ íà 
ìàòðèöþ ( )A x  âêàçàíî êðèòåð³é ³ñíóâàííÿ óí³òàëüíîãî ìíîæíèêà ö³º¿ ìàò-
ðèö³. 

 
 Íåõàé F  – íåñê³í÷åííå ïîëå, ( )A x  – íåîñîáëèâà ( )n n× -ìàòðèöÿ íàä 

[ ]F x , ùî çàïèñàíà ó âèãëÿä³ ìàòðè÷íîãî ìíîãî÷ëåíà íàä F : ( ) k
kA x A x= +  

1
1 0

k
kA x A−

−+ + + . Ìàòðèöÿ ( )A x  íàçèâàºòüñÿ ðåãóëÿðíîþ, ÿêùî det kA ≠  

0≠ , òà óí³òàëüíîþ, ÿêùî kA E=  – îäèíè÷íà ìàòðèöÿ. Áóäåìî ãîâîðèòè, 

ùî ìàòðèöÿ ( )A x  ðåãóëÿðèçóºòüñÿ ñïðàâà, ÿêùî ³ñíóº òàêà îáîðîòíà ìàò-
ðèöÿ ( )U x , ùî  

 1
1 0 1( ) ( ) ( )s s

sA x U x Ex D x D A x−
−= + + + = . 

Ìàòðèö³ ( )A x  òà 1( )A x  íàçèâàþòüñÿ àñîö³éîâíèìè ñïðàâà. Äëÿ ìàòðèö³ ( )A x  

³ñíóþòü òàê³ îáîðîòí³ ìàòðèö³ ( )P x  òà ( )Q x , ùî 

   1( ) ( ) ( ) diag ( ), , ( ) ( )nP x A x Q x x x x= ε ε = Ψ( ) , 

 1( ) | ( ),      1, , 1i ix x i n+ε ε = − . 

Ïðè öüîìó ìàòðèöÿ ( )xΨ  íàçèâàºòüñÿ êàíîí³÷íîþ ä³àãîíàëüíîþ ôîðìîþ 
(ê. ä. ô.) àáî æ ôîðìîþ Ñì³òà ìàòðèö³ ( )A x . Â³äîìî [10], ùî ìàòðèöÿ ( )A x  

ìàº ä³ëüíèê ç ê. ä. ô. 1( ) diag ( ( ), , ( ))nx x xΦ = ϕ ϕ  òîä³ é ò³ëüêè òîä³, êîëè 

( )xΦ  º ä³ëüíèêîì ( )xΨ . Îòæå, çàäà÷à îïèñó ä³ëüíèê³â ìàòðèö³ ( )A x  çâî-
äèòüñÿ äî ïîñë³äîâíîãî çíàõîäæåííÿ ¿¿ ä³ëüíèê³â ç íàïåðåä çàäàíèìè êàíî-
í³÷íèìè ä³àãîíàëüíèìè ôîðìàìè. 

Ç îãëÿäó íà ïðèêëàäíèé àñïåêò çàäà÷³ ôàêòîðèçàö³¿ ìàòðèöü â òåîð³¿ 
ñèñòåì äèôåðåíö³àëüíèõ ð³âíÿíü ç³ ñòàëèìè êîåô³ö³ºíòàìè, òåîð³¿ îïåðà-
òîðíèõ ïó÷ê³â, îïòèìàëüíîãî êåðóâàííÿ òà ³í., îñîáëèâå ì³ñöå ñåðåä ä³ëüíè-
ê³â ìíîãî÷ëåííèõ ìàòðèöü çàéìàþòü óí³òàëüí³ ä³ëüíèêè. Ó êîëåêòèâí³é ìî-
íîãðàô³¿ [9] (1982 ð.) ó âèïàäêó, êîëè F =   áóëî âñòàíîâëåíî âçàºìíî îä-
íîçíà÷íèé çâ’ÿçîê ì³æ óí³òàëüíèìè ä³ëüíèêàìè òà áàçàìè ïåâíèõ ³íâàð³-

àíòíèõ ï³äïðîñòîð³â ë³í³éíîãî ïðîñòîðó n . Ïðîòå ïð³îðèòåò ðîçâ’ÿçàííÿ 
ïðîáëåìè âèä³ëåííÿ ðåãóëÿðíîãî ìíîæíèêà íàëåæèòü Ï. Ñ. Êàç³ì³ðñüêîìó 
[2, 3], ÿêèé ó 1980 ð. çà óìîâè, ùî ïîëå F  º àëãåáðà¿÷íî çàìêíåíå õàðàêòå-
ðèñòèêè íóëü çàïðîïîíóâàâ êðèòåð³é ³ñíóâàííÿ ðåãóëÿðíîãî (óí³òàëüíîãî) 
ä³ëüíèêà òà âêàçàâ êîíñòðóêòèâíèé ìåòîä éîãî ïîáóäîâè. Öåé êðèòåð³é áà-
çóºòüñÿ íà ñïåöèô³÷íèõ âëàñòèâîñòÿõ ïîëÿ F , à òîìó â îðèã³íàëüíîìó âè-
ãëÿä³ íå ìîæå áóòè óçàãàëüíåíèì. Ó ðîáîò³ [1] öåé êðèòåð³é áóëî ïåðåôîð-
ìóëüîâàíî òàêèì ÷èíîì.  

