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Marematnyeckoe MOJIETMPOBAaHUE MPOIIECCOB,
Pa3pbIBHBIX HA JUHUAX TPUAHTYJISALIUA

VY crarTi noOyaoBaHa MaTeMaTHYHa MOJIENTb PO3PUBHOTO MPOIIECY, IO OMUCYETHCS (PYHKIIIEIO TBOX 3MIHHUX,
y BHTJISAI PO3PUBHOTO iHTEPHOJISAIIHOTO JiHIHOTO cruaifHa. [Ipudaomy QyHKIS Mae MOXIJIMBI pO3pHBH Ha
JHISX TPUAHTYJIAIIT JOBITbHUMH TPUKYTHUKaMU. [100y10BaHi po3pHBHI KOHCTPYKIIii BKIIFOUAIOTh B cebe, K
YaCTHHHUI BUIIA/IOK, KJIACHYHI HETIEPEPBHI CIUTaliHHU.

Kuro4oBi cjioBa: po3puBHUI MpOIIEC, pO3PUBHA IHTEPIOISAIIIS,

TPUAHTYJISIIIIS JOBUIbBHUMH TPUKYTHUKAMH.

In the article, the mathematical model of discontinuous process which is described by function of two variables, inthe
form of discontinuous interpolationa linear spline is constructed. The function has possible ruptures on triangulation
linesby any triangles. As a pecid case, the constructed discontinuous designsinclude classical continuous splines.
Key words: discontinuous process, discontinuous interpolation, triangulation by any triangles.

B cratee moctpoeHa maremMaTHdeckas MOJIENb Pa3phIBHOTO TPOIIECca, KOTOPHIA OMHCHIBACTCS (PYHKIHMEH IBYX
MIEPEMEHHBIX, B BUJIE PA3PHIBHOIO MHTEPIOJIAIIMOHHOTO JIMHEWHOTO cIuaiiHa. [Tpuuem (yHKIus nMeeT BO3MOKHBIE
pa3pbIBbl Ha JIMHUSX TPUAHTYJISILMN POU3BOJILHBIMU TPEYroJibHUKaMU. IlocTpoeHHble pa3phIBHBIE KOHCTPYKIIMU
BKJIIOYAIOT B ce0s1, KaK YaCTHBIN ClTydyai, KIIACCUUYECKHE HETPEPhIBHBIE CIUIANHBI.

KiroueBble cj10Ba: pa3phIBHBIN MPOLIECC, Pa3pPbIBHASI UHTEPIOJISLINSA,

TPHUAHT YIS [IPOU3BOJIEHBIMA TPEYTOJIbHUKAMU.

Beryn

3agaua HaOIM>KEHHS pO3pUBHUX (YHKIIIN € OHIEI0 3 HAWCKIIAIHIIINX 33124 00YHCIIO-
BaJIbHOI MaTeMaTuku. CrierianicraM 3 00YHCITIOBAILHOT MaTEMATUKH T0OpE BiIOMI onieparopu
HaOJIMKEHHS HEMEepepBHUX Ta AU(MEPEHIINOBHUX (YHKIIN 3a JOMOMOTOK MOJIHOMIB Ta
croaiHiB [1], [2]. Bigomi Takox mparii 3 HAOJIMKEHHS HEellepepBHUX (PYHKINH OHieT 3MIHHOT
KyCKOBO-cTayiuMu QyHKIisMu [3], [4], B AKkuX HenepepBHi Ta nudepeHIiiioBani QyHKIIil
HaOMIKYIOThCA CIUIalHaMU cTereHs Hyilb. B po0oTi [5] Oyna po3risiHyTa anmpoKcumarlis
PO3pUBHUX PO3B’s3KiB (PyHKIIH OHIET 3MIHHOI) TU(EPEHIIATLHUX PIBHAHD 33 JOMOMOIOI0
po3puBHOro Metoay ["ampopkiHa. A B poOoTi [6] po3risaaeThesi po3puBHUN MeTo ['anbopkiHa
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JUISL eNINTUYHOT KpaloBoOi 3ajjaui 3 BUKOPUCTAHHSM JIBOBUMIPHUX HEY3TOJKEHUX CITOK.
Lleit meTon1 103BOJISIE BpaXOBYBaTH HEKOH(POPMHICTE eieMeHTiB. [IpruuoMy meron 3abe3neuye
HENEPEPBHICTh PO3B 3Ky, X04a B 0a3MCHUX (PYHKIIHN Y3roJKEHOCTI HE BUMArae.

