
ÓÄÊ 519.711.3:631.382.2:669.174

Â. Ô. Åâäîêèìîâ *, ÷ë.-êîð. ÍÀÍ Óêðàèíû, À. À. Êó÷àåâ **, ä-ð òåõí. íàóê,

Å. È. Ïåòðóøåíêî*, êàíä. òåõí. íàóê, Â. À. Êó÷àåâ *, àñïèðàíò
* Èí-ò ïðîáëåì ìîäåëèðîâàíèÿ â ýíåðãåòèêå

èì. Ã. Å. Ïóõîâà ÍÀÍ Óêðàèíû
(Óêðàèíà, 03164, Êèåâ, óë. Ãåíåðàëà Íàóìîâà, 15,
òåë. (044) 4249160, e-mail: EPetrushenko<der_7@voliecable.com>,
vitalku07@yandex.ru),

** Ôèçèêî-òåõíîëîãè÷åñêèé èí-ò ìåòàëëîâ è ñïëàâîâ ÍÀÍ Óêðàèíû
(Óêðàèíà, 03680, Êèåâ-142, ÃÑÏ, áóëüâàð Âåðíàäñêîãî, 34/1,
òåë. (044) 4240452, e-mail: alexander-kuchaev@svitonline.com)

Ìîäåëü òðåõìåðíîãî ìàãíèòíîãî ïîëÿ ñòàòîðà
öèëèíäðè÷åñêîãî ýëåêòðîìàãíèòíîãî ïåðåìåøèâàòåëÿ
ñ ó÷åòîì ðàñïðåäåëåíèÿ òîêîâ íàìàãíè÷åííîñòè
ïî ïîâåðõíîñòè ìàãíèòîïðîâîäà. II

Â ðåçóëüòàòå óïðîùåíèÿ âåêòîðíîé ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (ÑÈÓ) äëÿ òîêîâ íà-
ìàãíè÷åííîñòè (ÒÍ) íà ïîâåðõíîñòè ìàãíèòîïðîâîäà ýëåêòðîìàãíèòíîãî ïåðåìåøèâàòåëÿ
(ÝÌÏ) ïîëó÷åíà ìîäåëü òðåõìåðíîãî ìàãíèòíîãî ïîëÿ öèëèíäðè÷åñêîãî ÝÌÏ, â îñíîâå êî-
òîðîé ëåæèò ñêàëÿðíàÿ ÑÈÓ. Íåèçâåñòíûìè â íåé ÿâëÿþòñÿ ïðîåêöèè âåêòîðîâ ïëîòíîñòè
ÒÍ, ëåæàùèõ â êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè ìàãíèòîïðîâîäà.

Â ðåçóëüòàò³ ñïðîùåííÿ âåêòîðíî¿ ñèñòåìè ³íòåãðàëüíèõ ð³âíÿíü (Ñ²Ð) äëÿ ñòðóì³â íàìàã-
í³÷åííîñò³ (ÑÍ) íà ïîâåðõí³ ìàãí³òîïðîâîäó åëåêòðîìàãí³òíîãî ïåðåì³øóâà÷à (ÅÌÏ) îòðè-
ìàíî ìîäåëü òðèâèì³ðíîãî ìàãí³òíîãî ïîëÿ öèë³íäðè÷íîãî ÅÌÏ, â îñíîâ³ ÿêî¿ ëåæèòü ñêà-
ëÿðíà Ñ²Ð. Íåâ³äîìèìè â í³é º ïðîåêö³¿ âåêòîð³â ù³ëüíîñò³ ÑÍ, ùî ëåæàòü â äîòè÷í³é ïëîùèí³
äî ïîâåðõí³ ìàãí³òîïðîâîäó.

Ê ë þ ÷ å â û å ñ ë î â à: òðåõìåðíîå ìàãíèòíîå ïîëå, ýëåêòðîìàãíèòíûé ïåðåìåøèâàòåëü,
ìàãíèòîïðîâîä, òîêè íàìàãíè÷åííîñòè, âåêòîðíûå èíòåãðàëüíûå óðàâíåíèÿ, ñêàëÿðíàÿ
ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé.

Ïðåîáðàçîâàíèå âåêòîðíîãî èíòåãðàëüíîãî óðàâíåíèÿ (11) ê ñêàëÿð-
íîé ÑÈÓ. Çàïèøåì âåêòîðíîå óðàâíåíèå (11) â ðàçâåðíóòîì âèäå:
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Ïîäñòàâèâ (16)—(19) â (15), ïîëó÷èì
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Ïî÷ëåííî ïðîèíòåãðèðóåì (24) è âûíåñåì îðòû çà çíàê èíòåãðàëà. Òîãäà

çàïèøåì
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Ïðèðàâíÿâ âûðàæåíèÿ ïðè e Q�( )1 è e Q�( )1 ñïðàâà è ñëåâà, ïîëó÷èì
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Äëÿ òîãî ÷òîáû íàéòè çíà÷åíèÿG Q M11 1 1�( , ), G Q M12 1 2�( , ), G Q M13 1 3�( , ),

