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SERGEY YA. MAKHNO AND IRINA A. YERISOVA

LIMIT THEOREMS FOR BACKWARD STOCHASTIC EQUATIONS

Consider a weak convergence in the Meyer—Zheng topology of solutions of a backward
stochastic equation in the form

YE(t) = E{ge (XG(T))—I—/tT re (S,Xe(s),Ye(s))ds

as € — 0 for different classes of random processes X €(t) with the irregular dependence
on the parameter €. The equations for the limit process are obtained.

1. INTRODUCTION.

Backward stochastic differential equations of the form
T
Y=o XD+ [ 16, X6) s [ 2w )
t
X(t) —x—i—/ b(s, X ( ))ds—l—/ a(s, X (s))dW (s),
0

where W(s) is a Wiener process, have been introduced by E. Pardoux and S. Peng
[14,15], who proved the existence and uniqueness of a 7" adapted solution. That is, the
solutions of the equations are strong solutions. The aim of the authors was to describe
a solution of a second-order quasilinear partial equation in probabilistic terms. Due to
such stochastic representation of the solution of a quasilinear partial equation, the study
of the limit behavior of backward stochastic differential equations allows us to develop a
theory of the limit behavior of the corresponding partial equations. The limit behavior
of stochastic systems when coefficients of the process X (¢) and a function f are of the
form h(%) or L1h(Z), where € is a small parameter and h(z) is a periodic function, was
studied in [3,12,13,16] as € — 0.

Here, we continue this investigation in several directions. First, following [2], we write
the equation for the processes Y ¢ in another form. This will allow us to consider weak
solutions of the processes X¢(t). Second, the coefficients of the processes X¢(t) may
depend on the parameter € in any way. This dependence can be irregular: we do not
assume that the coefficients have limits as € — 0, they may tend to infinity as ¢ — 0 or
may have no limit at all. Third, the coefficients for the processes Y¢(¢) will also depend
on a small parameter. The functions g¢(z) will converge uniformly on compact sets, and
the functions f€(¢,z,y) will have limit in the space of summable functions.

The paper is organized as follows. In this section, we introduce our notation and
assumptions. The limit result for the processes Y(t) is proved in Section 2. The identi-
fication of the limit processes for different classes is realized in Sections 3-5. 5. For this,
we will use the method developed in [12,13,16].
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Let RP be a p-dimensional Euclidean space. By D([0,T]; R?), we denote the space of
cadlag (right-continuous with left-hand limits) functions z(t),¢ € [0,7]. On this space,
we consider the Skorokhod topology [1, part 3] and the Meyer—Zheng topology [11,2].

For weak convergence in these topologies, we use the notation =2 and M:_>Z, respectively.
Let Q = D([0,T); R%) x D([0,T]; R™), F be the o-algebra of Borel subsets of this set,
(Q, F, P) be a probability space, and E be a symbol of expectation. If £(t), t € [0,T],
is a random process, then F¢ is the smallest filtration generated by £(s), s € [0,t]. The
notation L,([0,T] x K) has a standard sense of the space of p-order integrable functions
on [0,7] x K with the norm || - ||z (jo,7]x k). In this paper, we denote, by C, different
constants independent of €, and I(A) is the indicator of an event A.
We consider solutions of backward stochastic equations (BSE) in the form

Y(t) = E |:ge (XE(T)) + /1t : fe (s X<(s), Ye(s)) ds

and investigate their weak convergence as e — 0. Let the process X<(¢) in (1.1) be
a cadlag process with values in D([0,7]; RY), and let the process Y¢(t) be a cadlag
process with values in D([0,T]; R™). The measure corresponding to the process X ¢ on
D(]0,T]; R™) is denoted by p¢, and the measure corresponding to the process Y€ on
D([0,T]; R™) is denoted by Q€. Following [2], we define the strong solution of (1.1) as a
process Y¢(t) such that, for any € > 0,

ftxe} (1.1)

E|g«(X(T))| + E/o ds < o0,

and (1.1) is valid.
For the processes X¢(t), we suppose that the following condition (I) is satisfied:
Condition (I):

ro(sx .7 )