Ðîçãëÿíåìî íèæíþ óí³òðèêóòíó ìàòðèöþ 
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òóò ijk   – ïàðàìåòðè, 2, , ,  1, , 1,  i n j n i j= = − >  . Ïîçíà÷èìî ÷åðåç ( )F k  

òðàíñöåäåíòíå ðîçøèðåííÿ ïîëÿ F  çà ðàõóíîê ïðèºäíàííÿ âñ³õ ijk  .  

Òåîðåìà 1. Äëÿ òîãî ùîá ³ç ìàòðè÷íîãî ìíîãî÷ëåííà ( )A x  ìîæíà 
áóëî âèä³ëèòè ë³âèé óí³òàëüíèé ä³ëüíèê ç ê. ä. ô. ( ), deg det ( )x x nrΦ Φ = , 

íåîáõ³äíî òà äîñòàòíüî, ùîá ìàòðèöÿ 1( ( , ) ( )) ( )V P x x−Ψ Φ Φ  ðåãóëÿðèçóâà-

ëàñÿ ñïðàâà íàä ( )[ ]F k x . 

 Çàóâàæèìî, ùî óìîâà deg det ( )x nrΦ =  º íåîáõ³äíîþ óìîâîþ ³ñíóâàí-
íÿ óí³òàëüíîãî ä³ëüíèêà ñòåïåíÿ r . Ç ìåòîäàìè ðåãóëÿðèçàö³¿ ìíîãî÷ëåí-
íèõ ìàòðèöü ìîæíà îçíàéîìèòèñü â ðîáîòàõ [1, 2, 6]. 
 Ïîçíà÷èìî ÷åðåç ( , )Ψ ΦV  ìíîæèíó íèæí³õ óí³òðèêóòíèõ ìàòðèöü, ÿê³ 

îòðèìóþòüñÿ ³ç ìàòðèö³ ( , )V Ψ Φ , êîëè ïàðàìåòðè ijk   íåçàëåæíî îäèí â³ä 

îäíîãî ïðîá³ãàþòü óñ³ çíà÷åííÿ ³ç ïîëÿ F . Òàêîæ ïîçíà÷èìî ÷åðåç 
1( ( , ) ( )) ( )P x x−Ψ Φ ΦV  ìíîæèíó âñ³õ ìàòðèöü âèãëÿäó 1( ( ) ( )) ( )V x P x x− Φ , äå 

( ) ( , )V x ∈ Ψ ΦV . Òîä³ òåîðåìó 1 ìîæíà ñôîðìóëþâàòè ùå òàê.  

Òåîðåìà 2. Äëÿ òîãî ùîá ³ç ìàòðè÷íîãî ìíîãî÷ëåííà ( )A x  ìîæíà áó-
ëî âèä³ëèòè ë³âèé óí³òàëüíèé ä³ëüíèê ç ê. ä. ô. ( )xΦ , deg det ( )x nrΦ = , 

íåîáõ³äíî òà äîñòàòíüî, ùîá ó ìíîæèí³ 1( ( , ) ( )) ( )P x x−Ψ Φ ΦV  ³ñíóâàëà 
ìàòðèöÿ, ùî ðåãóëÿðèçóºòüñÿ ñïðàâà íàä [ ]F x . 

Ó ö³é ðîáîò³ ïîêàçàíî, ùî òåîðåìè 1 òà 2 çà ïåâíèõ îáìåæåíü âèêîíó-
þòüñÿ ³ ó âèïàäêó äîâ³ëüíîãî íåñê³í÷åííîãî ïîëÿ. 

²íøèé ï³äõ³ä äî ïîøóêó óí³òàëüíèõ ä³ëüíèê³â ìàòðèö³ ( )A x  áàçóºòüñÿ 
íà òîìó ôàêò³, ùî àñîö³éîâí³ ì³æ ñîáîþ óí³òàëüí³ ä³ëüíèêè çá³ãàþòüñÿ. Îò-
æå, âîíè ì³ñòÿòüñÿ ó ìíîæèí³ âñ³õ íåàñîö³éîâíèõ ä³ëüíèê³â ìàòðèö³ ( )A x . 
Çâ³äñè âèïëèâàº, ùî äëÿ îïèñó óí³òàëüíèõ ä³ëüíèê³â ìàòðèö³ ( )A x  ç ê. ä. ô. 

