
ISSN 1561 -9087 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 1999. �®¬ 1 (73), N 3. �. 11 { 15��� 532.135��������� ������������� ����������������-��������������� ������� ��������. �. ������� ��. �. ������ ����­áâ¨âãâ £¨¤à®¬¥å ­¨ª¨ ��� �ªà ¨­ë, �¨¥¢�� �¨§¨ª®-â¥å­¨ç¥áª¨© ­ ãç­ë© æ¥­âà ��� �ªà ¨­ë, �¨¥¢�®«ãç¥­® 22.04.98� áá¬®âà¥­  § ¤ ç  ® ­ å®¦¤¥­¨¨ áâ æ¨®­ à­®£® â¥ç¥­¨ï ­¥«¨­¥©­®-¢ï§ª®© ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨ ¢ ¯«®áª®© ®¡« -áâ¨, ª®£¤  ­  £à ­¨æ¥ § ¤ ­ ¢¥ªâ®à áª®à®áâ¨. �«ï ç¨á«¥­­®£® à¥è¥­¨ï â ª®© § ¤ ç¨ ¨á¯®«ì§ã¥âáï ¬¥â®¤ à áè¨à¥­-­®£® � £à ­¦¨ ­  ¨  ¯¯à®ªá¨¬ æ¨ï ª®­¥ç­ë¬¨ í«¥¬¥­â ¬¨. �à®¢¥¤¥­® ç¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ â¥ç¥­¨© ¢ï§ª®©¨ ­¥«¨­¥©­®-¢ï§ª®© ¦¨¤ª®áâ¥© ¢ ª¢ ¤à â­®© ¯®«®áâ¨ ¯à¨ ¤¢¨¦¥­¨¨ ¢¥àå­¥© áâ¥­ª¨. �¥§ã«ìâ âë ¢ëç¨á«¥­¨© ­ ¬¥«ª®© á¥âª¥ ¯®§¢®«ïîâ ­ ¡«î¤ âì ¢¨åà¥¢ë¥ ¤¢¨¦¥­¨ï ¨ ¨§ãç¨âì ¨å áâàãªâãàã. �à®¢¥¤¥­ë áà ¢­¥­¨ï á á®®â¢¥â-áâ¢ãîé¨¬¨ à¥§ã«ìâ â ¬¨, ®â­®áïé¨¬¨áï ª ­ìîâ®­®¢áª¨¬ â¥ç¥­¨ï¬.�®§£«ï­ãâ® § ¤ çã ¯à® §­ å®¤¦¥­­ï áâ æ÷®­ à­®ù â¥ç÷ù ­¥«÷­÷©­®-¢`ï§ª®ù à÷¤¨­¨ ã ¯«®áª÷© ®¡« áâ÷, ª®«¨ ­  ¬¥¦÷§ ¤ ­® ¢¥ªâ®à è¢¨¤ª®áâ÷. �«ï ç¨á¥«ì­®£® à®§¢`ï§ ­­ï â ª®ù § ¤ ç÷ ¢¨ª®à¨áâ®¢ãõâìáï ¬¥â®¤ à®§è¨à¥­®£® � £à ­-¦÷ ­  â   ¯à®ªá¨¬ æ÷ï áª÷­ç¥­­¨¬¨ ¥«¥¬¥­â ¬¨. �à®¢¥¤¥­¥ ç¨á¥«ì­¥ ¬®¤¥«î¢ ­­ï â¥ç÷© ¢`ï§ª®ù â  ­¥«÷­÷©­®-¢`ï§ª®ùà÷¤¨­¨ ã ª¢ ¤à â­÷© ¯®à®¦­¨­÷ ¯à¨ àãá÷ ¢¥àå­ì®ù áâ÷­ª¨. �¥§ã«ìâ â¨ ®¡ç¨á«¥­ì ­  ¤à÷¡­÷© á÷âæ÷ ¤®§¢®«ïîâì á¯®-áâ¥à÷£ â¨ ¢¨å®à¨ â  ¤®á«÷¤¦ã¢ â¨ ùå áâàãªâãàã. �à®¢¥¤¥­¥ ¯®à÷¢­ï­­ï § ¢÷¤¯®¢÷¤­¨¬¨ à¥§ã«ìâ â ¬¨, é® áâ®áãîâìáï­ìîâ®­®¢áìª¨å â¥ç÷©.The problem of �nding the stationary 
ow of nonlineary-viscous incompressible 
uid is investigated for the plain domainwith the velocity prescribed on the whole boundary. The method of augmented Lagrangian and approximation by the�nite elements are used to obtain the numerical solution. Numerical simulation of the 
ows of viscous and nonlineary-viscous 
uids is conducted in the square cavity with the moving upper wall. Results of calculations on the �ne mesh makepossible to study the eddies. The comparison with results for newtonic 