I. pe N 1, and let the process X (t) correspond to the measure p.
I,. Let X¢(0) =z, and let the moment estimates

E sup |Xt)*+E sup | X)) <C
te[0,T te[0,T]

be valid.
I3. Krylov’s estimates for the processes X¢(t) and X (¢)

E/OT h(t,Xf(t))‘dHE/oT

are fulfilled.

h(t,xw) \dt < Clhllss o110

We introduce the conditions for the coefficients in Eq. (1.1).
Condition (II). For measurable functions ¢¢(z) and f€(¢,z,y) :

11, |g°(2)| < C(1 + o).
I, |f<(t,a,y)| < CO+ lyl).
Iy |fe(t,2,52) — f<(t 2 y1)| < Clyz — wil.

Condition (III): There exist a continuous function g(z) and a measurable function
f(t,z,y) such that

IIT. For any compact K € R?, limsup,¢ g |9¢(z) — g(z)| = 0.
III,. For fixed y € R™ and any compact K € R?,



LIMIT THEOREMS FOR BACKWARD STOCHASTIC EQUATIONS 95

lime_.o er(a K y) - f(a K y)||Ld+1([0,T]><K) = 0.
I1I3. For the functions g(x) and f(t, z,y), condition (IT) is valid, if the symbol € is

omitted.

It was proved in [2, Proposition 2.1] that, under conditions (II) and Iy for any € > 0,
there exists a strong solution of Eq. (1.1), and this solution is unique.

2. LIMIT FOR Y€

Consider the strong solutions of Eq. (1.1). The main result of this section is Theorem
1.
Theorem 1. Suppose that conditions (I), (II), and (III) are satisfied. Then there exist

a subsequence Q% of Q¢ and a probability law Q on D([0,T]; R™) such that Q* Mg Q,
and, for corresponding process Y (t), we have

Y(t) —E[g(X(T)>+/tTf(s,X(s),Y( )>ds

Proof. We will prove the theorem in several steps.
Step 1). As the constants in conditions (I) and (II) do not depend on €, we can obtain
the following estimate [2, proof of Proposition 2.1] (cf. Corollary 1 below):

E sup |[Y(t)|* <C. (2.2)
te[0,T]

fX’Y} (2.1)

Step 2). We verify that this sequence is relatively compact in the Meyer—Zheng topology.
To prove this, we use a result from [11, Theorem 4]. For a subdivision 0 = tg < t; <
.. <tp, =T, we define

Va(y) = EW€|+§:‘[( () =700 |7

Using estimates (2.2) and the conditions of the theorem, we get

Va(Y) = Bl (T HZ#[[“ o X0 (s 7 <

smwaw+EA F4(s, X(), Y<(5))|ds < E|Y<(T)|+

+ c/T E(1+ [Y¥(s)|)ds < C.
0

Then there exists a subsequence of Q¢ which converges weakly to the law @ in the Meyer—
Zheng topology on D([0,T]; R™). We denote this subsequence by Q€ again, and let Y (¢)
be a process on D([0,T]; R™) corresponding to the measure Q.

Step 3). Let t € [0,T], G(t) € D([0,T]; R™), k € [0,00), and let Gx(t) = G(t)((k+1—
|G(t)))* A1), where a™ = a V0 and V, A are the symbols of max and min, respectively.
It is relevant to remark that

1GL()] < [G(®)] and |G(t) = Gr(t)] = |G (GE)] > F).

For | > k, we denote U, ;(t) = |G;(t) — Gk (t)]. It is not difficult to check that the sequence
Ui 1(t) monotonically increases in [, and

lim Ura(t) = [G(1) = Gl
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Introduce the functional
TA(t46)
N s(G) = 5*1/ G(s)ds.
t
The functionals Ny 5(Gy) and Ny 5(U; i) are bounded and continuous in the Meyer—Zheng

topology [2].
Step 4). In virtue of step 3),

EY<(t) = Yi®)| = ElY (O)yvensr < (EIYg(t)I2>§P{|Y€(t)| > ki

From this, estimate (2.2), and the Chebyshev inequality, we have

sup sup E|Y(t) — YE(t)| < Ck™2 (2.3)
€ te€[0,T]
and
lim sup sup E|Y(t) — Y (¢)| = 0. (2.4)

k—oo ¢ te[0,T)
Step 5). As the process Y (t) belongs to D(R™), we use the Fatou’s lemma and obtain

t46

EY(t) = Yal) =Elim= | [Y(s) = Yu(s)lds <
510 0 J,

1 t+6
<limsoB5 [ V() - Yi(o)lds
t

We continue the last inequality by the theorem on monotone convergence and the prop-
erty of continuity of the functional Ny 5(U; ) from step 3). Then