Takum yuHOM, y BKa3aHUX poOOTaxX JOCHIHKYBAIOCS HAOJIMKEHHS HEMepepBHUX (PyHK-
11} 32 TOTIOMOTOI0 HETIEPEPBHUX Ta PO3PUBHUX CIUTAKHIB 00 pOo3pHBHUX (YHKIIH 3a I0MO-
MOTOI0 HEeMepepBHUX. AJle 3arajibHOI Teopii Takux HaOIMKEeHb HE icHye. B maniit poOoTi
MU TIPOMIOHYEMO TaKy 3arajibHy TEOpit0 MOO0YTI0BH PO3PUBHUX CILIANHIB, MHOKUHA SKUX SIK
YaCTHHHUN BHITQJ0K BKIIOYa€ MHOXKHUHY HETIEPEPBHUX CIUIAMHIB, 110 MOXKYTh MAaTH PO3PUBHU
MIEPIIIOTO PO B 33/IaHUX TOYKaX a00 Ha 3a/IaHiii MHOXWHI JTIHIN — TpaHUIIb €JIEMEHTIB.

3anaul HAOMMKEHHS PO3PUBHUX (DYHKIIIH BUHUKAIOTh YacTille, HK 3aa4ul HaOIKEHHS
HernepepBHUX (yHKIiM. Hanpukian, B MeTogax KOMI ' IOTEPHOI ToMorpadii Ha JaHUM yac
HE/IOCTaTHbO BUBUYEHE MMUTAHHS MMPO BUKOPUCTAHHS 1H(OpMALIii TPO BHYTPILIHIO CTPYKTYPY
TiJ1a JIFOAUHHU (P13H1 OPraHu MaroTh CBOIO (POPMY Ta UIIIBHICTh TKAaHUH).

ToOTO aKkTyanbHOIO € pO3po0Ka Ta TOCIIIHKEHHS Teopli HAOMMKEHHST PO3pUBHUX (DYHK-
I11i 32 JOTMIOMOTOF0 PO3PUBHUX (DYHKITIH.

ABTOpaMH BXK€ JOCIIJDKYBAJIUCA MUTAHHS HAOMUKEHHS PO3PUBHUX (PYHKIIH po3-
PUBHHMMHU CIIJIAHAMH 3 BUKOPUCTAHHSIM €JIE€MEHTIB, III0 MAlOTh X04a O OJIUH MPSIMUHN KYT.
B po6oTi [7] OyB 3anponoHOBaHUIT METO]T HAOIMKEHHSI PO3PUBHUX (PYHKIIIHM JBOX 3MIHHUX
PO3PUBHUMU THTEPNOAINHUMU OUTIHIMHUMHU CIUIaiiHamMu, a B poOoTi [8] — iHTepaiHaIliii-
HUMHU PO3PUBHHMMH CIUITalHAMU Ha PEKTAHTYJIbOBaHIM 00JiacTi BU3HAUYeHHs. bynu Takox
noOy/1I0BaH1 PO3pUBHI 1HTEPIIHALIMHI CTUTAHU 1711 HAOJMKEHHS (PYHKIIN IBOX 3MIHHUX,
00J1aCTh BU3HAUEHHS SIKUX PO30MBAETHCS HA MPSIMOKYTHI TPUKYTHUKH [9].

JaHna crarTs npucBsiyeHa MoOyAO0Bl Ta JOCTIIKEHHIO 1HTEPIOIALINHUX PO3PUBHUX
CIUTAiHIB J11 HAOIMKEHHS PO3pUBHUX (DYHKIIIN 3 001aCTIO BU3HAUEHHSI, III0 TPUAHTYJTFOETHCS
JOBUTHHUMU TPUKYTHUKAMHU.