( )xΦ  äîñòàòíüî çíàéòè ìíîæèíó íåàñîö³éîâíèõ ä³ëüíèê³â ö³º¿ ìàòðèö³ ç³ 
âêàçàíîþ ê. ä. ô. òà âèáðàòè ç íå¿ ò³ ä³ëüíèêè, ÿê³ ðåãóëÿðèçóþòüñÿ. 

Çã³äíî ç ðåçóëüòàòàìè ðîáîòè [8] ìíîæèíà 1( ( , ) ( )) ( )P x x−Ψ Φ ΦV  º ìíî-
æèíîþ óñ³õ ë³âèõ íåàñîö³éîâíèõ ñïðàâà ä³ëüíèê³â ìàòðèö³ ( )A x  ç ê. ä. ô. 

( )xΦ  òîä³ é ò³ëüêè òîä³, êîëè ñòåï³íü âñ³õ ïðîñòèõ ä³ëüíèê³â, ÿê³ âõîäÿòü â 

ðîçêëàä ìíîãî÷ëåíà 
1
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x
x−

ϕ
ϕ

 íà ìíîæíèêè, º á³ëüøèì â³ä ñòåïåí³â â³äïîâ³ä-

íèõ ä³ëüíèê³â åëåìåíòà 1

1
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( )

i

i

x
x

−

−

ε
ϕ

, 2, ,i n=  . Â ³íøîìó âèïàäêó ìíîæèíà 

1( ( , ) ( )) ( )P x x−Ψ Φ ΦV  º âëàñíîþ ï³äìíîæèíîþ ìíîæèíè âñ³õ ë³âèõ íåàñîö³-
éîâíèõ ñïðàâà ä³ëüíèê³â ìàòðèö³ ( )A x  ç ê. ä. ô. ( )xΦ . Îòæå, çàäà÷à ïîëÿãàº 
â òîìó, ùîá ðîçøèðèòè ìíîæèíó ( , )Ψ ΦV  òàê, ùîá îòðèìàíà íà ¿¿ îñíîâ³ 
ìíîæèíà ä³ëüíèê³â ìàòðèö³ ( )A x  ì³ñòèëà âñ³ ë³â³ íåàñîö³éîâí³ ñïðàâà ä³ëü-
íèêè ç ê. ä. ô. ( )xΦ . Äëÿ öüîãî ðîçãëÿíåìî âåðõíþ óí³òðèêóòíó ìàòðèöþ S  
âèãëÿäó  
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äå pqs  – ïàðàìåòðè, 1, , 1,  2, , ,  p n q n p q= − = <  . Ðîçãëÿíåìî äîáóòîê 

ìàòðèöü ( , )V SΨ Φ . Íàäàìî ïàðàìåòðàì ijk  , pqs , ùî ô³ãóðóþòü â ìàòðèö³ 

( , )V SΨ Φ , óñ³õ çíà÷åíü ³ç ïîëÿ F . Îòðèìàíó ìíîæèíó ìíîãî÷ëåííèõ ìàò-
ðèöü ïîçíà÷èìî ÷åðåç ( , )Ψ ΦLD .  

 Òåîðåìà 3. Ìíîæèíà 1( ( , ) ( )) ( )P x x−Ψ Φ ΦLD  º ìíîæèíîþ ë³âèõ ä³ëüíè-

ê³â ìàòðèö³ ( )A x , ÿêà ì³ñòèòü ó ñîá³ âñ³ ë³â³ íåàñîö³éîâí³ ñïðàâà ä³ëüíè-
êè ìàòðèö³ ( )A x  ç ê. ä. ô. ( )xΦ . 

 Ïåðåä äîâåäåííÿì ö³º¿ òåîðåìè âñòàíîâèìî äîïîì³æíå òâåðäæåííÿ.  
Ðîçãëÿíåìî òàê³ ìíîæèíè ìàòðèöü: 

 1( ) ( [ ]) | ( ) ( ) ( ) ( )nH x GL F x H x x x H xΦ = ∈ Φ = ΦG {  äëÿ äåÿêî¿ ìàòðèö³ 

 1( ) ( [ ])nH x GL F x∈ } , 

 1( , ) ( ) ( [ ]) | ( ) ( ) ( ) ( )nL x GL F x L x x x L xΨ Φ = ∈ Ψ = ΦL {  äëÿ äåÿêî¿ ìàòðèö³ 

 1( ) ( [ ])nL x M F x∈ } , 

ÿê³ çã³äíî ç ðåçóëüòàòàìè ðîáîòè [8] ñêëàäàþòüñÿ ç îáîðîòíèõ ìàòðèöü âè-
ãëÿäó 
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 (1) 

â³äïîâ³äíî. Ïðè öüîìó ìíîæèíà ΦG  º ìóëüòèïë³êàòèâíîþ ãðóïîþ, ÿêà çà-

äîâîëüíÿº óìîâó ( , ) ( , )Φ Ψ Φ = Ψ ΦG L L . 