1 t+6
EIY () = Yu(0)] < ligyo lim B [ Vi(s) = Yi(o)lds =
oo 0 J,
1 t+3
= limgyo lim i B [ 1V (s) = (o).
From this and (2.3), we get
lim E|Y () — Yi(¢)| = 0. (2.5)
k—o0
Now we show that the limit process Y (¢) is uniformly integrable. From the inequality
Y(0)] < [Y(t) = Ye(@)] + [Y(t) = Nes (Vi) | 4 [Nes (Vi)
by using the continuity in the Meyer—Zheng topology of the functional N; s(|Zx|), we get
EIY (1) < BIY (1) = Ye(0) + BIYi(t) = N s(Vo)| + lim BNy s([Y;).

By virtue of (2.2),

EIY (1) < EY(t) - Yi(t)] + Fx

t+48
: /t " V() - Ya(s))ds| v

Approaching the limit as 6 — 0 in this inequality and taking (2.5) into account, we have
ElY(t)] <C. (2.6)
Take (2.5) and step 3) into account, we get the uniform integrability of the process Y (t):
lim sup E|Y(@)I(|Y(t)| > k)= lim sup E|Y(t)—Yi(t)] =0. (2.7)

T k=00 tef0,1)

k=00 4el0,17

s
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]—‘txe)‘< c( +5> (2.8)

| (o) - mstv| 725 ) |< v - v+ g [ BV

We now prove that

E‘E([Y,;(t) — N5 (V)]

We have

viollas+ 5 [ t+5E‘E{[Y€(t) RO (2.9)
Next, relation (1.1) yields
p{ve - vl b= [ B,y o
From this and (2.2), we get
E‘E{[Ye(t)—Yﬁ(s)] : }‘g CE/tSE{(1+|Y€(u)|) }dug 210

< c/s E(1 + |V (w)|)du < C(s — ).

Inequality (2.8) follows from (2.9), (2.3), and (2.10).

Step 6). Let ®;(z,y) be a bounded continuous functional on D([0,]; RY) x D([0,1];
R™) equipped with a product of the Skorokhod topology on the first factor and the
Meyer—Zheng topology on the second factor. As follows from (1.1) for any such functional,

E®(XY)Y() - g°(X(T)) —/1t f(s,X(5),Y*(s))ds] = 0.

We rewrite the left-hand side of the last equality as

3 T
S+ BO(X, Y)Y (1) — g(X(T)) - / s, X(5),Y(s))ds] =0, (211
k=1 t

where
Ji = E[Qu(X Y)Y (t) — 2 (X, Y)Y (2)],

J3 = E[®(X,Y)g(X(T)) — (X, Y)g°(X(T))],

J5 = B[,(X,Y) / F(5, X (5), Y (5))ds—

T
- q»t(xe,m/ F4(5, X (), Y(s))ds],
t
and estimate each of J;. The expression for Jj can be represented in the form

6
=N Jf A+ Jr e+ s, (2.12)

i=4

where
Jy = E[®(X Y)Y (1) - Y ()],

Jsf = E® (X Y)Y (1) — Nes(Yy)],

= Ed,(X°, YE)Nt s(YE) — EDy(X, Y)Ntﬁ(yk),
J7 = E®(X,Y) [Nt s(Yr) — Ya(t)],

= E®(X,Y)[Yi(t) - Y(2)].