MeTtor0 1aHoi podoTHu € MoaudiKaIlis 3aIpONOHOBAHOI0 METOTy CErMEHTAIlli CUMBOJIIB
y HalpsMKY 30UIBIICHHS HOTO SKICHUX MOKA3HUKIB B YMOBaX MEPCIEKTUBHUX CIIOTBOPEHD
300pakeHb HOMEPHHUX 3HAKIB Ta X YaCTKOBOTO 3aTIHEHHSI.

I[TocTanoBKa 3a/1a41

Hexaii B o6macti D =[0;1]? po3pHBHHMII IIPOLIEC OMUCYETHCSA PO3PUBHOK (YHKIIIEIO
f(X,y). Hexaii D po30uta Ha N MOBUIBHUX TPUKYTHHKIB, Ta iHGOpMAIlis PO PYHKIIIFO
3ajaHa y BUIIIAAI 3HadeHb QyHKIIT f(X,Y) y By3nax TpukyTHHKIB o0jiacti D . ®Oynkiis
f (X, y) Ma€e po3puBH MEPITIOTO POAY HA TPAHMIITX MK IIMMU TPUKYTHUKaMH (HE 000B’SI3KOBO

MK BciMa). MeToro po6oTu € moOy10oBa Ta AOCTIIKEHHS MAaTEMaTUYHOT MOJIEN1 PO3PUBHOTO
IIPOIIECY, IO OMHUCYEThCS po3puBHOIO GyHKIiEr f(X,Y), y BUrIIsIi onepaTopa po3puBHOI
JTHIMHOT CTUTAMH-THTEPIOJIALIII.

[ToOynoBa MaTeMaTUYHOI MOJEIII PO3PUBHOTO IIPOLIECY

PosrisiHeMO IOBUTHHHN TPUKYTHHK T, | =1n 3 By31amu A(k)(xi(k), yi(k)), i=1n,

k =1,3 (puc. 1). Beaxkaemo, 1o Ha KOXKHIif i3 CTOPIH 3a[aHOro TpUKyTHUKA QyHKIs f (X, Y)
MOXe MaTH (a MOXKE 1 He MaTH) PO3PUBH IEPUIOr0 POy, MPHUUOMY Y BEpIIMHAX TPUKYTHHUKA
¢yukiis HaOyBae 3HaUYEHb

c = lim f(xy), i=1nk=12,3-
(x,y)—> A
(X,¥)eT;
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Pucynok 1 — 300paxeHHs1 JOBUIBHOTO TPUKYTHUKA 3 TPUAHTYJIbOBAHOI 001acTi
BU3HAUYCHHS po3puBHOI QyHKIT f(X,Y)

Busnauennsi. bynemo HazuBaTH pO3PUBHUM IHTEPIONALIAHUM JIHIMHAM MOJIHOMIAIb-
HUM ciutaitHom B obnacti T; < D, i =1,n HactynHy ¢yHKuio

'XY)  ~@ 0P XY) @ o (xY)

§ (% y) = C“)W () W,(x,y)en, (1)
ne
0P (x,y)=y-y® - (x— )ﬁjzz))(i’i(zl)— Yi(l));
o (x,y) = y- y - 5 xj:??)(y.(:il) ),
o (x y) = y-y@ - ‘;2(_“32; ).

Teopema 1. ®ynkuis S(X,¥) =5 (X, Y), (X,y) € T. € D 3agoBonbHs€ iHTepHONALiii-
HUM BJIACTUBOCTSIM

lim s(x,y)=C®, i=1n, k=123.
(x,y)>AY

Jloseoenns. TlepeBipumo TBepKeHHS Teopemu it K =1.

lim s(xy)= Iim §(xy)=
(x,y)>AY
(X, ¥)eT; y—>y(1)
(X,y)eT;