uids is drawn.��������� ®á­®¢¥ ª« áá¨ç¥áª®© £¨¤à®¬¥å ­¨ª¨ «¥¦¨â®¡®¡é¥­­ë© § ª®­ �ìîâ®­ , á®£« á­® ª®â®à®¬ã¯à¨ ¤¢¨¦¥­¨¨ ¢ï§ª®© ¦¨¤ª®áâ¨ ¨¬¥¥â ¬¥áâ® «¨-­¥©­ ï á¢ï§ì ¬¥¦¤ã â¥­§®à®¬ ­ ¯àï¦¥­¨© ¨ â¥­-§®à®¬ áª®à®áâ¨ ¤¥ä®à¬ æ¨© [1]. �¤­ ª® ¬­®£¨¥¦¨¤ª®áâ¨, ¢ ç áâ­®áâ¨, à áâ¢®àë ¨ à á¯« ¢ë ¯®-«¨¬¥à®¢, áãá¯¥­§¨¨, ­¥ª®â®àë¥ ä à¬ æ¥¢â¨ç¥áª¨¥¨ ¯¨é¥¢ë¥ ¯à®¤ãªâë, ­¥ ã¤®¢«¥â¢®àïîâ íâ®¬ã § -ª®­ã [2]. � ª¨¥ ¦¨¤ª®áâ¨ ­ §ë¢ îâáï ­¥«¨­¥©­®-¢ï§ª¨¬¨. �¤­®© ¨§ ­ ¨¡®«¥¥ à á¯®áâà ­¥­­ëå ¬®-¤¥«¥© ¤«ï ¨å ®¯¨á ­¨ï ï¢«ï¥âáï ¬®¤¥«ì, ¢ ª®â®-à®© ¢ï§ª®áâì § ¢¨á¨â «¨èì ®â ¢â®à®£® ¨­¢ à¨ ­â â¥­§®à  áª®à®áâ¨ ¤¥ä®à¬ æ¨©. �¨à®ª®¥ ¯à¨¬¥-­¥­¨¥ ­¥«¨­¥©­®-¢ï§ª¨å ¦¨¤ª®áâ¥© ¢ ¯à®¬ëè«¥­-­®áâ¨ ¨ ¬¥¤¨æ¨­¥ ¯®§¢®«ï¥â áç¨â âì  ªâã «ì­®©§ ¤ çã ® ç¨á«¥­­®¬ ¬®¤¥«¨à®¢ ­¨¨ ¨å â¥ç¥­¨© ¢®¡« áâïå à §«¨ç­®© ä®à¬ë [2 { 4]. � ¤ ­­®© áâ -âì¥ á æ¥«ìî ­ ¡«î¤¥­¨ï ¢¨åà¥¢ëå ¤¢¨¦¥­¨© ¯à®-¢¥¤¥­® ç¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ â¥ç¥­¨© ¢ï§ª®© ¨­¥«¨­¥©­®-¢ï§ª®© ¦¨¤ª®áâ¨ ¢ ª¢ ¤à â­®© ¯®«®áâ¨.

1. ���������� �������ãáâì 
 { ®£à ­¨ç¥­­ ï ®¡« áâì ¢ R2, ¨¬¥îé ï­¥¯à¥àë¢­ãî ¯® �¨¯è¨æã £à ­¨æã S. �¡« áâì 
§ ¯®«­¥­  ­¥«¨­¥©­®-¢ï§ª®© ¦¨¤ª®áâìî á ãà ¢­¥-­¨¥¬ á®áâ®ï­¨ï:�ij = �p�ij + 2'(I(~v))"ij(~v); i; j = 1; 2; (1)£¤¥ �ij(p;~v) { ª®¬¯®­¥­âë â¥­§®à  ­ ¯àï¦¥­¨©,§ ¢¨áïé¥£® ®â ¤ ¢«¥­¨ï p ¨ áª®à®áâ¨ ~v = (v1; v2);�ij { á¨¬¢®« �à®­¥ª¥à ; ' { äã­ªæ¨ï ¢ï§ª®áâ¨, § -¢¨áïé ï ®â ¢â®à®£® ¨­¢ à¨ ­â  I(~v) â¥­§®à  áª®-à®áâ¨ ¤¥ä®à¬ æ¨© "(~v)=f"ij(~v)g :I(~v) = 2Xi;j=1("ij(~v))2; "ij = 12 � @vi@xj + @vj@xi� :�à¥¤¯®« £ ¥âáï ¢ë¯®«­¥­¨¥ ãá«®¢¨ï ­¥á¦¨¬ ¥¬®-áâ¨ ¦¨¤ª®áâ¨ ¢­ãâà¨ ®¡« áâ¨ 
:div ~v = 0 (2)¨ ªà ¥¢®£® ãá«®¢¨ï ~v��S= ~v£à: (3)c
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ISSN 1561 -9087 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 1999. �®¬ 1 (73), N 3. �. 11 { 15�â­®á¨â¥«ì­® äã­ªæ¨¨ ~v£à ¯®âà¥¡ã¥¬ [2], çâ®¡ë¥¥ ¬®¦­® ¡ë«® ¯à®¤®«¦¨âì ¢­ãâàì 
 ª ª á®«¥-­®¨¤ «ì­ãî äã­ªæ¨î, ¯à¨­ ¤«¥¦ éãî ¯à®áâà ­-áâ¢ã W 12 (