Y
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Relations (2.4) and (2.5) yield

klirlgo s161p |[Ji] =0 (2.13)
and
lim |Jg] =0. (2.14)
From (2.8), we get
klingo %iﬁ)lsgp |J5| = 0. (2.15)

In view of the weak convergence of (X¢,Y°) to (X,Y),
lim |.J§| = 0. (2.16)

As with probability one, lims o Ny 5(Y%) = Yi(t), and Yi(t) are uniformly bounded on ¢,
we have
151&)1 |J7| = 0. (2.17)
Approaching the limit in (2.12) firstly as € — 0, then as § — 0, and then as k — oo, we
get, by virtue (2.13)—(2.17):
lir% |Ji] = 0. (2.18)
Before the estimation of J§, we introduce the continuous functions ry(x) : 0 < ry(x)
ry(x) =11if || < N and ry(z) = 0if |z] > N + 1 and define gn(z) = g(
expression J5 can be presented as the sum
Js = J§ + Jio + Ji + Jiz, (2.19)
where
Jg = E®(XY)[g(X(T)) — g"(X(T))],
Jio = E®(XY)[gn (X(T)) — g(X(T))],
Ji = E[®(X, Y )gn (X(T)) = ®o(X, Y )gn (X(T))],
Ji2 = E®(X,Y)[g(X(T)) — gn(X(T))].
Using the estimate from I5, it is not difficult to get that, for any K,
€ € € € € C
5] < CE|g(X(T) = g*(X(T)HIX (D) < N) + -
Taking the limits in the last formula firstly in € — 0 and then in N — oo, we have, by

condition IT1y,
liH(l) |Js| = 0. (2.20)

As |g(z) — gn ()] < |g(x)|I(|x] > N), estimate Iy and the Chebyshev inequality yield

. C
Slﬁlp |50l < N2

From this, we have
lim sup|Jig| = 0. (2.21)
N—oo ¢

Similarly,

From the weak convergence (X, Y ) to (X,Y), we get
lim |/, = 0. (2.23)

From (2.19)—(2.23), we conclude
lim J5 = 0. (2.24)
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To estimate J5, we will do some constructions. Let R(a; A) = {y : [y—a| < A} be a ball of

radius A with its center at the point a. In R(0; N), we introduce a d-net {y1,y2, ..., ym} :
lyit1 — yi] <9 and a family of functions ¢;(y) with the properties:

a) ¢i(y) >0 and ¢;(y) =0 outside R(y;,0),

M
b D aily
i=1
¢) qi(y) are differentiable functions on y € R(0; N).

For the function g(t,x,y), we define the function

gns(t,z,y) = Z(b 9(t, z, yi)-

From this and condition I13, we get, for any ¢t € [0,T], x € R?, and y € R™,

fe(t 2, y) — fNatxy|<Zqz Ntz y) = f(tm,05)] <

= (2.25)
< .
Similarly, we have
|f(t,z,y) = fns(t,z,y)| < OO (2.26)

Due to the convolution for the function f(¢,z,y), we can define a sequence of continuous
functions £ (t,,y) bounded for each n and such that

1m (1) = SO )l Loty = 0
for any y € R™. From this, we get
Tim 1 fns( 0 9) = SN G 9l g om0y = O- (2:27)
Then we rewrite the expression for J$ in the form
J3 = Tz + Jia + Jis + Jig + Jir + Jis + Jio, (2.28)

where
T
Jiy = BBy(X,Y°) / 55, X5(5), Y¥(5)) — £¥(s, X(s), Y*(5))]ds,
Jiy = BBy(X, V) / Frva(s, X<(), YE(5)) — £i0.5(5. X5(5), V()] x
X T (X¢(s))ds,

Ji = E®,(X4,Y) / (s, X5(5), () — (8 X5(5), Y(5))] X
X (1 - ric(X(s)))ds,

T
Jis = E®,(X4,Y) / £ (5, X<(), YE(5)) — Fov.o(5, X<(), Y¥(5))]ds,
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T
Ji = E&,(X,Y) / )5, X (5), Y (5))ds—
t
T
E®,(X,Y°) / (s, X¥(5), Y(3))]ds,
t
T
Jis = E&,(X,Y) / Frs(s X(5), Y (5)) — F&5(5 X (5), Y (5))]ds
t

Jio = B®,(X,Y) / [£(5, X (5),Y(5) — fv.s(s, X (s), Y (5))]ds.