G Q M14 1 4�( , ), G Q M11 1 1�( , ), G Q M12 1 2�( , ), G Q M13 1 3�( , ), G Q M14 1 4�( , ) èç

(26), (27), ðàñêðîåì âåêòîðíûå ïðîèçâåäåíèÿ (16)—(19) äëÿ G Q M11 1 1( , ),

G Q M12 1 2( , ), G Q M13 1 3( , ), G Q M14 1 4( , ):
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Îòñþäà ñëåäóåò
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, (51)
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1
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1 4 1 44 4( ) sin ( ) ( )� � � , (52)

� � � �� �Q M Q MM M
1 4 1 44 4( ) cos ( ) ( )� � , (53)

ïîäñòàâèì â (49) è ïîëó÷èì
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z
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1
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�
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Q M z Q M

z

Q
Q Q

14 1 4 4 4
1 4

1

1 4

1

1�
�
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1
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1

1
( , ) ( ) ( )� �

�
�

�
�� � .

Ïîäñòàâèâ â óðàâíåíèÿ (26), (27) âûðàæåíèÿ (33), (34), (40), (41), (47), (48),

(54), (55), ïîëó÷èì
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� �
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Ïîäñòàâèâ âûðàæåíèÿ (31), (32), (38), (39), (45), (46), (52), (53) â óðàâíåíèÿ
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Ñ ó÷åòîì ââåäåííûõ â [1] îáîçíà÷åíèé ÿäåð èíòåãðàëüíûõ îïåðàòîðîâ
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Ïðåîáðàçîâàíèå âåêòîðíîãî èíòåãðàëüíîãî óðàâíåíèÿ (12) ê ñêà-

ëÿðíîé ÑÈÓ. Ïðåäñòàâèì âåêòîðíîå óðàâíåíèå (12) â ðàçâåðíóòîì âèäå:
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 .

Ïðèðàâíÿâ âûðàæåíèÿ ïðè e Q�( )2 è ez ñïðàâà è ñëåâà, ïîëó÷èì

2
2

2 11

12
21 2 1

3

22 2 2�

�
� �Q

z

Q MS

M
z

Q

Q
G Q M

r
ds

G Q M

r
( )

( , ) ( , )
� ��

2 22

23
MS

Mds� �

� �� �
G Q M

r
ds

G Q M

r
dsz

Q MS

M
z

Q MS

M
23 2 3

3

24 2 4

3

2 33

3

2 44

4

( , ) ( , )
� �F Q2 2�
 �, Q S2 2
 , (73)

2
2

21 2 1

3

22 2 2

2 11

1

2

�

�
� � �

z

Q MS

M

Q M

Q
G Q M

r
ds

G Q M

r
( )

( , ) ( , )
� ��

22

23

S

Mds� �

� �� �
G Q M

r
ds

G Q M

r
ds

Q MS

M

Q MS

M
23 2 3

3

24 2 4

3

2 33

3

2 44

4

� �( , ) ( , )
� �F Qz2 2
 �, Q S2 2
 . (74)

Îïðåäåëèì âõîäÿùèå â (73), (74) ýëåìåíòû G Q M21 2 1�( , ), G Q M22 2 2�( , ),

G Q M23 2 3�( , ), G Q M24 2 4�( , ), G Q Mz21 2 1( , ), G Q Mz22 2 2( , ), G Q Mz23 2 3( , ),
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G Q Mz24 2 4( , ). Äëÿ ýòîãî ðàñêðîåì âåêòîðíûå ïðîèçâåäåíèÿ äëÿ G Q M21 2 1( , ),

G Q M22 2 2( , ), G Q M23 2 3( , ), G Q M24 2 4( , ):

G Q M e Q G Q M e Q G Q M21 2 1 2 21 2 1 2 21 2 1( , ) ( ) ( , ) ( ) ( , )� � �� � � �

� �e G Q M r Mz z Q M21 2 1 1 12 1
( , ) [ ( )]� . (75)

Ïîäñòàâèâ â (75) ôîðìóëû

r e Q r e Q r e Q rQ M Q M Q M z Q M

zQ Q Q

2 1 2 1

2

2 1

2

2 1

2
2 2 2� � ��

�
�

�
( ) ( ) ( ) ,

� � �� � � �1 1 2 1 2 12 2
( ) ( ) ( ) ( ) ( )M e Q M e Q MQ Q� � ,

ãäå

r R
Q M M M Q

Q

2 1

2

1 1 2 2

�
� � �� � �cos ( ) , r

Q M M M Q
Q

2 1

2

1 1 2

�
� � �� �sin ( ),

r z z Z z
Q M

z

M Q Q
Q

2 1

2

1 2 21� � � �( ) ,

� � � � � � �� � �Q M Q M M Q MM M M
2 1 2 1 1 2 11 1 1( ) cos ( ) ( ) sin ( ) ( )� � � � , (76)

� � � � � � �� � �Q M Q M M Q MM M M
2 1 2 1 1 2 11 1 1( ) sin ( ) ( ) cos ( ) ( )� � � � , (77)

çàïèøåì

G Q M e Q G Q M e Q G Q M e Gz21 2 1 2 21 2 1 2 21 2 1( , ) ( ) ( , ) ( ) ( , )� � �� � � � 21 2 1z Q M( , ) �

� �[ ( )]

( ) ( )

r M

e Q e Q e

r r rQ M

z

Q M Q M Q M

Q Q

2 1 2 1

2

2 1

2

2 1
1 1

2 2

�
� �
� � z

Q Q

Q M

z

Q
Q Q

M M

e Q r M2

2 2

2 1

2

2

1 1

2 1

0� �

�

� �

� �

( ) ( )

( ) ( )� � �

� � �e Q r M e r M r
Q M

z

Q z Q M Q Q M

Q Q

� �
�

�
�

� �( ) ( ) ( ( )2 1 1
2 1

2

2 2 1

2

2 2 1

Q

Q M2

2 1�� ( )) .