(3)()(,() I(1)) e 0)(2)()(|() i(1)) e 03i(3)(xi(1)1 i(1)) _
(3) ( A(l)) ! (2) ( A(Z)) ! (0-(1) ( A(3))

e 0@ (), y'(l))+c:( 5 02 (x, y'(l))+c( 5 o (¥, y®)
o (A7) o (A?) o®(A®)

C()Co
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€8] 1) (3) (1)

X\ — X ARG YA 1

— Ci(l) + Ci(2) Ly_(l) _ yi(1) _ ( i i )(y| Yi )] 5
;

+
i x® — x@ (A?)
+cO® [y-(l) _y® (Xi(l) ~ Xi(l))(yi(Z) - Yi(l))j 1 -c®.
| | | |
x@ @ o (A7)

Teopema toBesieHa.
HaBenemMo ominky moxuOku HaOMMKeHHS (DYHKIIIT JTIHIMHUM IHTEPHOJISAIIMHAM CIIIak-
HOM, sika HaBesieHa B poooTi Cyborina [10].

Howah & ~{(850h € R [e|= &7+ 85 =1, 0,1 (xyy -5, 0002, 2100 -

IOXiHA 3a HAIIPSIMKOM & .
Teopema 2. Hexait f(X,y)eM,, M, ={f(X y):D.f(Xy) — nenepepsui 8 D Tta

D f ()~ D, f (V)| <M Ju=v], Yu=(u,u,) €D, V= (v, %) € D, V& Habmwryerbes ore-

patopoM S(X,¥) =5 (X, ¥), (X,¥) €T, < D, Toxi mis owiHKK NOXHOKK HAOIVKEHHS B KOX-
HOMY TPUKYTHOMY €JIEMEHTI PO30UTTS CIIpaBEIJIMBA HEPIBHICTD:

1
| (%, y)—S(X, y)\gthz,

ne h — HaitOinpIna i3 CTOpiH TPUKYTHUKA.
Teopema 3. SIkmio Ci(k) =f (A(k)), k=13 i=1n, To B KO)KHOMY TPUKYTHHUKY T,

I =1,n, onepatop (1) TOUHO BIAHOBJIIOE BCI JIiHIHHI (YHKIIIT.

JloBe/ieHHS BUIIJIUBAE 3 TOTO, IO Y€pe3 TPU TOYKU MOXKHA MPOBECTHU TUIBKU OJHY
IUIOIIMHY.

3ayBa:kenHs 1. fxuio 3HaueHHs QYHKINT y By3JlaX OJJHOTO TPUKYTHHKA 301ratoThes 3i
3HAYCHHSAMH (YHKIIIT B IIUX K€ BY3JIaX 31 CTOPOHH CYCIAHIX TPUKYTHHUKIB, TO orneparop (1)
€ KJIACHYHUM HETNEPEPBHUM JTHIMHUM THTEPIOJISIIIIHHUM CTUIAHOM.

3ayBaxeHHs1 2. S0 3HaUeHHS QYHKUIT y By3JlaX TPUKYTHOI CITKM HEBIIOMI, TO JUIS

3HaXOKeHHs Hepiomux koedinientis C, k=1,2,3, i=1n B maniit po6oti mpomomny-

€ThCSl BUKOPUCTOBYBAaTH METOJ HAaMEHIIMX KBaJpaTiB, 3TiHO 3 SKUM BCl HEBIJOMI 3HA-
XOJIATHCS 3 YMOBU
2 .
3(©)= 2 [[[f(x ) -5 (xy,C) ] dxcy —min. )
Tj <D T,
[ Toai oTpuMaemMo anpoKCUMAaLIMHUN PO3PUBHUMN JTIHIHHUHN CIUTaMH.
Omnepatop (1) 3 koeditieHTamu, BU3Ha4YeHUMHU (popMyIoro (2), siBisge co000 MaTema-

TUYHY MOJIJNIb MPOIECY, 110 MAa€ PO3PUBU HA JIIHISAX TPUAHTYISIT 00JIacTI BU3HAYCHHS
GyHKIIIT ABOX 3MIHHUX, SIKA 1 ONTUCYE 3rajlaHui MpoIiec.