By (2.25) and (2.26,) we have

sup |Jis] + |Ji9] < Co. (2.29)
In view of Krylov’s estimate I3, we get
M
|J1€4| < CZ ||f(7 791) - fe('a ) yi)||Ld+1([0,T]><K)- (230)
i=1
Similarly,
M
|J166| < CZ ||f(n)(a K yi) - f(a K yi)||Ld+1([0,T]><Rd) (2'31)
i=1
and
M
|J18| < CZ ||f(7 7y’b) - f(n)(a " yi)||Ld+1([0,T]><Rd)' (232)
i=1
From conditions of the theorem and from estimate I, we get
T CM
5l <CM [ BQ X DIXG)| > K)ds < (2.33)
t

As X< = X, Ye =4 Y, and the functional ®¢(x(-),y(-)) ftT f](\;%(:c(s),y(s))ds is con-
tinuous in the corresponding topologies,

liH(l) |J37] = 0. (2.34)
Finally, we have
M
|J§| <Co+ CZ ||fe(a * y’t) - f(7 7y7,)||Ld+1([0,T]><K)+
i=1

al cM
+CY NFCwi) = F ¥ Laga (0, 135R9) + Tz T 11l
i=1
Approaching the limit in this inequality firstly as e — 0, then as n — oo, K — 0o, and

§ — 0, we have, by (2.29)—(2.34),
lim J5 = 0. (2.35)

From (2.11), (2.8), (2.24), and (2.35), we obtain
E®y(X, Y)Y (t) - g(X(T)) —/t f(s,X(5), Y (s))ds] = 0. (2.36)

From this, we get (2.1). The theorem is proved.
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Corollary 1. Under the conditions of Theorem 1,

E sup |[Y(t)]* <C. (2.37)
t€[0,T]
Proof. From (2.1), we have
sup [Y(t)] <
t€[0,T]
r XY

< s B(laCETN+ [ 176 X0V ()l 75 ) <

te[0,T] t

FX,Y)
; .
As Elg(X(T))| +Ef0T [f(s,X(s),Y(s))|ds < C, we can use Doob’s inequality and obtain

Etes[l(l)%] Y (®)l S4E<|9(X(T)| +|/0 f(s, X(5), Y (s))ds| )S

T
<C(+ E sup |Y(u)|2ds>.
0 u€l0,s]

The Gronwall’s lemma yields (2.37).

Corollary 2. Under the conditions of Theorem 1, the process Y (t) admits the decom-
position in the following form

Y(t)=g(X(T))+ /t f(s,X(s),Y(s))ds — M(T) + M(t), (2.38)

where (M(t), F;X¥') is a square integrable martingale, and EM(t) = 0.
Proof. We define

M(t) = E[g<X(T)>+/OTf(s,X(s),Y(s))ds

v Tf(s,x<s>,Y<s>)ds]

The required assertion follows from (2.1) and Corollary 1.

fthY] ) [g <X(T)> -

3. It EQUATION WITH COEFFICIENTS BOUNDED ON €.

In this section, we consider one-dimensional processes X¢(t), because the conditions

for weak convergence p° = 1 have a very simple form in this case. The multidimensional
case was considered in [6,7,10]. Let X(¢) in Eq. (1.1) be a solution of the one-dimensional
stochastic equation

Xe(t) =z + / 5 (5, X¥(5)) + B (X(s))]ds + / of(s, Xe(s))dw,  (3.1)

where w(t) is the standard Wiener process. We consider a weak solution of this equation
and introduce the conditions for the coefficients of (3.1). Let the constants 0 < A < A <
oo be given. We say that a pair of measurable functions (f(t, ), g(t,z)) € L(A,A) if

[f(t,2)] + 19t 2)| <A, g(t,2) = A (3.2)
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For the coefficients of Eq. (3.1), we suppose that
(b5 + b5, a%) € LN A), (3.3)

where a¢(z) := (0¢(2))?.

Introduce the following condition.

Condition (IV). There exist the measurable functions by (¢, x), ba(z), G¢(x), and
G(z) such that, for any compact K € R,

IVi. lime o ||b§ = b1l 2y (10,77:5) = 0, lime o [|a® — G| ,(j0,77:5) = O,

IV,. For any = € R lim._¢ fom gze((z)) dy = fo ba(y)dy,

hme—>0 fox Gel(y) fo dy7
IVs. (by+%,G) € LA A).

