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LINEAR STOCHASTIC DIFFERENTIAL EQUATIONS
IN THE DUAL OF A MULTI-HILBERTIAN SPACE

We prove the existence and uniqueness of strong solutions for linear stochastic dif-
ferential equations in the space dual to a multi-Hilbertian space driven by a finite
dimensional Brownian motion under relaxed assumptions on the coefficients. As an
application, we consider equtions in S’ with coefficients which are differential oper-
ators violating the typical growth and monotonicity conditions.

1. ASSUMPTIONS

We consider a countably Hilbertian space (®, 7), whose topology 7 is determined by a
family of separable Hilbertian seminorms || - ||, p € R (for a detailed exposition, see [4]).
For any p € Ry, we identify ¢ € ® with [¢], € ®/ker || - ||, and denote the completion

of ®in ||-||, by Hp. Then H, is a real separable Hilbert space containing ® as its dense
subspace, and the embedding (®,7) — (Hp, ||-||p) is continuous. Assume that, for ¢ < p,
the canonical embedding (Hy, || - ||p) — (Hg, || - |lg) is continuous, i.e., || - ||, dominates

I+ 1lg; denoted by |- [lg <[l [lp-
In applications, the strong dual ® of ® is realized through Hilbert spaces H_, iso-

morphic to Hz;’ as ® = H_,, where

PERL
®CH,CHyCH ,C®,

and all the inclusions are continuous. The Hilbert spaces H, and H_, are dual, in the
pairing
H, <hp,h_p>H_p, hP € HP? h™P ¢ H_p,

being an extension of the duality between ® and P

Assume there exists a total set {¢;}32, in ®, which is a common orthogonal system
for all Hilbert spaces Hy,, p € R, and denote, by {h}} = ||¢j||;1¢j, the ONB in H,
derived from ¢;. We set ¢(¢n, dn)e = ||¢nll2 = 1. For f € ®, the scalar product in H,,
p € R, can be calculated as (f, h2), = (f, dn)ollonllp-

For linear topological vector spaces A and B, we denote, by L(A, B), the space of
continuous linear operators from A to B. For a bounded linear operator T' € L (Rd7 Hp),

its Hilbert-Schmidt norm is calculated as ||T||gs(p) = (Zle [Teill2) 1/2, where {e;}¢;
is the canonical basis in R%.

We will study a stochastic process with values in ® and ® . Let (Q, F,{Fi}t>0, P) be
a filtered probability space satisfying the usual conditions: Fy contains all A € F, such
that P(A) = 0, and F; = (),., Fs. Measurability will be understood with respect to
the Borel o—fields Bg, By (respectively) and this filtered probability space. Since ® is
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a countable multi-Hilbertian space, the Borel o—fields on ®  generated by strongly open
sets and by weakly open sets coincide.
For 0 <t < T, consider the functions

L:[0,T]x Q— L(®,®"), A:[0,T]xQ— L(®',L(R% @)
We introduce the following conditions on L and A. Below, let g < p.

1. (Invariance [INV(®)]) @ is invariant for L and A, ie. L(t,w) : & — & and
A(t,w) : @ — L(R4, ®).

2. (Measurability [MR(®')]) For any progressively measurable ®-valued process
{Xi}i<r and any x € R4, {L(t,w) X (w)} i< and {A(t,w)X;(w)x}i<T ave P
valued progressively measurable processes.

3. (Measurability [MR(p,q)]) For any progressively measurable H,—valued process
{Xi}i<r and any z € R, {L(t,w)Xi(w)}i<r and {A(t,w) X (w)z}i<r ave Hy—
valued progressively measurable processes.

4. (Boundedness [B(p,q)]) L : [0,T] x Q@ — L(Hp,H,) and A : [0,T] x Q —
L(H,, L(R? H,)) and L and A are uniformly bounded, i.e.

1L, w)ullq + [[AE w)ull msg) < Ollullp
Yue H, ,0<t<T and w € (2, with § depending only on p and g.
5. (Monotonicity [M(p)])
2(u, L(t, w)u)p + || A(t, w)ull7s() < Ollull}
Vue®,0<t<Tandw e, with § depending only on p.

6. (Monotonicity [M(p,q)]) L : [0,T] x Q — L(Hp,H,) and A : [0,T] x Q —
L(H,, L(R, H,)), and

2(u, L(t, w)u)q + | A(t, w)ullFrs(q) < 0lull
Yu € H,, 0 <t <T and w € Q, with § depending only on p and q.

Condition [B(p,q)] is very weak, since the growth of A(t,w) in H, is bounded by the
norm of the argument in H,, and || - ||, > || - ||g- This weakness in the growth condition
is the major difficulty in proving the existence result. Note, for example, that one part
of the linear growth condition in Kallianpur et al. [5] is stated within the same space.
However, operators as basic as differentiation in S fail to satisfy such growth condition.

2. EXISTENCE AND UNIQUENESS OF THE SOLUTION

Let {B;, t > 0} be a given d-dimensional standard Brownian motion with respect
to {Fi}it>0. Let H be a Hilbert space. We denote, by fOt\I'(s) dBg, the stochastic
integral of an L(RY, H)-valued process ¥(t), w.r.t. B;. Note that fOt\I'(s) dBy =
Zle fot W(s)e;dB:, where e; is the standard ONB in RY. The integrals on the RHS
are the integrals of the H—valued processes ¥(t)e; with respect to the real-valued pro-
cesses Bj.

We consider the following stochastic differential equation in P
{ dX; = L(t) X dt + A(t) X dBy

(2.1) Xy

The initial condition ¢ is a ® ~valued Fo-measurable random variable.