)2. �¥ç¥­¨¥ ¦¨¤ª®áâ¨ à áá¬ âà¨¢ ¥âáï¢ ¯à¨¡«¨¦¥­¨¨ �â®ªá , â. ¥. ª®£¤  ¨­¥àæ¨®­­ë¥ç«¥­ë ¢ ãà ¢­¥­¨¨ ¤¢¨¦¥­¨ï ®âáãâáâ¢ãîâ:2Xj=1 @�ij(p;~v)@xj = 0: (4)�à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î ~v, ï¢«ïîéãîáï à¥è¥­¨-¥¬ ªà ¥¢®© § ¤ ç¨ (1) { (4).�«ï áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï áä®à¬ã«¨à®¢ ­­®©§ ¤ ç¨ ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨ï ¢ï§ª®áâ¨ 'ã¤®¢«¥â¢®àï«  ãá«®¢¨ï¬ [3]: '(z) { ­¥¯à¥àë¢­ ¯à¨ z � 0 ¨ áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ª®­-áâ ­âë a1, a2, a3, çâ® ­¥à ¢¥­áâ¢®a1 � '(z) � a2 (5)¢ë¯®«­ï¥âáï ¤«ï «î¡®£® z � 0;   ¤«ï «î¡ëå y1 � 0,y2 � 0 ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®:['(y21)y1 � '(y22)y2](y1 � y2) � a3(y1 � y2)2: (6)�â¨ ®£à ­¨ç¥­¨ï ï¢«ïîâáï ¥áâ¥áâ¢¥­­ë¬¨ ¢à ¬ª å ¯à¥¤«®¦¥­­®© ¬®¤¥«¨. �á«®¢¨¥ (5) ¯à¥¤¯®-« £ ¥â, çâ® ¢ï§ª®áâì ¦¨¤ª®áâ¨ ¯à¨­¨¬ ¥â §­ ç¥-­¨ï ¢ ®£à ­¨ç¥­­®¬ ¨­â¥à¢ «¥, ®â¤¥«¥­­®¬ ®â ­ã-«ï,   ãá«®¢¨¥ (6) ®§­ ç ¥â, çâ® ¯à¨ ¯à®áâ®¬ á¤¢¨-£®¢®¬ â¥ç¥­¨¨ ª á â¥«ì­®¥ ­ ¯àï¦¥­¨¥ ã¢¥«¨ç¨-¢ ¥âáï ¯à¨ ã¢¥«¨ç¥­¨¨ áª®à®áâ¨ á¤¢¨£ .2. ����������������������������§«®¦¨¬ ¬¥â®¤ ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç¨(1) { (4), ®á­®¢ ­­ë© ­  ¨á¯®«ì§®¢ ­¨¨  «£®à¨â-¬  à áè¨à¥­­®£® � £à ­¦¨ ­  [3], [5].�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ £¨«ì¡¥àâ®¢ë ¯à®áâà ­-áâ¢  X ¨ X1 :X = f~v 2W 12 (
)2; ~v��S= ~v0g; (7)X1 = f~v 2W 12 (
)2; ~v��S= 0g: (8)�¯à¥¤¥«¨¬ ®¯¥à â®àë L ¨ B á«¥¤ãîé¨¬ ®¡à -§®¬:(L(~v);~h) = 2 Z
 2Xi;j=1'(I(~v))"ij(~v)"ij(~h) dx; (9)B~v = div ~v: (10)� «¥¥ áª®¡ª¨ h : ; : i ®¡®§­ ç îâ áª «ïà­®¥ ¯à®-¨§¢¥¤¥­¨¥ ¢ L2(
), â. ¥.< f; g >= Z
 fg dx: (11)

�«ï ­ å®¦¤¥­¨ï áª®à®áâ¨ ~v ¨á¯®«ì§ã¥âáï ¯à¥¤-«®¦¥­­ë© ¢ [3] ¨â¥à æ¨®­­ë© ¯à®æ¥áá, ®á­®¢ ­-­ë© ­  ¬¥â®¤¥ à áè¨à¥­­®£® � £à ­¦¨ ­  [5].�â®â ¯à®æ¥áá ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:¯® ¢ë¡à ­­ë¬ ­ ç «ì­ë¬ §­ ç¥­¨ï¬ fp0; ~v0g 2(L2(
) � X) âà¥¡ã¥âáï ­ ©â¨ ¯®á«¥¤®¢ â¥«ì­®áâìfpn; ~vng 2 (L2(
) � X); ¤«ï «î¡ëå ~h 2 X1 ¨� 2 L2(
) ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨ï¬(L(~vn+1);~h) � hpn; B~hi+ rhB~vn+1; B~hi = 0; (12)hpn+1 � pn; �i+ %hB~vn+1; �i = 0; (13)£¤¥ %, r { ­¥ª®â®àë¥ ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë.�«ï á¢¥¤¥­¨ï ­¥«¨­¥©­®© § ¤ ç¨ (12) { (13) ª¯®á«¥¤®¢ â¥«ì­®áâ¨ «¨­¥©­ëå § ¤ ç ¨á¯®«ì§ã¥âáïá«¥¤ãîé¨© ¯à¨¥¬: ¢ å®¤¥ ¨â¥à æ¨®­­®£® ¯à®æ¥áá ¢¬¥áâ® (12) à¥è ¥âáï «¨­¥©­ ï § ¤ ç  ­ å®¦¤¥­¨ï~vn+1 2 X, ã¤®¢«¥â¢®àïîé¥© ãà ¢­¥­¨î(A~vn+1;~h) = (A~vn;~h) � t[(L(~vn);~h) �� hpn; B~hi+ rhB~vn; B~hi] (14)¤«ï «î¡®£® ~h 2 X1, £¤¥ t { ­¥ª®â®à ï ¯®«®¦¨â¥«ì-­ ï ª®­áâ ­â ,   ®¯¥à â®à A § ¤ ¥âáï ¢ëà ¦¥­¨-¥¬: (A~v;~h) = Z
 2Xi;j=1 @vi@xj @hi@xj dx: (15)�¥ªâ®à ~h ¡¥à¥¬ ¢ ¢¨¤¥ ~h = (h1; 0) ¨ ~h = (0; h2),çâ® ¯à¨¢®¤¨â ª à áé¥¯«¥­¨î á¨¬¬¥âà¨ç­®© ¬ -âà¨æë ¢ á¨áâ¥¬¥ «¨­¥©­ëå ãà ¢­¥­¨© ­  ¤¢¥ ®¤¨-­ ª®¢ë¥ ¬ âà¨æë ¢¤¢®¥ ¬¥­ìè¥£® à §¬¥à . �à¨¯®áâà®¥­¨¨  ¯¯à®ªá¨¬ æ¨¨ ­  ª®­¥ç­ëå í«¥¬¥­-â å ¯®«ãç¥­­ ï ¬ âà¨æ  ¨¬¥¥â «¥­â®ç­ãî áâàãª-âãàã. �à®¬¥ â®£®, ¬ âà¨æ  ¢ á¨áâ¥¬¥ «¨­¥©­ëåãà ¢­¥­¨© ®¤­  ¨ â  ¦¥ ­  ¢á¥å è £ å ¨â¥à æ¨®­-­®£® ¯à®æ¥áá , çâ® âà¥¡ã¥â ¥¥ ®¡à é¥­¨ï â®«ìª®®¤¨­ à §, ¯¥à¥¤ ­ ç «®¬ ¨â¥à æ¨©.� ª ®â¬¥ç «®áì ¢ [3], ¨§«®¦¥­­ë© ¢ëè¥ ¬¥-â®¤ «¨­¥ à¨§ æ¨¨ § ¤ ç¨ (12) { (13) ¨¬¥¥â àï¤¯à¥¨¬ãé¥áâ¢ ¯¥à¥¤ è¨à®ª® ¨§¢¥áâ­ë¬ ¬¥â®¤®¬�¨à£¥à {� ç ­®¢ , £¤¥ ¬ âà¨æ  ¢ á¨áâ¥¬¥ «¨­¥©-­ëå ãà ¢­¥­¨© ­¥ ï¢«ï«ï¥âáï «¥­â®ç­®©, ­¥ ¤®¯ãá-ª ¥â à áé¥¯«¥­¨ï ¨ ¨§¬¥­ï¥âáï ¢ å®¤¥ ¨â¥à æ¨®­-­®£® ¯à®æ¥áá , çâ® âà¥¡ã¥â ¤®¯®«­¨â¥«ì­ëå § -âà â ¢à¥¬¥­¨ ­  ¥¥ ¬­®£®ªà â­®¥ ®¡à é¥­¨¥.�¥®à¥â¨ç¥áª®¥ ®¡®á­®¢ ­¨¥ áå®¤¨¬®áâ¨ ¯à®æ¥á-á  (13) { (14) ¬®¦­® ­ ©â¨ ¢ [3]. � ¬ ¦¥ á®¤¥à¦ â-áï ®æ¥­ª¨ ¤®¯ãáâ¨¬ëå §­ ç¥­¨© ¯ à ¬¥âà®¢ r, �,t ¨ âà¥¡®¢ ­¨ï ª ¢ë¡®àã ¯à®áâà ­áâ¢  ¯¯à®ªá¨¬ -æ¨© ~v ¨ p.� à ªâ¥à­®© ç¥àâ®© â ª®£® ¯®¤å®¤  ï¢«ï¥âáïâ®, çâ® ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï ¤«ï áª®à®áâ¥©12 �. �. �®¬¨«ª®, �. �. �« ¯ ª
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)2 (¡¥§ âà¥¡®¢ ­¨ïá®«¥­®¨¤ «ì­®áâ¨),   íâ® ¯®§¢®«ï¥â ®¡®©â¨áì ¡¥§¨á¯®«ì§®¢ ­¨ï äã­ªæ¨¨ â®ª .� áá¬®âà¨¬ ¯®áâà®¥­¨¥ ¯à®áâà ­áâ¢ ¯à¨¡«¨-¦¥­¨© ¤«ï ~v ¨ p. �à¨ k = 1; 2; ::: ®¡®§­ ç¨¬ ¯à®-áâà ­áâ¢  ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ¤«ï ~v ª ª Vk(Vk � Vk+1),   ¯à®áâà ­áâ¢  ¯à¨¡«¨¦¥­­ëå à¥è¥-­¨© ¤«ï p ª ª Pk (Pk � Pk+1). �â¬¥â¨¬, çâ® ¤«ïáå®¤¨¬®áâ¨ ¯à®æ¥áá  (13) { (14) ­  ¯à®áâà ­áâ¢ å¯à¨¡«¨¦¥­¨© ­¥®¡å®¤¨¬® ¢ë¯®«­¥­¨¥ ãá«®¢¨ï inf-sup [3]: áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® �,çâ® ¤«ï «î¡®£® k � 1 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®:inf�2Pk sup~v2Vk hB~v; �ikvkVkk�kPk � �: (16)�ãáâì Th { âà¨ ­£ã«ïæ¨ï 