In [7, Theorem 4], it was proved that if (3.3) and condition (IV) are valid, then
e N u, and the limit process X (¢) is a solution of the equation

¢ ¢
X(t)== —I—/ B(s, X(s))ds —I—/ o(X(s))dw,

0 0
— b2 (x) — _ 1
where B(s, ) = bi(s,2) + G5, o(x) = R

Theorem 2. Let the processes X(t), Y be defined by Egs. (5.1) and (1.1). Sup-

“(t
pose that (3.3) and conditions (II), (III), and (IV) are fulfilled. Then Q€ E=JNe}
and there exist the Wiener process (w(t), F;©'¥) and a process (Z(t), F;°") such that
EfOT |Z|?(t)dt < oo and

\_/

X(t)=x+/0 B(s,X(s))ds+/0 o (X (5))d, (3.4)

Y(t)zg(X(T)H—/t f(s,X(s),Y(s))ds—/t Z(s)di(s). (3.5)

Proof. To use Theorem 1, we must verify condition (I). The property I; is valid in view of
the noted above [7, Theorem 4]. Estimate I under condition (3.3) is a standard estimate
from the theory of It stochastic equations. See, for example, [5. Corollary 2.5.12]. The
estimate from I3 is a result of [5, chapter 2]. Therefore, Theorem 1 may be employed.
After the extraction of a suitable sequence, which we omit as an abuse notation, we have
that u¢ =N u and Q¢ =3 Q. Let ®(x,y) be a functional as in step 6) in the proof of
Theorem 1. Since Y¢(t) is a strong (F;¥ - measurable) solution of Eq. (1.1), it is proved
in [6, proof of Theorem 1] that, for any infinitely differentiable function with a compact
support ¢(z),

li 0 (X, 1) 60X (5) = 6(X°(0)-
o - (3.6)
- [ (6 e @nBee @)+ 36" (X @ir e Jau] <o

From this,

_l_

E®,(X.Y) [¢<X<s>> - o) - [ S (¢’ (X () Bu, X (u))

+ 30 CCaCX ) Jdu] 0
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Passing to the limit causes no difficulty if the functions b(x), a(z) are continuous func-
tions. For only measurable functions, the passing to the limit proves by Krylov’s estimate
as for I§ in the proof of Theorem 1. From [17, Theorem 4.5.1], we have that there exists
a Wiener process (w(t), F;" ) such that (3.4) is valid.

Let (Y(t), Z(t)) be a unique solution of BSE [2,13,14]

Y(t)zg(X(T)H—/t f(s,X(s),Y(s))ds—/t Z(s)di(s). (3.7)

We denote M (t) = fot Z(s)dw(s). From (2.38) and (3.7), we conclude that

Y(t)-Y(t) :/1t [f(5,X(s5),Y(s)) — f(s5,X(s), Y (s))]ds+
+(M(t) — M(t) + (M(T) — M(T)).

From It6’s formula for semimartingales,

E(Y(t) ~ Y(1)) + E[M — M)y — E[M — I}, = E / (5. X(s), Y (5)) -

T
= f(5, X(s5), Y(s))(Y (s) = Y(s))ds < C/t BY (s) = Y (s)[*ds.

Hence, from Gronwall’s lemma for all ¢ € [0, 7], the processes Y (t) = Y (¢) and M (t) =

M (t). By the unique solution of Eq. (3.5), we conclude that all sequence Q¢ Mg Q.
The theorem is proved.

4. ITO0 EQUATION WITH DRIFT UNBOUNDED ON €

Let X<(t) in Eq. (1.1) be a solution of the one-dimensional stochastic equation

y=z+ [ b(X(s))ds + tof(Xf(s))dw, (4.1)
Jor s |

where w(t) is a standard Wiener process. We consider a weak solution of this equation
and introduce conditions for the coefficients of (4.1). For the constant A > 0,

0< A< af(z) = (0°(x))? < C. (4.2)

T pe
‘/ () dy‘g C. (4.3)
0 a“(y)
Under these restrictions, the coefficients b°(x) may not be bounded at certain points
and tend to infinity as € — 0 or may not have a limit at all. The limit process for the
processes X €(t) may be also a solution of the Itd stochastic equation or may change its

type and be a solution of the stochastic equation with a local time. In this section, we
consider the case of the It6 equation for the limit process.

o H%Fwﬁﬁéfgw}e iy

_ . b(z) — b°(z) }
0 =2 [ wo)| [ e ol
o [T aly) —a W)+ (B(w) ]2
= / Hwatw) 7
where the prime denotes a derivative, and introduce conditions («) and (3).