Ëåìà. ( )nGU F  – ãðóïà âåðõí³õ óí³òðèêóòíèõ ìàòðèöü íàä ïîëåì F  

çàäàâîëüíÿº ð³âí³ñòü  

 ( , )Ψ ΦL ( )nGU F = ( , )Ψ ΦL . 

Ä î â å ä å í í ÿ.  Íåõàé ( ) ( , )L x ∈ Ψ ΦL , òîáòî 1 ( ) ( ) ( ) ( )L x x x L xΨ = Φ , äå 

1( ) ( [ ])nL x M F x∈ . Íåõàé òàêîæ ( )nR GU F∈ . ²ç âèãëÿäó ö³º¿ ìàòðèö³ âèïëè-

âàº, ùî R Ψ∈ G . Òîáòî 1( ) ( ) ( )R x x R xΨ = Ψ , äå 1( ) ( [ ])nR x GL F x∈ . Òîä³ 

 1 1 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )L x R x L x x R x x L x R xΨ = Ψ = Φ , 

òîáòî ( ) ( , )L x R ∈ Ψ ΦL . Îòæå, ( , ) ( ) ( , )nGU FΨ Φ ⊆ Ψ ΦL L . 
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Îñê³ëüêè ( )nE GU F∈ , òî ( , ) ( , )EΨ Φ = Ψ ΦL L . Òàêèì ÷èíîì, ( , )Ψ Φ ⊆L  

( , ) ( )nGU F⊆ Ψ ΦL . Îòæå, ( , ) ( ) ( , )nGU FΨ Φ = Ψ ΦL L . Ëåìó äîâåäåíî. ◊ 

Ä î â å ä å í í ÿ  òåîðåìè 3. Íà ï³äñòàâ³ òâåðäæåííÿ ³ç [8] ìíîæèíà 
1( ( , ) ( )) ( ) ( )P x x K x−Ψ Φ ΦL , äå ( ) ( [ ])nK x GL F x∈ , º ìíîæèíîþ âñ³õ ë³âèõ ä³ëü-

íèê³â ìàòðèö³ ( )A x  ç ê. ä. ô. ( )xΦ . Îñê³ëüêè ( , ) ( ) ( , )nGU FΨ Φ = Ψ ΦL L , òî 

êîæíà ìàòðèöÿ âèãëÿäó 1( ( ) ( )) ( )L x RP x x− Φ , äå ( ) ( , )L x ∈ Ψ ΦL , ( )nR GU F∈ , 

áóäå ä³ëüíèêîì ìàòðèö³ ( )A x . Òîáòî ìíîæèíà 1( ( , ) ( )) ( )P x x−Ψ Φ ΦLD  º ìíî-
æèíîþ ë³âèõ ä³ëüíèê³â ìàòðèö³ ( )A x .  

Ïîçíà÷èìî ÷åðåç ( , )Ψ ΦW  ìíîæèíó ïðåäñòàâíèê³â ë³âèõ êëàñ³â ñóì³æ-

íîñò³ ìíîæèíè ( , )Ψ ΦL  ïî ãðóï³ ΦG . Òîä³ çã³äíî ç òåîðåìîþ 2 ç [8] ìíîæèíà 
1( ( , ) ( )) ( )P x x−Ψ Φ ΦW  º ìíîæèíîþ âñ³õ ë³âèõ íåàñîö³éîâíèõ ñïðàâà ä³ëüíèê³â 

ìàòðèö³ ( )A x  ç ê. ä. ô. ( )xΦ . Òàêèì ÷èíîì, äëÿ äîâåäåííÿ òåîðåìè äîñòàò-

íüî ïîêàçàòè, ùî äëÿ êîæíî¿ ìàòðèö³ ³ç 1( ( , ) ( )) ( )P x x−Ψ Φ ΦW  ó ìíîæèí³ 
1( ( , ) ( )) ( )P x x−Ψ Φ ΦLD  ³ñíóº àñîö³éîâíà ñïðàâà äî íå¿ ìàòðèöÿ. 