,   Th=2 { ¡®«¥¥ â®­-ª ï âà¨ ­£ã«ïæ¨ï, ª®â®à ï ¯®«ãç¥­  à §¡¨¥­¨¥¬ª ¦¤®£® âà¥ã£®«ì­¨ª  ¨§ Th ­  ç¥âëà¥ ¬¥­ìè¨åâà¥ã£®«ì­¨ª  ¯ãâ¥¬ á®¥¤¨­¥­¨ï á¥à¥¤¨­ áâ®à®­.�à®áâà ­áâ¢  ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ¤«ï ~v ¨ páâà®ïâáï á«¥¤ãîé¨¬ ®¡à §®¬: Pk ï¢«ï¥âáï ¯à®-áâà ­áâ¢®¬ ªãá®ç­®-¯®áâ®ï­­ëå äã­ªæ¨© ­  âà¥-ã£®«ì­¨ª å ¨§ Th,   Vk { ¯à®áâà ­áâ¢®¬ ªãá®ç­®-«¨­¥©­ëå äã­ªæ¨© ­  âà¥ã£®«ì­¨ª å ¨§ Th=2. �à¨¨§¬¥«ìç¥­¨¨ á¥âª¨ âà¨ ­£ã«ïæ¨¨ â ª¨¥ ¯à®áâà ­-áâ¢  ¯à¨¡«¨¦¥­¨© ¡ã¤ãâ ¢á¥ ¡®«¥¥ â®ç­®  ¯¯à®ªá¨-¬¨à®¢ âì äã­ªæ¨î áª®à®áâ¨ ~v ¨ äã­ªæ¨î p. � ­¥¥¡ë«® ¤®ª § ­® [6], çâ® ãá«®¢¨¥ (16) ¢ë¯®«­ï¥âáï ¢íâ¨å ¯à®áâà ­áâ¢ å Pk; Vk:3. ��������� �����������à¨¢¥¤¥­­ë© ¢ëè¥  «£®à¨â¬ ¡ë« ¨á¯®«ì§®¢ ­¤«ï ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç ® ­ å®¦¤¥­¨¨ â¥ç¥-­¨© ¢ï§ª®© ¨ ­¥«¨­¥©­®-¢ï§ª®© ¦¨¤ª®áâ¥© ¢ ª¢ -¤à â­®© ¯®«®áâ¨ á à ¢­®¬¥à­® ¤¢¨¦ãé¥©áï ¢¥àå-­¥© áâ¥­ª®©.� ª ç¥áâ¢¥ ­¥«¨­¥©­®-¢ï§ª®© ¦¨¤ª®áâ¨ ¬ë ¡à -«¨ à á¯« ¢ ¯®«¨¯à®¯¨«¥­ , äã­ªæ¨î ¢ï§ª®áâ¨ ª®-â®à®£® '(I) ¬®¦­® ®¯à¥¤¥«¨âì â ª [2]:'(I) = 233:7� 0:302pI=2 + 0:709 � 10�4Iª®£¤  0 � I � 500000;'(I) = 45125pI=2 + 27:9ª®£¤  500000 � I � 1: �¤¨­¨æ¥© ¨§¬¥à¥­¨ï ¢ï§-ª®áâ¨ §¤¥áì ï¢«ï¥âáï � � á =¬2:� ª ç¥áâ¢¥ ¯¥à¢®£® ¯à¨¡«¨¦¥­¨ï ¢ ¨â¥à æ¨®­-­®¬ ¯à®æ¥áá¥ ¤«ï p ¨ ~v ¡à «¨áì ­ã«¥¢ë¥ §­ ç¥­¨ï.�â® ª á ¥âáï áª®à®áâ¨ áå®¤¨¬®áâ¨, â® ¤«ï ¥¥ ®æ¥­-ª¨ ¨á¯®«ì§®¢ « áì ¢¥«¨ç¨­  �(m;n), ®¯à¥¤¥«ï¥¬ ï

�¨á. 1. �¥ç¥­¨¥ ¢ï§ª®© ¦¨¤ª®áâ¨ ¯à¨ à ¢­®¬¥à­®¬¤¢¨¦¥­¨¨ ¢¥àå­¥© áâ¥­ª¨â ª: �(m;n) =vuuuuuut NPi=1(~vm(xi; yi)� ~vn(xi; yi))2NPi=1(~vm(xi; yi))2 ;£¤¥ N { ç¨á«® ã§«®¢ âà¨ ­£ã«ïæ¨¨, ~vm ¨ ~vn { §­ -ç¥­¨ï ¢¥ªâ®à  áª®à®áâ¨, ¯®«ãç¥­­ë¥ ­ m ¨ n ¨â¥-à æ¨ïå, (xi; yi) { ª®®à¤¨­ âë ã§«  âà¨ ­£ã«ïæ¨¨ á­®¬¥à®¬ i. �® ¢á¥å à áá¬®âà¥­­ëå ¢ áâ âì¥ á«ã-ç ïå ¢¥«¨ç¨­  �(1800; 300) ¨¬¥«  ¯®àï¤®ª, ­¥ ¡®«ì-è¨© 10�4, â. ¥. 