Òàêèì îáðàçîì, ïîëó÷àåì

G Q M r M
Q M

z

Q
Q

21 2 1 1
2 1

2

2� ��( , ) ( )� � , G Q M r M
Q M

z

Q
Q

21 2 1 1
2 1

2

2� ��( , ) ( )� , (78)

G Q M r M r Mz Q M Q Q M Q
Q Q

21 2 1 1 1
2 1

2

2 2 1

2

2
( , ) ( ) ( )� �

�
�

�
�� � ; (79)

G Q M e Q G Q M e Q G Q M22 2 2 2 22 2 2 2 22 2 2( , ) ( ) ( , ) ( ) ( , )� � �� � � �

� �e G Q M r Mz z Q M22 2 2 2 22 2
( , ) [ ( )]� . (80)

Ïîäñòàâèâ â âåêòîðíîå ïðîèçâåäåíèå (80) ôîðìóëû

r e Q r e Q r e rQ M Q M Q M z Q M

zQ Q Q

2 2 2 2

2

2 2

2

2 2

2
2 2� � ��

�
�

�
( ) ( ) ,
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� � �� �( ) ( ) ( ) ( ) ( )M e M M e M MM z z2 2 2 2 22
� � �

� � �e Q M e Q M e MQ Q z z� � � �� � �( ) ( ) ( ) ( ) ( )2 2 2 2 22 2
,

ãäå

r R R R
Q M M M Q M Q

Q

2 2

2

2 2 2 2 22 2 2

�
� � � � �� � � � � �cos ( ) cos ( ) ,

r R
Q M M M Q M Q

Q

2 2

2

2 2 2 2 22

�
� � � � �� � � �sin ( ) sin ( ),

r z z
Q M

z

M Q
Q

2 2

2

2 2
� �( ),

� � � �� �Q M Q MM M
2 2 2 22 2( ) sin ( ) ( )� � � , (81)

� � � �� �Q M Q MM M
2 2 2 22 2( ) cos ( ) ( )� � , (82)

ïîëó÷èì

G Q M r M

e Q e Q e

r rQ M

z

Q M Q

Q

22 2 2 2 2

2 2

2 2 2 2

2

2
( , ) [ ( )]

( ) ( )

� ��
� �
�

M Q M

z

Q Q z

Q Qr

M M M
2

2

2 2

2

2 22 2 2

�

� �� � �( ) ( ) ( )

�

� � �e Q r M r M e Q r
Q M z Q M

z

Q Q

Q Q

�
�

� �� �( )( ( ) ( )) ( )(2 2 2 2
2 2

2

2 2

2

2 2 2

2
2M z

Q M
�

� ( )�

� � �r M e r M r
Q M

z

Q z Q M Q Q M Q
Q Q Q

2 2

2

2 2 2

2

2 2 2

2
2 2� � ��

�
�

�
�( )) ( ( )

2 2( ))M .

Ñëåäîâàòåëüíî,

G Q M r M r M
Q M z Q M

z

Q
Q Q

2 2 2 2 2
2 2

2

2 2

2

2��
�

�� �( , ) ( ) ( )� � ,

G Q M r M r M
Q M z Q M

z

Q
Q Q

22 2 2 2 2
2 2

2

2 2

2

2�
�

�� �( , ) ( ) ( )� � � , (83)

G Q M r M r Mz Q M Q Q M Q
Q Q

22 2 2 2 2
2 2

2

2 2 2

2

2
( , ) ( ) ( )� �

�
�

�
�� � ; (84)

G Q M e Q G Q M e Q G Q M23 2 3 2 23 2 3 2 23 2 3( , ) ( ) ( , ) ( ) ( , )� � �� � � �

� �e G Q M r Mz z Q M23 2 3 3 32 3
( , ) [ ( )]� . (85)

Ïîäñòàâèâ â âåêòîðíîå ïðîèçâåäåíèå (85) âûðàæåíèÿ

r e Q r e Q r e rQ M Q M Q M z Q M

zQ Q Q

2 3 2 3

2

2 3

2

2 3

2
2 2� � ��

�
�

�
( ) ( ) ,

� � �� � � �( ) ( ) ( ) ( ) ( )M e M M e M MM M3 3 3 3 33 3
� � �

� �e Q M e Q MQ Q� � � �� �( ) ( ) ( ) ( )2 3 2 32 2
,
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ãäå

r R
Q M M M Q Q M M Q

Q

2 3

2

3 3 2 2 3 3 2 2

�
� � � � � � �� � � � � �cos ( ) cos ( ) ,

r
Q M M M Q

Q

2 3

2

3 3 2

�
� � �� �sin ( ), r z z Z z

Q M

z

M Q Q
Q

2 3

2

3 2 23� � � �( ) ,

� � � � � � �� � �Q M Q M M Q MM M M
2 3 2 3 3 2 33 3 3( ) cos ( ) ( ) sin ( ) ( )� � � � , (86)