Íåõàé 1( ) ( ( ) ( )) ( )B x W x P x x−= Φ , äå ( ) ( , )W x ∈ Ψ ΦW . ²ç íàñë³äêó 1 ç [8] 

âèïëèâàº, ùî ìàòðèöÿ ( )B x  àñîö³éîâíà ñïðàâà äî ìàòðèö³ 1( )B x =  
1( ( ) ( )) ( )U x P x x−= Φ , äå ( ) ( , )U x ∈ Ψ ΦLD , òîä³ é ò³ëüêè òîä³, êîëè ( )U x =  

( ) ( )H x W x= , äå ( )H x Φ∈ G . Îòæå, ïîòð³áíî ïîêàçàòè, ùî äëÿ êîæíî¿ ìàòðè-

ö³ ( ) ( , )W x ∈ Ψ ΦW  ³ñíóþòü ( )H x Φ∈ G  ³ ( )nR GU F∈  òàê³, ùî ( ) ( )H x W x R =  

( )V x= , äå ( ) ( , )V x ∈ Ψ ΦV , îñê³ëüêè â öüîìó âèïàäêó ìàòðèöÿ 
1( ( ) ( )) ( )W x P x x− Φ  áóäå àñîö³éîâíà ñïðàâà äî ìàòðèö³ 1 1( ( ) ( )) ( )V x R P x x− − Φ , 

ïðè÷îìó 1( ) ( , )V x R− ∈ Ψ ΦLD .  
Äëÿ äîâåäåííÿ âèêîðèñòàºìî ìåòîä ìàòåìàòè÷íî¿ ³íäóêö³¿. Íåõàé ìàò-

ðèöÿ ( )H x  ìàº âèãëÿä (1) ³ 
1

( )
n

ijW x =  .  

Ïîêëàäåìî 2n = . Ðîçãëÿíåìî âèïàäîê 

1′) 2
12 22

1

( )
( ), ( ) 1

( )
x

x x
x

ϕ  = ϕ 
  . 

Òîä³ ³ñíóþòü òàê³ 21( )h x  òà 22 ( )h x , ùî 

 2
21 12 22 22

1

( )
( ) ( ) ( ) ( ) 1

( )
x

h x x h x x
x

ϕ
+ =

ϕ
  . 

Îòæå, ìàòðèöÿ  

 
22 12

2 1
21 22

1

( )

( ) ( )
( )

( ) ( )
( )

x

x x
x H

h x h x
x

−
ϕ =
ϕ

 
 

íàëåæèòü ãðóï³ ΦG . Òîä³  

 11
1

21
( ) ( )

( ) 0
( ) 1

x x
g x

H W
g x

= . 

Îñê³ëüêè îòðèìàíà ìàòðèöÿ º îáîðîòíîþ, òî 11 11( )g x g=  – â³äì³ííèé 

â³ä íóëÿ åëåìåíò ïîëÿ F . Òîìó 

 
1

1111
2 1

2121

0 1 00 ( ) ( ) ( )
( ) 1( ) 10 1

gg H x H x W x
g xg x

−
⋅ = = . 
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Íà ï³äñòàâ³ ëåìè 3 ³ç [7] ó ãðóï³ ΦG  ³ñíóº òàêà ìàòðèöÿ 3 ( )H x , ùî 

3 2 1( ) ( ) ( ) ( ) ( , )H x H x H x W x ∈ Ψ ΦV . 
 Íåõàé òåïåð  

1″) 2
12 22

1

( )
( ), ( ) ( ) const

( )
x

x x x
x

ϕ  = α ≠ ϕ 
  . 

Ç îáîðîòíîñò³ ìàòðèö³ ( )W x  âèïëèâàº, ùî 21 22( ( ), ( )) 1x x = , à, îòæå,  

 2
12 22

1

( )
( ), ( ), 1

( )
x

x x
x

ϕ  = ϕ 
  .  

Çã³äíî ç ëåìîþ 1 ³ç [5] ³ñíóº òàêèé åëåìåíò r F∈ , ùî 

 2
12 22

1

( )
( ) ( ), 1

( )
x

x r x
x

ϕ + = ϕ 
  . 

Òîä³ â ìàòðèö³  

 
2

1 1

1
( ) ( ) ( ) ( )

0 1 ij
r

W x W x R W x x′= = =   

åëåìåíò 22 ( )x′  çàäîâîëüíÿº óìîâè  

 2
22 21 22

1

( )
, ( ) 1,        ( ( ), ( )) 1

( )
x

x x x
x

ϕ ′ ′ ′= = ϕ 
   . 

Îòæå, 

 2
12 22

1

( )
( ), ( ) 1

( )
x

x x
x

ϕ ′ ′ = ϕ 
  . 