300 ¨â¥à æ¨© ¤ îâ å®à®è¥¥ ¯à¨-¡«¨¦¥­¨¥ â®ç­®£® à¥è¥­¨ï.� «¥¥ ¢á¥ ¢¥«¨ç¨­ë, ¨¬¥îé¨¥ à §¬¥à­®áâì ¤«¨-­ë, ¯à¨¢®¤ïâáï ¢ ¬¥âà å,   ¢¥«¨ç¨­ë, ¨¬¥îé¨¥à §¬¥à­®áâì áª®à®áâ¨ { ¢ ¬/á. � áá¬ âà¨¢ ¥¬ ï®¡« áâì ï¢«ï¥âáï ª¢ ¤à â®¬ á® áâ®à®­ ¬¨ y = 0,y = 0:02, x= 0, x= 0:02. �à ¥¢ë¥ ãá«®¢¨ï: vy = 0­  ¢á¥å áâ®à®­ å ª¢ ¤à â , vx = 0 ­  áâ®à®­ åx= 0, y = 0, x= 0:02, vx = váâ ­  áâ®à®­¥ y = 0:02.� ¤ ­­®¥ ­  £à ­¨æ¥ ¯®«¥ áª®à®áâ¥© ¬®¦¥â ¡ëâì¯à®¤®«¦¥­® ¢­ãâàì ª¢ ¤à â  ¤® á®«¥­®¨¤ «ì­®©äã­ªæ¨¨ ¨§ ¯à®áâà ­áâ¢  W 12 (
)2 (á¬. [7]). �¨-á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ â¥ç¥­¨© ¯à¨ íâ¨å ªà ¥¢ëåãá«®¢¨ïå ¯®§¢®«¨«® ­ ¡«î¤ âì ¨  ­ «¨§¨à®¢ âì¢¨åà¥¢ë¥ ¤¢¨¦¥­¨ï ¢ ¦¨¤ª®áâ¨. �­ ç «  à áá¬ -âà¨¢ «áï á«ãç © ¤¢¨¦¥­¨ï ¦¨¤ª®áâ¨ á ¯®áâ®ï­­®©¢ï§ª®áâìî. � ª ¨§¢¥áâ­® [8], ¯à¨ § ¤ ­ëå ¢ëè¥ªà ¥¢ëå ãá«®¢¨ïå ¥¥ â¥ç¥­¨ï á®áâ®ïâ ¨§ ¡®«ìè®-£® (æ¥­âà «ì­®£®) ¢¨åàï ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬ -«ëå ¢¨åà¥© ¢ ­¨¦­¨å ã£« å. � ¯®¬®éìî à §à ¡®-â ­­®£® ç¨á«¥­­®£®  «£®à¨â¬  ã¤ «®áì ­ ¡«î¤ âì®¡  ¢¨¤  ¢¨åà¥¢ëå ¤¢¨¦¥­¨©.�«ï ¬®¤¥«¨à®¢ ­¨ï ¡®«ìè®£® ¢¨åàï ¡ë«  ¯®-áâà®¥­  âà¨ ­£ã«ïæ¨ï ®¡« áâ¨, á®¤¥à¦ é ï 3542�. �. �®¬¨«ª®, �. �. �« ¯ ª 13
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�¨á. 2. �¢¨¦¥­¨¥ ¢ï§ª®© ¦¨¤ª®áâ¨ ¢¡«¨§¨­¨¦­¥£® ã£« ã§« , ®¡ê¥¤¨­¥­­ëå ¢ 7200 ¬ «ëå âà¥ã£®«ì­¨ª®¢(âà¥ã£®«ì­¨ª®¢ áª®à®áâ¨). �®«ãç¥­­ ï ª àâ¨­ â¥ç¥­¨ï ¢ï§ª®© ¦¨¤ª®áâ¨ ¨§®¡à ¦¥­  ­  à¨á. 1.�¥­âà ¡®«ìè®£® ¢¨åàï ¨¬¥¥â à áç¥â­ë¥ ª®®à¤¨-­ âë (0.0102, 0.0152). �â®â à¥§ã«ìâ â å®à®è® á®-£« áã¥âáï á ¤ ­­ë¬¨, ¯à¨¢¥¤¥­­ë¬¨ ¢ à ¡®â å[8 { 10] (á ãç¥â®¬ ¯®¯à ¢ª¨ ­  à §¬¥à ®¡« áâ¨).�«ï ­ ¡«î¤¥­¨ï ¨ ¨§ãç¥­¨ï ã£«®¢ëå ¢¨åà¥© ¯®-áâà®¥­­ ï âà¨ ­£ã«ïæ¨ï ¢á¥© ®¡« áâ¨ ï¢«ï¥âáïá«¨èª®¬ £àã¡®©. �®íâ®¬ã ¨á¯®«ì§®¢ «áï á«¥¤ãî-é¨© ¯à¨¥¬: ç¨á«¥­­® à¥è « áì ­®¢ ï § ¤ ç  ® ­ -å®¦¤¥­¨¨ ¢¥ªâ®à  áª®à®áâ¨ ¢ï§ª®© ¦¨¤ª®áâ¨, £¤¥ ¢ª ç¥áâ¢¥ ®¡« áâ¨ ¡à « áì ®ªà¥áâ­®áâì «¥¢®£® ­¨¦-­¥£® ã£«  (ª¢ ¤à â á® áâ®à®­ ¬¨ x=0, x=0:0024,y = 0, y= 0:0024),   ªà ¥¢ë¥ ãá«®¢¨ï (áª®à®áâì ­ £à ­¨æ¥) ®¯à¥¤¥«ï«¨áì ¨§ ­ ©¤¥­­®£® à ­¥¥ ¢¥ªâ®-à  áª®à®áâ¨ ¢ ¡®«ìè®© ®¡« áâ¨. � ª ï ¨¤¥ï à -­¥¥ ¨á¯®«ì§®¢ « áì, ­ ¯à¨¬¥à, ¢ [8] ¯à¨ ¯à¥®¤®«¥-­¨¨  ­ «®£¨ç­ëå âàã¤­®áâ¥©. �à¨ ­£ã«ïæ¨ï ­®-¢®© ã£«®¢®© ®¡« áâ¨ á®¤¥à¦¨â 3600 ã§«®¢, ®¡ê¥¤¨-­¥­­ëå ¢ 7200 ¬ «ëå âà¥ã£®«ì­¨ª®¢. � à¥§ã«ì-â â¥ ¢ëç¨á«¥­¨© ¡ë«  ¯®«ãç¥­  ª àâ¨­  â¥ç¥­¨ï,¯à¨¢¥¤¥­­ ï ­  à¨á. 2.