� � � � � � �� � �Q M Q M M Q MM M M
2 3 2 3 3 2 33 3 3( ) sin ( ) ( ) cos ( ) ( )� � � � , (87)

ïîëó÷èì

G Q M r M

e Q e Q e

r rQ M

z

Q M Q

Q

23 2 3 3 3

2 2

2 3 2 3

2

2
( , ) [ ( )]

( ) ( )

� ��
� �
�

M Q M

z

Q Q

Q Qr

M M
3

2

2 3

2

2 23 3 0

�

� �� �( ) ( )

�

� � � �e Q r M e Q r M
Q M

z

Q Q M

z

Q
Q Q

� � � �� �( ) ( ) ( ) ( )2 3 2 3
2 3

2

2 2 3

2

2

� �e r M r Mz Q M Q Q M Q
Q Q( ( ) ( ))
2 3

2

2 2 3

2

23 3

�
�

�
�� � .

Òîãäà

G Q M r M
Q M

z

Q
Q

23 2 3 3
2 3

2

2� ��( , ) ( )� � ,

G Q M r M
Q M

z

Q
Q

23 2 3 3
2 3

2

2� ��( , ) ( )� , (88)

G Q M r M r Mz Q M Q Q M Q
Q Q

23 2 3 3 3
2 3

2

2 2 3

2

2
( , ) ( ) ( )� �

�
�

�
�� � ; (89)

G Q M e Q G Q M e Q G Q M24 2 4 2 24 2 4 2 24 2 4( , ) ( ) ( , ) ( ) ( , )� � �� � � �

� �e G Q M r Mz z Q M24 2 4 4 42 4
( , ) [ ( )]� . (90)

Ïîäñòàâèâ â âåêòîðíîå ïðîèçâåäåíèå (90) âûðàæåíèÿ

r e Q r e Q r e rQ M Q M Q M z Q M

zQ Q Q

2 4 2 4

2

2 4

2

2 4

2
2 2� � ��

�
�

�
( ) ( ) ,

� � �� �( ) ( ) ( ) ( )M e M M e MM z z4 4 4 44
� � �

� � �e Q M e Q M e MQ Q z z� � � �� � �( ) ( ) ( ) ( ) ( )2 4 2 4 42 2
,

ãäå

r R R
Q M M M Q Q M Q

Q

2 4

2

4 4 2 2 4 24 2

�
� � � � � �� � � � � �cos ( ) cos ( ) ,

r R
Q M M M Q M Q

Q

2 4

2

4 4 2 4 24

�
� � � � �� � � �sin ( ) sin ( ), r z z

Q M

z

M Q
Q

2 4

2

4 2
� �( ),
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� � � �� �Q M Q MM M
2 4 2 44 4( ) sin ( ) ( )� � � , (91)

� � � �� �Q M Q MM M
2 4 2 44 4( ) cos ( ) ( )� � , (92)

ïîëó÷èì

G Q M r M

e Q e Q e

r rQ M

z

Q M Q

Q

24 2 4 4 4

2 2

2 4 2 4

2

2
( , ) [ ( )]

( ) ( )

� ��
� �
�

M Q M

z

Q Q z

Q Qr

M M M
4

2

2 4

2

2 24 4 4

�

� �� � �( ) ( ) ( )

�

� � �e Q r M r M e Q r
Q M z Q M

z

Q Q

Q Q

�
�

� �� �( ) ( ( ) ( )) ( )(2 4 4 2
2 4

2

2 4

2

2 2 4

2
4M z

Q M
�

� ( )�

� � �r M e r M r
Q M

z

Q z Q M Q Q M Q
Q Q Q

2 4

2

2 2 4

2

2 2 4

2
4 4� � ��

�
�

�
�( )) ( ( )

2 4( ))M .

Òîãäà

G Q M r M r M
Q M z Q M

z

Q
Q Q

24 2 4 4 4
2 4

2

2 4

2

2�
�

�� �( , ) ( ) ( )� � ,

G Q M r M r M
Q M z Q M

z

Q
Q Q

24 2 4 4 4
2 4

2

2 4

2

2�
�

�� �( , ) ( ) ( )� � , (93)

G Q M r M r Mz Q M Q Q M Q
Q Q

24 2 4 4 4
2 4

2

2 2 4

2

2
( , ) ( ( ) ( ))� �

�
�

�
�� � . (94)

Ïîäñòàâèì â óðàâíåíèÿ (73), (74) ïîëó÷åííûå âûðàæåíèÿ (78), (79),

(83), (84), (88), (89), (93), (94):

2
2

2 1

2

2 2 1

2

2

2 1

2

1 1�

�
�

� �
�

�
�

�
�

Q

Q M Q M Q

Q M

Q
r M r M

r

Q

Q

Q

( )
( ) ( )