Òîáòî ïîâåðíóëèñü äî âèïàäêó 1′). Òîìó â ãðóï³ ΦG  ³ñíóº òàêà ìàòðèöÿ 

( )H x , ùî 1( ) ( ) ( ) ( ) ( , )H x W x H x W x R= ∈ Ψ ΦV . Òîáòî òâåðäæåííÿ º ïðàâèëü-
íèì äëÿ ìàòðèöü ïîðÿäêó 2.  

Ïðèïóñòèìî ùî òâåðäæåííÿ ñïðàâäæóºòüñÿ äëÿ ìàòðèöü ïîðÿäêó 1n − . 
Íåõàé  

2′) 1 2 1,
1 2 1

( ) ( ) ( )
( ), ( ), , ( ), ( ) 1

( ) ( ) ( )
n n n

n n n n nn
n

x x x
x x x x

x x x −
−

ϕ ϕ ϕ  = ϕ ϕ ϕ 
    . 

Òîä³ ³ñíóþòü òàê³ 1 2 , 1( ), ( ), , ( ), ( )n n n n nnh x h x h x h x− , ùî 

 1 1 2 2
1 2

( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) 1

( ) ( )
n n

n n n n nn nn

x x
h x x h x x h x x

x x
ϕ ϕ

+ + + =
ϕ ϕ

   . 

Çâ³äñè âèïëèâàº, ùî 

 1 2 , 1
1 2 1

( ) ( ) ( )
( ), ( ), , ( ), ( ) 1

( ) ( ) ( )
n n n

n n n n nn
n

x x x
h x h x h x h x

x x x −
−

ϕ ϕ ϕ  = ϕ ϕ ϕ 
 . 

Íà ï³äñòàâ³ òåîðåìè ç [10, ñ. 13] ðÿäîê  

 1 2 , 1
1 2 1

( ) ( ) ( )
( )  ( )    ( )  ( )

( ) ( ) ( )
n n n

n n n n nn
n

x x x
h x h x h x h x

x x x −
−

ϕ ϕ ϕ
ϕ ϕ ϕ

  

ìîæíà äîïîâíèòè äî ìàòðèö³ ³ç ãðóïè ΦG  âèãëÿäó  

 1

1 2 , 1
1 2 1

0

( ) 0 0
( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( )

n n n
n n n n nn

n

H x

x x x
h x h x h x h x

x x x −
−

∗ ∗ ∗ ∗
∗ ∗ ∗

= ∗ ∗
ϕ ϕ ϕ
ϕ ϕ ϕ



  



. 
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Òîä³ 

 

11 1, 1 1

1 1
1,1 1, 1 1,

1 , 1

( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

( ) ( ) 1

n n

n n n n n

n n n

g x g x g x

H x W x W xg x g x g x

g x g x

−

− − − −

−

= =


   




. 

Îòæå, 

 

1

1 2 1
1,

1 0 ( )

( ) ( ) ( )0 1 ( )

0 0 1

n

n n

g x

W x H x W xg x−

−

= =−
 



 

 

11 1, 1

2
1,1 1, 1

1 , 1

( ) ( ) 0

( ) 0
( )( ) ( ) 0 ( ) 1

( ) ( ) 1

n

n n n

n n n

c x c x

C x
W xc x c x g x

g x g x

−

− − −

−

= = =


   




. 

Îñê³ëüêè 2det ( ) det ( )W x C x= , òî ( )C x  – îáîðîòíà ìàòðèöÿ. Çã³äíî ç ïðèïó-

ùåííÿì ³íäóêö³¿ â ãðóï³ ΦG  ³ñíóº òàêà ìàòðèöÿ 
1 13 diag( ( ), , ( ))( )

nx xH x
−ϕ ϕ∈ G   

òà ÷èñëîâà ìàòðèöÿ 3R , ùî 3 3( ) ( )H x C x R  º íèæíüîþ óí³òðèêóòíîþ ìàòðè-
öåþ. Òîä³ 

 3 3( ) 0 ( ) ( ) 0( ) 0 0
( ) 1 0 10 1 ( ) 1

H x H x C x RC x R
g x g x R

⋅ ⋅ = =  

 3

1 0 0

( )
1 0

* 1

W x= =
 

. 

Ïðè öüîìó 
( )3 0
0 1

H x
Φ∈ G . Íà ï³äñòàâ³ ëåìè 3 ³ç [7] â ãðóï³ ΦG  ³ñíóº òàêà 

ìàòðèöÿ 4 ( )H x , ùî 4 3( ) ( ) ( , )H x W x ∈ Ψ ΦV . 
 Íåõàé òåïåð 

2″) 1 2 1,
1 2 1

( ) ( ) ( )
( ), ( ), , ( ), ( ) ( ) const

( ) ( ) ( )
n n n

n n n n nn
n

x x x
x x x x x

x x x −
−

ϕ ϕ ϕ  = α ≠ ϕ ϕ ϕ 
    . 