� áç¥â­ë© æ¥­âà ã£«®¢®£® ¢¨åàï ¨¬¥¥â ª®®à¤¨-­ âë (0.00061, 0.00060). �â¨ ç¨á«  ¯à ªâ¨ç¥áª¨­¥ ®â«¨ç îâáï ®â à¥§ã«ìâ â , ¯®«ãç¥­­®£® ¢ [8].�®á«¥ â¥áâ¨à®¢ ­¨ï  «£®à¨â¬  ­  â¥ç¥­¨ïå®¡ëç­®© ¢ï§ª®© ¦¨¤ª®áâ¨ ¡ë«® ¯à®¢¥¤¥­® ¬®¤¥«¨-à®¢ ­¨¥ â¥ç¥­¨© ­¥«¨­¥©­®-¢ï§ª®© ¦¨¤ª®áâ¨ (à á-¯« ¢  ¯®«¨¯à®¯¨«¥­ ). �¥ç¥­¨¥ ¬®¤¥«¨à®¢ «®áì¯à¨ à §­ëå áª®à®áâïå ¢¥àå­¥© áâ¥­ª¨. �¤¨­ ¨§íää¥ªâ®¢, ¤¥¬®­áâà¨àãîé¨å ®â«¨ç¨¥ ¯®¢¥¤¥­¨ï­¥«¨­¥©­®-¢ï§ª®© ¦¨¤ª®áâ¨ ®â ¯®¢¥¤¥­¨ï ®¡ëç­®©¢ï§ª®© § ª«îç ¥âáï ¢ â®¬, çâ® ¯à¨ ¨§¬¥­¥­¨¨áª®à®áâ¨ ¤¢¨¦¥­¨ï ¢¥àå­¥© áâ¥­ª¨ æ¥­âà ¡®«ìè®-

�¨á. 3. � àâ¨­  â¥ç¥­¨ï à á¯« ¢  ¯®«¨¯à®¯¨«¥­ ¢¡«¨§¨ ã£«  ¯à¨ váâ = 1 ¬/á£® ¢¨åàï á¬¥é ¥âáï ¢ ¢¥àâ¨ª «ì­®¬ ­ ¯à ¢«¥­¨¨.� ­­ë¥ ® § ¢¨á¨¬®áâ¨ ¢¥àâ¨ª «ì­®© ª®®à¤¨­ âëæ¥­âà  ¡®«ìè®£® ¢¨åàï ®â áª®à®áâ¨ ¢¥àå­¥© áâ¥­-ª¨ ¯à¨¢¥¤¥­ë ­¨¦¥.� ¡«. 1. �®«®¦¥­¨¥ æ¥­âà  £« ¢­®£® ¢¨åàï ¯à¨â¥ç¥­¨¨ à á¯« ¢  ¯®«¨¯à®¯¨«¥­ áª®à®áâì áâ¥­ª¨ ª®®à¤¨­ â  æ¥­âà v=1 y=0.0151v=10 y=0.0160v=20 y=0.0161v=40 y=0.0163v=60 y=0.0158v=90 y=0.0154v=120 y=0.0154�¨¤­®, çâ® ¯à¨ ¬ «ëå áª®à®áâïå ª®®à¤¨­ âëæ¥­âà  ¢¨åàï ¯®çâ¨ á®¢¯ ¤ îâ á ¤ ­­ë¬¨ ¯® ¢ï§-ª®© ¦¨¤ª®áâ¨, § â¥¬ ¯à¨ ã¢¥«¨ç¥­¨¨ áª®à®áâ¨áâ¥­ª¨ ¤® váâ = 40 æ¥­âà ¢¨åàï ¯®¤­¨¬ ¥âáï ¤®y = 0:0163,   ¯à¨ ¤ «ì­¥©è¥¬ ã¢¥«¨ç¥­¨¨ áª®à®-áâ¨ æ¥­âà ¢¨åàï ®¯ãáª ¥âáï ¤® y = 0:0154. � ª®¥ï¢«¥­¨¥ ®¡êïá­ï¥âáï, ¢¨¤¨¬®, â¥¬, çâ® ¢®-¯¥à¢ëå,íää¥ªâë ­¥«¨­¥©­®áâ¨ ­ ç¨­ îâ ¯à®ï¢«ïâìáï ­¥áà §ã,   «¨èì ¯à¨ ¤®áâ â®ç­®¬ ã¢¥«¨ç¥­¨¨ £à -¤¨¥­â  áª®à®áâ¨, ¨ ¢®-¢â®àëå, ¯à¨ ã¢¥«¨ç¥­¨¨âà ¤¨¥­â  á¢ëè¥ ®¯à¥¤¥«¥­­®© ¢¥«¨ç¨­ë äã­ªæ¨ï¢ï§ª®áâ¨ áâ ­®¢¨âáï ¯®çâ¨ ¯®áâ®ï­­®©, ¨ íää¥ª-âë ­¥«¨­¥©­®áâ¨ ã¬¥­ìè îâáï.� ª¦¥ ¯à®¢®¤¨«®áì ¨§ãç¥­¨¥ ¢¨åà¥¢ëå ¤¢¨¦¥-­¨© ¢¡«¨§¨ ­¨¦­¥£® «¥¢®£® ã£« . �®«ãç¥­­ë¥ ª à-â¨­ë â¥ç¥­¨© ¯à¨ à §«¨ç­ëå áª®à®áâïå ¢¥àå­¥©áâ¥­ª¨ ¯à¥¤áâ ¢«¥­ë ­  à¨á. 3, 4.�âç¥â«¨¢® ¢¨¤­®, ª ª ¯à¨ ã¢¥«¨ç¥­¨¨ áª®à®áâ¨¢¥àå­¥© áâ¥­ª¨ ã£«®¢®© ¢¨åàì ¨§¬¥­ï¥â á¢®î ä®à-14 �. �. �®¬¨«ª®, �. �. �« ¯ ª