Mpukaaa. Hexaii 3agaHi By3/u TpHaHTryIsiii oquHrYHOro KBagpata D =[0;1].

0 0 0 1 0.3 0.7
0 1 0.3 0.7 1 1
X1= 03 , Yl= 0.7 » X2= 06 , Yl= 04 » X3= 1 , Y3= !
0.6 0.4 1 1 1 0
0 0 0.6 0.4 1 0
0 0 0.3 0.7 0.6 0.4
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ToOTo oquHUYHMI KBaapaT po30UTO HA 6 TOBIIILHUX TPUKYTHUKIB (puc. 2a)

T1={(x,y)e D:0<x<0,3; %x< y<1—x};

T, :{(x, y)eD:1-y<x<0,3+ g(y—O,Y); 0.7< y<1} :
T3={(x, y)eD:0,3<x<0,61-x<y< 0,7+$(x—0,3)}u
3 3
u{(x, y)eD:0,6<x<1; O,4+E(x—0,6)< y < 0,7+?(x—0,3)} ;

T4={(x, y)eD:0,6<x<L1-x< y<0,4+g(x—0,6)} ;

Tsz{(x,y)eD:gy<x<1—y;0<y<0,4};
2 3 2
T = (x,y)eD:O<x<O,3;§x<y<7x U (x,y)eD:O,33x<0,7;§x<y<1—x :

Hexait B obmacti D 3amana pospusHa Gyskiis f(X,Y), ska Mae po3puBH Ha JTiHISX
3a/laHO1 TPUAHTYJIALI, aje He Ha BCiX (pHuc. 20).

1, O<x<0,6;§x<y<1—x

X, 0,7<y<l] O,3+§(y—0,7)
f(xy)= 3 :
3-X, 0,3<x<11-x< y<O,7+7(x—O,3)

—2x*+2, 0<y<04; §y< Xx<1l-vy

Oyukmis f(X,Y) Mae po3puBH MEPIIOTO POAY Y By3JiaxX 3a7aHOi TPUKYTHOI CITKH Ta
B HUX Ma€ Takl 3HAUYCHHS:

Iim f(x,y)=1 Iim f(x,y)=1 Iim f(x,y)=2
(x,¥)—>(0,0) (x.y) (x,y)—(0,0) (%y) (x,y)—(0,0) (x.y)
(%,y)eT; (Xx,y)eTg (X,y)eTs

lim f(x,y)=1 lim f(x,y)=0; lim f(x,y)=1
(x,y)—(0,) ( y) (x,¥)—(0,) ( y) (x,¥)—>(0.3,0.7) ( y)
(Xiy)ETl (X’y)eTZ (Xiy)ETl

[im f(x,y)=0.3 [im f(x,y)=2.7 lim f(x,y)=1
(x,y)—(0.3,0.7) ( y) (x,y)—(0.3,0.7) ( y) (x,y)—>(0.3,0.7) ( y) .
(X%,y)eT, (X,y)eTs (X,y)eTq

lim f(x,y)=1 lim f(x,y)=24 lim f(xy) =24

(x,¥)—(0.6,0.4) (x,¥)—(0.6,0.4) (x,¥)—(0.4,0.6)
(x,y)eTg (X,y)eT; (X,¥)eT,
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lim f(x,y)=168; lim f(xy)=1 lim f(x,y)=2
(x,¥)—(0.4,0.6) (x,y)—(1D (x,y)—(1D)
(X,¥)€Ts (x,¥)eT, (X,¥)eT,
lim f(x,y)=2 im f(x,y)=2 lim f(x,y)=0.
(x,y)—>(11) (x,y)—>(1,0) (x,y)—>(1,0)
(X.Y)eT, (X.Y)eT, (X.Y)<Ts
- T
0.6 Tl T3
0.4 TG T4
0.2 T5
0 T
0 0.2 0.4 0.6 0.8
a) 0)

Pucynok 2 — a) Tpuanrynsiis o61acti Bu3HaueHHs pyHkii f (X, Y); 0) rpadiunmii
BUTIIST HAOmkyBaHoi yHkii f (X, Y)
B K0XKHOMY TPHKYTHOMY €JIEMEHTI MOOYIyeMO IHTEPHOJIALiiHMEA crutaitn S(X,Y) y

Burssii popmynu (1). [Micns 3HaxomkeHHs 32 GopMyInoro (2) HeBITOMUX KOS(IIEHTIB, OTPU-
Ma€eMo CIUTaiiH BUTISIAY (puc. 3).