�
�

3

1

1

S

Mds� �

�
�

��
r M r M

r
ds

Q M Q M Q

Q MS

M

Q

Q

Q

2 2

2

2 2 2

2

2

2 22

2

2 2

3

�
�

�
�� �( ) ( )

�
�

��
r M r M

r
ds

Q M Q M Q

Q MS

M

Q

Q

Q

2 3

2

2 2 3

2

2

23

3

3 3

3
3

�
�

�
�� �( ) ( )

�
�

� ��
r M r M

r
ds F

Q M Q M Q

Q MS

M

Q

Q

Q

2 4

2

2 2 4

2

2

2 44

4

4 4

3

�
�

�
�� �( ) ( )

2 2�
 �Q , Q S2 2
 , (95)

2
2

1

3

2 1

2

2

2 11

1

2 2

2

�

�
�

� ��
�

z

Q M

z

Q MS

M

Q M
Q

r M

r
ds

rQ

Q

Q

( )
( )

� �
�

�
z Q M

z

Q

Q MS

M

M r M

r
ds

Q( ) ( )2 2

3

2 2

2

2

2 22

2

�
��

��
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� �
�

�
r M

r
ds

r M r
Q M

z

Q

Q MS

M

Q M z Q M

Q Q

2 3

2

2

23

3

2 4

2

2
3

3
3

4� ��
�

( ) ( )
4

2

2

2 44

4

4

3 2 2

z

Q

Q MS

M z

Q M

r
ds F Q

�

 �

� ( )

� � � ,

Q S2 2
 . (96)

Èíòåãðàëû (95) è (96) ïðåäñòàâèì â âèäå ñóììû äâóõ èíòåãðàëîâ:

2
2

2 1

2

2

2 11

1

2 1

2

2

1

3

�

�
�

�
�

�
�

�

Q

Q M

Q MS

M

Q M
Q

r M

r
ds

rQ

Q

Q

( )
( )

� ��
�� Q

Q MS

M

M

r
ds

2

2 11

1

1

3

( )

� �

� ��
r M

r
ds

r M

r

Q M

Q MS

M

Q M Q

Q

Q

Q

Q

2 2

2

2

2 22

2

2 2

2

2

2

2

3

2

�
�

�
�� �( ) ( )

MS

Mds

22

23� �

� ��
r M

r
ds

r M

r

Q M Q

Q MS

M

Q M Q

Q

Q Q

2 3

2

2

2 33

3

2 3

2

2

2

3

3

3

�
�

�
�� �( ) ( )

MS

Mds

33

33� �

� ��
r M

r
ds

r M

r

Q M Q

Q MS

M

Q M Q

Q

Q Q

2 4

2

2

2 44

4

2 4

2

2

2

4

3

4

�
�

�
�� �( ) ( )

MS

Mds F Q

44

43 2 2� � � �
 �, Q S2 2
 , (97)

2
2

1

3

2 1

2

2

2 11

1

2 2

2

�

�
�

� ��
�

z

Q M

z

Q MS

M

Q M z
Q

r M

r
ds

rQ

Q

Q

( )
( )

� ��
( )M

r
ds

Q MS

M

2

3

2 22

2� �

� ��
r M

r
ds

r M

r

Q M

z

Q

Q MS

M

Q M

z

Q

Q Q

Q2 2

2

2

2 22

2

2 3

2

2

2

2

3

3� �� �( ) ( )

MS

M

Q M z

Q MS

Mds
r M

r
ds

Q

33

3

2 4

2

2 44

43

4

3� �� �

�
� ( )

� � ��
r M

r
ds F Q

Q M

z

Q

Q MS

M z

Q

2 4

2

2

2 44

4

4

3 2 2

�

 �

� ( )
, Q S2 2
 . (98)

Ïîäñòàâèâ âûðàæåíèÿ (76), (77), (81), (82), (86), (87), (91), (92) â óðàâíåíèå

(97), ïîëó÷èì

2
2

2 1

2

1 2 2 1

2

1

2

�

�
�

� � � �
�

� �

Q

Q M M Q Q M M
Q

r rQ Q

( )
sin ( ) cos (

�
� � � Q

Q MS

M M
r

M ds
2

2 11

1 13 1

)
( )� ���

�
� � �r r

r

Q M M Q Q M M Q

Q MS

Q Q

2 1

2

1 2 2 1

2

1 2

2 11

3

� �
� � � �cos ( ) sin ( )

� �� �M MM ds
1 11( )
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�
� � �r r

r

Q M M Q Q M M Q

Q MS

Q Q

2 1

2

2 2 2 2

2

2 2

2 22

3

� �
� � � �cos ( ) sin ( )

� �� � M MM ds
2 22( )

�
� � �r r

r

Q M M Q Q M M Q

Q MS

Q Q

2 3

2

3 2 2 3

2

3 2

2 33

3

� �
� � � �sin ( ) cos ( )

� ���M MM ds
3 33( )

�
� � �r r

r

Q M M Q Q M M Q

Q MS

Q Q

2 3

2

3 2 2 3

2

3 2

2 33

3

� �
� � � �cos ( ) sin ( )

� �� �M MM ds
3 33( )

�
� � �r r

r

Q M M Q Q M M Q

Q MS

Q Q

2 4

2

4 2 2 4

2

4 2

2 44

3

� �
� � � �cos ( ) sin ( )