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�¨á. 4. � àâ¨­  â¥ç¥­¨ï à á¯« ¢  ¯®«¨¯à®¯¨«¥­ ¢¡«¨§¨ ã£«  ¯à¨ váâ = 40 ¬/á¬ã,   ¥£® æ¥­âà á¬¥é ¥âáï ¢¯à ¢®-¢­¨§.�����������á¯®«ì§®¢ ­­ë© ¯®¤å®¤ ­  ®á­®¢¥  «£®à¨â¬ à áè¨à¥­­®£® � £à ­¦¨ ­  ¨ ¬¥â®¤  ª®­¥ç­ëåí«¥¬¥­â®¢ ¯®ª § « ¢ëá®ªãî â®ç­®áâì à ¡®âë. �£®¯à¨¬¥­¥­¨¥ ¤«ï ­ å®¦¤¥­¨ï â¥ç¥­¨© ¢ ¯®«®áâ¨ª¢ ¤à â­®© ä®à¬ë ¯®§¢®«¨«® ­ ¡«î¤ âì ¢¨åà¥-¢ë¥ ¤¢¨¦¥­¨ï ¢ ­¥«¨­¥©­®-¢ï§ª®© ¦¨¤ª®áâ¨. �à®- ­ «¨§¨à®¢ ­  § ¢¨á¨¬®áâì ¯®«®¦¥­¨ï ¨ ä®à¬ë¢¨åà¥© ®â áª®à®áâ¨ ¢¥àå­¥© áâ¥­ª¨. �à¥¤«®¦¥­-

­ë©  «£®à¨â¬ ¯à¨¬¥­¨¬ ¤«ï à¥è¥­¨ï § ¤ ç ¢®¡« áâ¨ ¯à ªâ¨ç¥áª¨ «î¡®© ä®à¬ë, çâ® ¤¥« ¥â ¥£®ã¤®¡­ë¬ ¨­áâàã¬¥­â®¬ ¤«ï à¥è¥­¨ï ¬­®£¨å ¯à¨-ª« ¤­ëå § ¤ ç.1. �®©æï­áª¨© �. �. �¥å ­¨ª  ¦¨¤ª®áâ¨ ¨ £ § .{ �:� ãª , 1970.{ 848 á.2. �¨â¢¨­®¢ �. �. �¢¨¦¥­¨¥ ­¥«¨­¥©­®-¢ï§ª®©¦¨¤ª®áâ¨.{ �: � ãª , 1982.{ 376 á.3. Belonosov, M. S., Litvinov, W. G. Finite ElementMethods for Nonlinearly Viscous Fluids // ZAMM.{76, N 6.{ 1996.{ P. 307{320.4. Panteleyev A. D., Gogaev K. A. Mathematical simu-lation and identi�cation of the material forming pro-cess under extrusion // ��� �ªà ù­¨.{ 1997.{ N 8.{P. 70{77.5. �¥¬ ¬ �. �à ¢­¥­¨ï � ¢ì¥{�â®ªá . �¥®à¨ï ¨ ç¨-á«¥­­ë©  ­ «¨§.{ �: �¨à, 1981.{ 408 á.6. Gunzburger, M. Mathematical aspects of �nite el-ement methods for incompressible viscous 
uids //Finite element theory and application, Proc. ICASEFinite element Theory and Application.{ WorkshopHeld in Hampton, Virginia, July 28{30, 1986.{Springer{Verlag 1988.{ P. 124{150.7. � ¤ë¦¥­áª ï �.�. � â¥¬ â¨ç¥áª¨¥ ¢®¯à®áë ¤¨-­ ¬¨ª¨ ¢ï§ª®© ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨.{ �: � ãª ,1970.{ 288 á.8. Pan F., Acrivos A. Steady 
ows in rectangular cavi-ties // J. Fluid Mech.{ 1967.{ 28, N 4.{ P. 643{655.9. Shankar, P. N. The eddy structure in Stokes 
ow fora cavity // J. Fluid Mech.{ 1993.{ 250.{ P. 371{383.10. �à÷­ç¥­ª® �. �., �á õ¢  �. �., �¥«¥èª® �. �. �¢®-¢¨¬÷à­  â¥ç÷ï ¢'ï§ª®ù à÷¤¨­¨ ã ¯àï¬®ªãâ­÷© ¯®à®¦-­¨­÷ ¯à¨ ¬ «®¬ã ç¨á«÷ �¥©­®«ì¤á  // ��� ����.{1991.{ N 6.{ �. 64{70.
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