And, for any = € R',

We set




104 SERGEY YA. MAKHNO AND IRINA A. YERISOVA

Condition (). There exist a measurable bounded function b(x) and a constant (3
such that, for any x € R!, lim._o 8¢(x) = 0.

Condition («). There exists a measurable bounded function a(z) > A such that, for
any z € RY, lim._a(z) = 0.

We note that the limit functions b(z), a(x) and the constant 3 are uniquely determined
by conditions (3) and («) [8, Lemma 3.2]. In [8, Theorem 1], it is proved that if (4.2) and
(4.3) are satisfied, then conditions (o) and (3) are necessary and sufficient conditions for

e N u, and X (t) is the unique weak solution of the stochastic equation

X(t) = a:—i—/o b(X(s))ds—l—/O Va(X(s))dw. (4.4)

Theorem 3. Let processes X€(t), Y¢(t) be defined by Fqs. (4.1) and (1.1). Suppose

that (4.2), (4.3) and conditions (II), (I1I), (a), and (B) are fulfilled. Then Q¢ Mg Q,
and there exist the Wiener process (w(t), F;*¥) and a process (Z(t), F;*'Y) such that
E [[|Z]2(t)dt < oo and

X(t) =z + / b(X (s))ds + /0 Va(X(s))dw, (4.5)

0
Y(t) = g(X(T)) + t f(saX(S),Y(S))dS—/t Z(s)dw(s). (4.6)

Proof. The proof of this theorem is completely analogous to that of Theorem 2, and we
only indicate where the corresponding results were proved. Property I is valid in view
of the noted above [8, Theorem 1]. The estimate from I follows from the same estimate
in [8, Lemma 3.5]. The Krylov’s estimate for the process X€(¢) is a result of [8, Lemma
3.7]. The analog of formula (3.6) is formula (1.3) in [8]. Theorem is proved.

As an example of the use of Theorem 3, we consider the solutions of stochastic equa-

o R e e G o

In contrast to [3,12,14], we do not assume that b(x), a(z) are periodic functions. Let the
following limits exist:

x y
lim l/ exp{—2/ Mdz}dy =By >0, (4.8)
lz|—o0 T Jo o a(?)

‘Il‘iinoo é /OI @exp{2/oy %dz}dy =By > 0. (4.9)

It can easily be verified that conditions () and () are satisfied with the function b(z) = 0
and a constant 3 : 268+ 1= By', a(x) = (B1B2)~!. In this case, (4.5) takes the form

X(t) =2+ (B1Bs) w(t).

Let us consider Eq.(4.7) under another assumptions,
/ *° ‘ b(x)
—ool ()

. 1 [% dy
lim —/ —— =A>0. 4.11
o a(y) ( )

|z| =00 T

G
dr < oo, /_OO ﬁdx =0, (4.10)

alx

and let there exist
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In this case, conditions (3) and («) are satisfied with the function b(z) = 0 and a constant

B
28+ 1 = eXp{Z/OOO %dy},

a(z) = A71. In this case, (4.5) takes the form

I
Xt)=z+ \/—Zw(t).