� �� � M MM ds
4 44( )

� �F Q2 2�
 �, Q S2 2
 . (99)

Ïðåîáðàçóåì ÷èñëèòåëè ïîäûíòåãðàëüíûõ âûðàæåíèé â óðàâíåíèè

(99):

r r
Q M M Q Q M M Q

Q Q

2 1

2

1 2 2 1

2

1 2

� �
� � � �sin ( ) cos ( )� � � �

� � � � � �� � � � � � �
M M Q M Q M QR

1 1 2 1 2 1 22cos ( ) sin ( ) sin ( )

� � � � � �� � � � � � �
M M Q M Q M QR

1 1 2 1 2 1 22sin ( ) cos ( ) sin ( ). (100)

Èñïîëüçóÿ îáîçíà÷åíèå, ââåäåííîå â [1],

RS Q M
r

Q M Q

Q M

( , )
sin ( )

�
�� � �

3
,

çàïèøåì (100) â ñëåäóþùåì âèäå:

r r
Q M M Q Q M M Q

Q Q

2 1

2

1 2 2 1

2

1 2

� �
� � � �sin ( ) cos ( )� � � �

� � � � � �� � � � � � �
M M Q M Q M QR

1 1 2 1 2 1 22cos ( ) sin ( ) sin ( )

� � � �� � � � �
M M Q M Q

1 1 2 1 2
sin ( ) cos ( )

� � � � �R RS Q M rM Q Q M2 2 1
3

1 2 2 1
sin ( ) ( , )� � ; (101)

r r
Q M M Q Q M M Q

Q Q

2 1

2

1 2 2 1

2

1 2

� �
� � � �cos ( ) sin ( )� � � �

� � � � � � �� � � � � � � �
M M Q M Q M M QR

1 1 2 1 2 1 1 2

2
2

2cos ( ) cos ( ) sin ( )
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� � � � � � �� � � � � � �
M M Q M Q M QR

1 1 2 1 2 1 2

2 2
2(cos ( ) sin ( )) cos ( )

� � �� � �
M M QR

1 1 22 cos ( ) . (102)

Èñïîëüçóÿ îáîçíà÷åíèå

RC Q M
r

Q M Q M

Q M

( , )
cos ( )

�
� �� � � �

3
,

çàïèøåì (102) â âèäå

r r
Q M M Q Q M M Q M

Q Q

2 1

2

1 2 2 1

2

1 2 1

2� �
� � � � �cos ( ) sin ( ) cos (� � � � � �M Q1 2

� �)

� � � � � �R M Q M M Q M M Q2
2 2

1 2 1 1 2 1 1 2
cos ( ) sin ( ) (cos ( )� � � � � � � � �

� � � � �sin ( )) cos ( )2
21 2 1 2

� � � �M Q M QR

� � � � �� � �
M M Q Q MR RC Q M r

1 1 2 2 12 2 1
3cos ( ) ( , ) ; (103)

r r
Q M M Q Q M M Q

Q Q

2 2

2

2 2 2 2

2

2 2

� �
� � � �cos ( ) sin ( )� � � �

� � � � � � �� � � � � � � �
M M Q M Q M M QR

2 2 2 2 2 1 2 2

2
2

2cos ( ) cos ( ) sin ( )

� � � � � � �� � � � � � �
M M Q M Q M QR

2 2 2 2 2 2 2

2 2
2(cos ( ) sin ( )) cos ( )

� � �� � �
M M QR

2 2 22 cos ( ) . (104)

Çàòåì (104) ïðåîáðàçóåòñÿ àíàëîãè÷íî (102):

r r
Q M M Q Q M M Q

Q Q

2 2

2

2 2 2 2

2

2 2

� �
� � � �cos ( ) sin ( )� � � �

� � � � � � �� � � � � � � �
M M Q M Q M M QR

2 2 2 2 2 1 2 2

2
2

2cos ( ) cos ( ) sin ( )

� � � � � � �� � � � � � �
M M Q M Q M QR

2 2 2 2 2 2 2

2 2
2(cos ( ) sin ( )) cos ( )

� � � � �� � �
M M Q Q MR RC Q M r

2 2 2 2 22 2 2
3cos ( ) ( , ) ; (105)

r r
Q M M Q Q M M Q

Q Q

2 3

2

3 2 2 3

2

3 2

� �
� � � �sin ( ) cos ( )� � � �

� � � � � �� � � � � � �
M M Q M Q M QR

3 3 2 3 2 3 22cos ( ) sin ( ) sin ( )

� � � � � �� � � � � � �
M M Q M Q M QR

3 3 2 3 2 3 22cos ( ) sin ( ) sin ( ) . (106)
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Äàëåå âûðàæåíèå (106) ïðåîáðàçóåòñÿ àíàëîãè÷íî (100):

r r
Q M M Q Q M M Q

Q Q

2 3

2

3 2 2 3

2

3 2

� �
� � � �sin ( ) cos ( )� � � �

� � � � � �� � � � � � �
M M Q M Q M QR

3 3 2 3 2 3 22cos ( ) sin ( ) sin ( )