1 0<x<0,6;§x<y<1—x
7
X, 0,7<y<] O,3+§(y—0,7)
S(xy) = 3
3-X, 0,3<x<11-x< y<0,7+?(x—0,3)
—21x+05y+24, 0<y<04 :—;y< Xx<1l-y

SS

Pucynok 3 — IloOynoBanuii HAOIMKYIOUMI PO3PUBHUI CIIaliH

[ToOynoBaHuii po3puUBHUIN CIUIAH TOYHO HAOJIMXKYE Ty YaCTHHY (PYHKLII, 1€ BOHA €
MOCTIHOO 200 JHINHO, IO 1 MATBEPKYE BUKIIAJIEHY BUIIE TEOPIIO.
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BucHoOBKH

VY po6oTi 3anmpornoHoBaHa MaTeMaTUYHa MOJAENh PO3PUBHOTO MPOIIECY Y BUTIIAI PO3-
PUBHOTO IHTEPIIOJISIIIMHOTO JIIHIMHOTO CIIaiiHy. BBaxaeThes, 1110 pO3pUBHUI MPOILIEC OMKUCYE-
ThCsI (DYHKIIIEIO TBOX 3MIHHHX 3 PO3PUBAMHU TIEPIIIOTO POAY HA JIHISAX TPUAHTYJIALIT TOBUIBHUMU
TPUKYTHUKaMU. MeToJ, moOyJoBaHUI aBTOpaMu, MPUITYCKAE, IO PO3PUBH HAOIMKYBaHO1
(yHKIIT BiIOMI, 1 TOMY BOHH 30Iral0ThCsl 3 po3pUBaMH HaOIMOKyro4uoro cruiaitHa. HactymHum
KPOKOM IUTAHYETHCS PO3POOUTH METOIAM HAOMMMKEHHS PO3PUBHUX (YHKIIH pO3PUBHUMU
CIUTafHAMU, KOJIM PO3PUBU HAOIMXKyBaHO! (DYHKIIT 11 Tpeba 3HANTU. A TaKOXK TUIAHYETHCS
3aCTOCYBaTH PO3pOOJICHY TeOpit0 HAOIMKEHHS PO3PUBHUX (DYHKIIM PO3PUBHUMU CIUTAMHAMU
710 PO3B’sI3aHHS ABOBUMIPHOI 3a/1a4l KOMIT I0TepHOI TOMOTpadii.
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RESUME

O.N. Lytwyn, Y.l. Pershina
Mathematical Modelling of Processes,

Discontinuous on Triangulation Lines

In article the problem of construction of mathematical model of discontinuous
process which is described by discontinuous function of two variables is considered. It is
supposed, that the function range of definition breaks into any triangles (not necessarily
rectangular) which are not put each other, and their parties are not crossed. Also it is
supposed, that function has possible ruptures of the first sort on lines between triangular
elements.

The mathematical model is under construction in the form of discontinuous linear a
spline-intepolation. In work the estimation of the constructed discontinuous design in each
triangular element is resulted. In work conditions at which interpolational discontinuous
spline is continuous are resulted, that is the general theory of approach of the set functions
which special case is all the known theory of approach by classical continuous splines is
developed. The example of approach of discontinuous function of two variables by constructed
inerpolationd discontinuous splineisresulted, and the received results of gpproach are analyzed.

Authors show, that discontinuous in some points or on some lines of function from
two variables it is better to approach discontinuous splines. Thus, it is possible to receive
equally appreciation of an error of approach in each element of splitting which are inherent
in is continuous-differentiated splines.
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