5. LIMIT PROCESS CHANGES TYPE

We now consider the stochastic equation (4.1) under conditions (4.2) and (4.3), but
we introduce another suppositions for the coefficients of the equation. In this case, the
limit process is the solution of a stochastic equation with local time. We will use notation
from Section 4. Let h; > 0, i = 1,2 be some fixed constants. Suppose

{ hiz, if x <0;

iy 1) = h@) =\ e it 0 > 0

e—0

(5.1)

Under condition (4.3), the limit in (5.1) exists uniformly on compacts. As h¢(z) is a mono-
tonically increasing function on z, there exists an inverse function A“(z) : A¢(h¢(z)) = =.
Then lim,_,g A°(z) = A(z) uniformly on compacts, and A(z) is an inverse function to the
function h(z). By Dh(x), we denote symmetric derivatives of the function h(zx):

Dhz) = %iH(l) h(x + 5)2—5/1(3: —0)

and introduce the following condition: for any z € R!,

e 1 k 1
lim/ —d :/7d. 5.2
=0 Jo Hewarn) ™~ Jy aly)Dhiy) ™ 2
Let X (t) be a weak solution of the equation
¢
X(t):x—i—ﬂLX(t,O)—i—/ o(X (s))dw. (5.3)
0

It follows from [4, Theorem 4.35] that Eq. (5.3) has the unique weak solution.

In [9, Theorem], it is proved that if (4.2), (4.3,) and (5.1) are satisfied, then conditions
(5.2) and
hy — hs
hi =+ he
are necessary and sufficient conditions for p° N u, and X (t) is the unique weak solution
of the stochastic equation (5.3).
Theorem 4. Let the processes X¢(t), Y(t) be defined by Eqs. (4.1) and (1.1). Suppose
that (4.2), (4.3), (5.1), (5.2), (5.4), (II), and (III) are fulfilled. Moreover, the function

f(t,z,y) is continuous on x. Then Q° = Q, and there exist the Wiener process
(w(t), F*Y) and a process (Z(t), F*Y) such that EfOT |Z|?(t)dt < oo and

8=

(5.4)

X(t) = @ + BLX(1,0) +/0 Ja(X(5))dio (5.5)

Y(t)zg(X(T)H—/t f(s,X(s),Y(s))ds—/t Z(s)di(s). (5.6)
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Proof. We use Theorem 3 in the proof of Theorem 4. Let n°(t) = h*(X<(¢)). Then, by

the It6 formula,
t

7 (1) = n°(0) + / 5 (0 (3)) duw, (5.7)

where 6¢(z) = H¢(A“(z))o¢(A\(x)). By using the one-to-one correspondence of the pro-
cesses X (t) and n°(t), we get FX = .7-'[76, and (1.1) yields

v - elg (vm)+ [ e (577060, 7°(0) ) s

In this formula, §¢(z) = ¢°(A\(z)) and f(t,z,y) = f(t,A(z),y). The stochastic system
(5.7), (5.8) has the same type as (4.1), (1.1). To prove the theorem, we verify the
conditions of Theorem 3. According to the conditions of Theorem and the properties
of the functions h¢(z), H¢(x), A°(x) and A(x), we have that, uniformly on compacts,
lime_0 g¢(A(z)) = g(A(x)) and, for any compact K,

llj)% er(a ay) - f(a /\()ay)”Lz([O,T]XK) =0.

]-'[’6}. (5.8)

Hence, condition (III) is valid. For process (5.7), condition (3) is automatically valid
with the limit function b(x) = 0 and the constant 5 = 0. From (5.2), we get that
condition () is valid too with the function a(z) = a(A(z)). Consequently, by Theorem
3, there exists the Wiener process (w(t), F/"¥), and F¥ is a measurable process Z(t),

EfOT Z2%(t)dt < oo, such that

n(t) :h(x)—f—/o 7mdw, (5.8)

Y () = g\0(T))) + / F(5 A(0()). Y (s))ds — / Z(s)dw(s).  (5.9)

Observe that X¢ =2 X = A(n). Applying the Tanaka formula to the process () from
(5.8) and using the function A(z), we get that the process X (t) satisfies Eq. (5.5), and
formula (5.9) coincides with formula (5.6). As above, we have F'¥ = F¥. The
theorem is proved.

As a model example for this theorem, we again consider the stochastic equation (4.7)
but change the second condition in (4.10). Suppose that

/00 b(z) . /0 ) o — ke /OOdesz,
. 0

a(x) oo () a(x)

dx <

a(x)

and condition (4.11) is satisfied. Then the limit process X (¢) for the solution to Eq. (4.7)
has the type

X(t) =z + th(K; + K2)LX(t,0) + %w(t).
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