²ç îáîðîòíîñò³ ìàòðèö³ ( )W x  âèïëèâàº, ùî 1 2( ( ), ( ), , ( )) 1n n nnx x x =   . Îò-

æå, 

 1 2
1

( )
( ), ( ), , ( ), 1

( )
n

n n nn

x
x x x

x
ϕ  = ϕ 

   . 

Çã³äíî ç ëåìîþ 1 ³ç [5] â ïîë³ F ³ñíóþòü òàê³ åëåìåíòè 1 1, , nr r − , ùî 

 1 1 2 2 1, 1 1
1

( )
( ) ( ) ( ) ( ), 1

( )
n

n n n n n nn

x
x r x r x r x

x− − −
ϕ + + + + = ϕ 

    . 

Òîä³ â ìàòðèö³  

 

1

11

1 0

( ) ( ) ( )
1

0 1

n

ij
n

r

W x W x R xr −
′⋅ = =

    

åëåìåíò ( )nn x′  çàäîâîëüíÿº óìîâó  
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1

( )
, ( ) 1

( )
n

nn

x
x

x
ϕ ′ = ϕ 

 . 

Âèêîðèñòàâøè âëàñòèâ³ñòü 4 ³ç [11], îòðèìàºìî 

 1 2 1,
1 2 1

( ) ( ) ( )
( ), ( ), , ( ), ( )

( ) ( ) ( )
n n n

n n n n nn
n

x x x
x x x x

x x x −
−

ϕ ϕ ϕ ′ ′ ′ ′ = ϕ ϕ ϕ 
     

 2 1,
1 2 1

( ) ( ) ( )
, ( ), , ( ), ( )

( ) ( ) ( )
n n n

n n n nn
n

x x x
x x x

x x x −
−

ϕ ϕ ϕ ′ ′ ′= = ϕ ϕ ϕ 
    

 2 1,
1 2 1

( ) ( ) ( )
, ( ) , ( ), , ( )

( ) ( ) ( )
n n n

nn n n n
n

x x x
x x x

x x x −
−

ϕ ϕ ϕ  ′ ′ ′= =  ϕ ϕ ϕ  
    

 2 1,
2 1

( ) ( )
1, ( ), , ( ) 1

( ) ( )
n n

n n n
n

x x
x x

x x −
−

ϕ ϕ ′ ′= = ϕ ϕ 
  . 

Òîáòî ïîâåðíóëèñÿ äî âèïàäêó 2′). Òåîðåìó äîâåäåíî. ◊ 
Ïîçíà÷èìî ÷åðåç ( , )F k s  òðàíñöåäåíòíå ðîçøèðåííÿ ïîëÿ F  çà ðàõóíîê 

ïðèºäíàííÿ âñ³õ ,  ij pqk s . 

Íàñë³äîê. Äëÿ òîãî ùîá ³ç ìàòðè÷íîãî ìíîãî÷ëåííà ( )A x  ìîæíà áóëî 

âèä³ëèòè óí³òàëüíèé ä³ëüíèê ç ê. ä. ô. ( )xΦ , ( )degdet x nrΦ = , íåîáõ³äíî 

òà äîñòàòíüî, ùîá ìàòðèöÿ 1( ( , ) ( )) ( )V SP x x−Ψ Φ Φ  ðåãóëÿðèçóâàëàñÿ ñïðà-

âà íàä ( , )F k s . 
Òåîðåìà 4. Íåõàé ( )A x  – ìàòðè÷íèé ìíîãî÷ëåí, ÿêèé ìîæå áóòè çâå-

äåíèé äî ê. ä. ô. ëèøå ïðàâîñòîðîíí³ìè ïåðåòâîðåííÿìè, òîáòî ( ) ( )A x Q x =  

( )x= Ψ . Òîä³ äëÿ òîãî ùîá ³ç ìàòðè÷íîãî ìíîãî÷ëåííà ( )A x  ìîæíà áóëî 

âèä³ëèòè óí³òàëüíèé ä³ëüíèê ç ê. ä. ô. ( )xΦ , ( )degdet x nrΦ = , íåîáõ³äíî 

òà äîñòàòíüî, ùîá ìàòðèöÿ 1( , ) ( )V x− Ψ Φ Φ  ðåãóëÿðèçóâàëàñÿ ñïðàâà íàä 

( , )F k s . 
Ä î â å ä å í í ÿ.  Íåõàé ìàòðè÷íèé ìíîãî÷ëåí ( )A x  ðåãóëÿðèçóºòüñÿ ñïðà-

âà, òîáòî äëÿ íüîãî ³ñíóº òàêà îáîðîòíà ìàòðèöÿ ( )xU , ùî  

 1
1 0( ) ( ) r r

r rA x U x A x A x A−
−= + + + . 