� � � �� � � � �
M M Q M Q

3 3 2 3 2
cos ( ) sin ( )

� � � � �R RS Q M rM Q Q M2 2 3
3

3 2 2 3
sin ( ) ( , )� � ; (107)

r r
Q M M Q Q M M Q M

Q Q

2 3

2

3 2 2 3

2

3 2 1

2� �
� � � � �cos ( ) sin ( ) cos (� � � � � �M Q3 2

� �)

� � � � �R M Q M M Q2
2

3 2 1 3 2
cos ( ) sin ( )� � � � �

� � � � � � �� � � � � � �
M M Q M Q M QR

1 3 2 3 2 3 2

2 2
2(cos ( ) sin ( )) cos ( )

� � �� � �
M M QR

1 3 22 cos ( ) . (108)

Âûðàæåíèå (108) ïðåîáðàçóåòñÿ àíàëîãè÷íî (102):

r r
Q M M Q Q M M Q M

Q Q

2 3

2

3 2 2 3

2

3 2 1

2� �
� � � � �cos ( ) sin ( ) cos (� � � � � �M Q3 2

� �)

� � � � �R M Q M M Q2
2

3 2 1 3 2
cos ( ) sin ( )� � � � �

� � � � � � �� � � � � � �
M M Q M Q M QR

1 3 2 3 2 3 2

2 2
2(cos ( ) sin ( )) cos ( )

� � � � �� � �
M M Q Q MR RC Q M r

1 3 2 2 32 2 3
3cos ( ) ( , ) ; (109)

r r
Q M M Q Q M M Q M

Q Q

2 4

2

4 2 2 4

2

4 2 4

2� �
� � � � �cos ( ) sin ( ) cos (� � � � � �M Q4 2

� �)

� � � � �R M Q M M Q2
2

4 2 4 4 2
cos ( ) sin ( )� � � � �

� � � � � � �� � � � � � �
M M Q M Q M QR

4 4 2 4 2 4 2

2 2
2(cos ( ) sin ( )) cos ( )

� � �� � �
M M QR

4 4 22 cos ( ) . (110)

Âûðàæåíèå (110) òàêæå ïðåîáðàçóåòñÿ àíàëîãè÷íî (102):

r r
Q M M Q Q M M Q M

Q Q

2 4

2

4 2 2 4

2

4 2 4

2� �
� � � � �cos ( ) sin ( ) cos (� � � � � �M Q4 2

� �)

� � � � �R M Q M M Q2
2

4 2 4 4 2
cos ( ) sin ( )� � � � �

� � � � � � �� � � � � � �
M M Q M Q M QR

4 4 2 4 2 4 2

2 2
2(cos ( ) sin ( )) cos ( )

� � � � �� � �
M M Q Q MR RC Q M r

4 4 2 2 42 2 4
3cos ( ) ( , ) . (111)
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Ïîäñòàâèâ âûðàæåíèÿ (101), (103), (105), (107), (109), (111) â óðàâíåíèå

(99), ïîëó÷èì

2
2 1

1

1 12 2 1 1 2 1

�

�
� � �� � �Q M

S

M MQ RS Q M M ds RC Q M( ) ( , ) ( ) ( , )� �� ( )M ds

S

M1

1

1� �

� �� �RC Q M M ds RS Q M M dsM

S

M M

S

M( , ) ( ) ( , ) ( )2 2 2 2 3 32

2

2 3

3

3
� �� � �

� �� �RC Q M M ds RC Q M M dsM

S

M M

S

M( , ) ( ) ( , ) ( )2 3 3 2 4 43

3

3 4

4

4
� �� � � �F Q2 2�
 �,

Q S2 2
 . (112)

Çàïèøåì óðàâíåíèå (112) â îïåðàòîðíîé ôîðìå:

2
2 1 1 2 32 21 21 22 23

�

�
� � � � �� � � � �Q M M M MQ RS RC RC RS( )� � � � �

� � � �RC RC F QM M23 24 2 23 4
� � 
 �� � � , Q S2 2
 .

Àíàëîãè÷íî ïðåîáðàçóÿ óðàâíåíèå (98), ïîëó÷àåì

2
2 21 21 22 22 23

�

�
� � � � � �� � � �z zQ ZC ZS ZS CR ZC

M M M M
( )� � � � � �

� � � � �ZS ZS CR F Q
M M z z23 24 24 2 2� � � 
 �� � , Q S2 2
 .

Ïðåîáðàçîâàíèå âåêòîðíûõ èíòåãðàëüíûõ óðàâíåíèé (13), (14) ê
ñêàëÿðíîé ÑÈÓ. Ïðåîáðàçóåì âåêòîðíûå óðàâíåíèÿ (13), (14) ïîäîáíî òîìó,
êàê áûëè ïðåîáðàçîâàíû óðàâíåíèÿ (11), (12). Â ðåçóëüòàòå ïîëó÷èì

2
3 31 31 32 32 34

�

�
� � � � � �� � � �Q

Q ZC ZS CR ZS CRM M z M z( )� � � � � �

� � �ZS F QM34 3 3� 
 �� � , Q S3 3
 ,

2
3 31 31 32 32 34

�

�
� � � � � �� � � �Q

Q ZS ZC SR ZC SRM M z M z( )� � � � � �

� � �ZC F QM34 3 3� 
 �� � , Q S3 3
 ,

2
4 41 41 42 43

�

�
� � � � �� � � � �Q

Q RS RC RC RSM M M M( )� � � � �

� � � �RC RC F QM M43 44 3 4� � 
 �� � � , Q S4 4
 ,

2
4 41 41 42 42 43

�

�
� � � � � �� � � �z M M M z MQ ZC ZS ZS RC ZC( )� � � � � �

� � � � �ZS ZS RC F QM M z z43 44 44 3 4� � � 
 �� � , Q S4 4
 .
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Òàêèì îáðàçîì, ðåçóëüòèðóþùàÿ ñêàëÿðíàÿ ÑÈÓ, ïîëó÷åííàÿ ïîñëå

ïðåîáðàçîâàíèÿ âåêòîðíîé ÑÈÓ (11)—(14), èìååò âèä

2
1 2 2 3 31 12 12 13 13

�

�
� � � � �� � � �Q M zM M MQ ZS CR ZC ZS( )� � � � �

� � � �ZS CR F QM zM14 14 1 14 4
� � 
 �� � , Q S1 1
 ,

2
1 2 2 3 31 12 12 13 13

�

�
� � � � �� � � �Q M zM M MQ ZC SR ZS ZC( )� � � � �

� � � �ZC SR F QM zM14 14 1 14 4
� � 
 �� � , Q S1 1
 ,

� � � � � �RS RC Q RC RSM M Q M M21 21 2 22 231 1 2 2 3

2
� �

�

�
� � �� � � � �( )

� � � �RC RC F QM M23 24 2 23 4
� � 
 �� � � , Q S2 2
 ,

� � � � � �ZC ZS ZS Q CR ZC
M M M Mz z21 21 22 2 22 2

1 1 2 2

2
� � �

�

�
� �� � � ( ) 3

3
��M

�

� � � � �ZS ZS CR F Q
M M Mz z23 24 24 2 2

3 4 4
� � � 
 �� � , Q S2 2
 ,

� � � � � �ZC ZS ZS CR Q Z
M M M M Qz31 31 32 32 3

1 1 2 2 3

2
� � � �

�

�
�� � � � ( ) S

M34
4

�� �

� � �CR F QzM34 3 3
4

� 
 �� , Q S3 3
 ,

� � � � � �ZS ZC ZC SR Q Z
M M M M Qz31 31 32 32 3

1 1 2 2 3

2
� � � �

�

�
�� � � � ( ) C

M34
4

� � �

� � �SR F QzM34 3 3
4

� 
 �� , Q S3 3
 ,

RS RC RC RS
M M M M41 41 42 43

1 1 2 3
� � � �� � � �� � � �

� � � � �RC Q RC F Q
M Q M43 4 44 4 4

3 4 4

2
�

�

�
� � 
 �� � � �( ) , Q S4 4
 ,

ZC ZS ZS CR ZC
M M M M Mz41 41 42 42 43

1 1 2 2 3
� � � � �� � � �� � � � �

� � � � � �ZS ZS Q CR F Q
M M Q Mz z z43 44 4 44 4 4

3 4 4 4

2
� �

�

�
� � 
 �� � ( ) , Q S4 4
 .

Áîëåå íàãëÿäíî ïîëó÷åííàÿ ÑÈÓ ïðåäñòàâëåíà â òàáë. 3.
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Âûâîäû

Â ðåçóëüòàòå ïðåîáðàçîâàíèÿ âåêòîðíîé ÑÈÓ äëÿ ïëîòíîñòè ÒÍ íà êàíî-

íè÷åñêèõ ó÷àñòêàõ ïîâåðõíîñòè ìàãíèòîïðîâîäà öèëèíäðè÷åñêîãî ÝÌÏ

ïîëó÷åíà ýêâèâàëåíòíàÿ ñêàëÿðíàÿ ÑÈÓ îòíîñèòåëüíî ïðîåêöèé âåêòîðîâ

ÒÍ íà îñè öèëèíäðè÷åñêîé ñèñòåìû, ëåæàùèõ â ïëîñêîñòè êàñàòåëüíîé ê

ïîâåðõíîñòè ìàãíèòîïðîâîäà. Ýòà ñèñòåìà óðàâíåíèé ñîñòàâëÿåò îñíîâó

ìîäåëè òðåõìåðíîãî ìàãíèòíîãî ïîëÿ öèëèíäðè÷åñêîãî ÝÌÏ. Åå íåîá-

õîäèìî èñïîëüçîâàòü ïðè ìîäåëèðîâàíèè âèõðåâûõ òîêîâ è ýëåêòðîäè-

íàìè÷åñêèõ óñèëèé â æèäêîé ôàçå íåïðåðûâíîëèòîé çàãîòîâêè.

A model of three-dimensional magnetic field of the cylindrical electomagnetic stirrer (EMS)
based on the scalar system of integral equations (SIE) was obtained as a result of simplification of
the vector SIE for magnetization current (MC) on the magnetic circuit surface of the EMS. This
system unknowns are projections of density vectors MC which lie in the plane tangential to the
magnetic circuit surface.
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