² íåõàé ( ) ( ) ( )1A x CA x V x= , äå ( )nC GL F∈ , ( ) ( [ ])nV x GL F x∈  – íàï³âñêà-

ëÿðíî åêâ³âàëåíòíà äî íå¿ ìàòðèöÿ. Òîä³  

 1 1 1 1 1
1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )A x V x U x C CA x V x V x U x C CA x U x C− − − − −= = =( ) ( )  

 1
1 1

0r
r rC Ex B x B C−

− −= + + + =( )  

 1 1 1 1
1 0

r r
rCEx C CB x C CB C− − − −

−= + + + =  

 1
1 0

r r
rEx D x D−

−= + + + , 

äå 1
i iD CB C−= , ,0, 1i r= − .  

Òàêèì ÷èíîì, ÿêùî ìàòðèöÿ ( )A x  ðåãóëÿðèçóºòüñÿ, òî ðåãóëÿðèçóþòü-
ñÿ ³ âñ³ ìàòðèö³, íàï³âñêàëÿðíî åêâ³âàëåíòí³ äî íå¿. 

Ðîç³á’ºìî ìíîæèíó âñ³õ ä³ëüíèê³â ìàòðèö³ ( )A x  ç ê. ä. ô. ( )xΦ  íà êëàñè 
íàï³âñêàëÿðíî åêâ³âàëåíòíèõ ì³æ ñîáîþ ìàòðèöü. Çã³äíî ç òåîðåìîþ ³ç [4] 
êëàñ íàï³âñêàëÿðíî åêâ³âàëåíòíèõ ì³æ ñîáîþ ìàòðèöü ìàº âèãëÿä 

1( ( ) ( )) ( ) ( )nL x GL P x K x−
Φ ΦG ,  

äå ( ) ( , )L x ∈ Ψ ΦL , ( ) ( [ ])nK x GL F x∈ . ²ç äîâåäåííÿ òåîðåìè 3 âèïëèâàº, ùî â 
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ìíîæèí³ ( ) ( )nL x GL FΦG  ³ñíóº ìàòðèöÿ ( ) ( , )V x ∈ Ψ ΦV . Òîáòî êîæíèé êëàñ 

íàï³âñêàëÿðíî åêâ³âàëåíòíèõ ì³æ ñîáîþ ìàòðèöü ì³ñòèòü ìàòðèöþ âèãëÿäó 
1( ) ( )V x x− Φ . Îòæå, äëÿ ïåðåâ³ðêè ³ñíóâàííÿ óí³òàëüíèõ ä³ëüíèê³â ìàòðèö³ 

( )A x  äîñòàòíüî ïåðåâ³ðèòè ðåãóëÿðèçîâí³ñòü ñïðàâà ìàòðèöü ³ç ìíîæèíè 
1( , ) ( )x− Ψ Φ ΦV . Òåîðåìó äîâåäåíî. ◊ 
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О НЕАССОЦИИРУЕМЫХ И УНИТАЛЬНЫХ ДЕЛИТЕЛЯХ МНОГОЧЛЕННЫХ МАТРИЦ 
 
Äëÿ íåîñîáåííîé ìíîãî÷ëåííîé ìàòðèöû ( )A x  íàä áåñêîíå÷íûì ïîëåì ïîñòðîåíî 
íåêîòîðîå ìíîæåñòâî åå äåëèòåëåé, êîòîðîå ñîäåðæèò âñå íåàññîöèèðóåìûå äåëè-
òåëè ñ íàïåðåä çàäàííîé êàíîíè÷åñêîé äèàãîíàëüíîé ôîðìîé. Ïðè íåêîòîðûõ 
îãðàíè÷åíèÿõ íà ìàòðèöó ( )A x  óêàçàí êðèòåðèé ñóùåñòâîâàíèÿ óíèòàëüíîãî 
ìíîæèòåëÿ ýòîé ìàòðèöû. 
 
ON NONASSOCIATED AND MONIC DIVISORS OF POLYNOMIAL MATRICES 
 
For a nonsingular polynomial matrix ( )A x  over an infinite field we have constructed 
some set of its divisors containing all nonassociated divisors with prescribed canonical 
diagonal form. With some restrictions on matrix ( )A x  the existence criterion of monic 
multiplier of this matrix has been suggested. 
 
²í-ò ïðèêë. ïðîáëåì ìåõàí³êè ³ ìàòåìàòèêè Îäåðæàíî 
³ì. ß. Ñ. Ï³äñòðèãà÷à ÍÀÍ Óêðà¿íè, Ëüâ³â 04.11.08 