Definition 1. Let ¢ < p € R and ¢(w) € Hp for all w € Q. Assume that the co-
efficients of Eq. (2.1) satisfy conditions [MR(p,q)] and [B(p,q)]. An H,-valued Fi-
progressively measurable stochastic process {X;}o<i<r defined on a filtered probability
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space (Q, F,{Fi}i<r, P) is a strong solution of Eq. (2.1) in H, ifEfOT | Xe]|2 dt < oo
and the following equation holds in H,:

¢ ¢
(2.2) X = QH—/ L(s)Xds —|—/ A(s)XsdBs  for almost all (t,w).
0 0

Conditions [MR(p,q)], [B(p,q)], and progressive measurability assumed in Definition 1
guarantee that the integrals in Eq. (2.2) are well-defined Fi-adapted continuous Hg-
valued processes. Thus, the strong solution has a continuous version in H, (and, hence,
a progressively measurable version in Hy).

We use techniques similar to those found in [6], [7], and [9]. The next lemma discusses
properties of a solution to an SDE, whose coefficients satisfy the monotonicity condition.

Lemma 1. (Part 1) Assume that the coefficients L and A of Eq. (2.1) satisfy conditions
[INV(®)], [MR(®")], [M(r)]. Let ¢(w) € ® for all w and E||¢|? < co. If {X;} is a &
valued process satisfying Eq. (2.2) in H,., for eacht > 0, a.s., in the usual sense of an SDE
in a Hilbert space (in particular Xy is continuous in H,, P(fOT |L($)Xs||rds < 00) =1,
and P(f | A(s) X5,y ds < 00) = 1), then

(2.3) sup B|| X7 < CE|¢|7.
t<T

(Part 2) Let r > p > q. Assume that the coefficients L and A of Eq. (2.1) salisfy

conditions (MR (r,p)], [M(r,p)]. [M(p.q)], [B(p.q)]. and that E||¢|; < co. Let {Xi}o<i<t
be an H,—valued process satisfying Eq. (2.1) in Hy. Let {Y;}o<i<r be the continuous

version of {Xi}o<i<t in Hy defined by the RHS of (2.2). Then

(2.4) Esup |Y,[|7 < CE||6]3.
t<T
Proof. (Part 1) Using It&’s formula for || - ||? and condition [M(r)], we obtain
t t_d
@5) X< ol + [ oX s 42 [ YKL AWK (), dBL
j=1

Let {7,}5°; be stopping times localizing the local martingale represented by the sto-
chastic integral above, then

E”Xt/\rn fds

t
2 < Bllg|? + / 6| Xon,
0

Using Gronwall’s lemma and the fact that 7, — oo, we obtain (2.3).
(Part 2) By repeating the proof of (2.3) with the condition [M(r,p)] replacing [M(r)], we
arrive at

sup E||Y: ][5 < CE| o]}
t<T

for the Hp-continuous version Y; of the H,—valued solution X;. Since H, — H,, and
- 1lg < Il 1lp, Yz is an Hp—valued process satisfying Eq. (2.2) in H,. Thus, in (2.5),
we can replace the r—norm with the g—norm, by using condition [M(p,q)]. Consider the
stochastic integral in (2.5). It follows from Burkholder’s inequality, assumption [B(p,q)],
and the bound for E||Y;||2 that

d

tATy
E ‘ / Y, A(s)Ys(e;)) dB?
sup| | ;( (5)Ys(e)),

d

< OB [ (X2 IWarn 4G5 7 ¥orr e)l) )

j=1

N
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T 1
2\3 25.\2
< CE( (sup Vinr, I2)% ([ 1Y2112ds)
t<T 0

1 T
g+_E/ 1Y )12 ds)
€ Jo

1
2 2
2+ ZElol)

C
< < (eBsup|Yin,
2 t<T

C

< —(€E sup [|Yinr,

2 t<T

for any € > 0. Because || - || < || - ||p, we have
2 2 T 2 c 2 1 2
Esup||Yinr, |2 < Bll2+E | 0]Yinr, |2ds + 5 (B sup [Yinr, 12+ ZEll6])
t<T 0 t<T €
1
< CE|¢l; + 5 Esup||Yinr, [
t<T

since € > 0 is arbitrary. The constant C' depends only on ¢, p, and T and can change its
value from line to line. Thus

Esup [|Yinr, 2 < CE||9]I2,
t<T

and (2.4) follows by Fatou’s lemma.

We will use the same symbol X; to denote the H,—valued solution satisfying (2.1) in

H,, and its H,-continuous version. We now state our main result.
Theorem 1. Let the coefficients A and L of Eq. (2.1) satisfy conditions [INV(®D)],
[MR(®")], [MR(r,p)], [B(r,p)], and [M(r)], for some r > p. Assume that E||¢|? <
oo. Then equation (2.1) has an Hp-valued strong solution X, in Hp. If in the above
assumptions [M(p)] holds instead of [M(r)], then the solution is unique.

If, in addition, there exists ¢ < p, such that A and L satisfy conditions [M(p,q)] and
[B(p,q)], then X, viewed as a continuous Hyp-valued strong solution of Eq. (2.1) satisfying
Eq. (2.2) in Hg, is continuous with respect to the initial condition, i.e. for the initial
conditions ¢, — ¢ in L*(, H,), the corresponding solutions X, (t) and X, satisfy

X, — X in L*(Q,C([0,T), Hy)).

Proof. Uniqueness follows from the argument provided in Krylov and Rozovskii [6].

Let p < r and X}, X? € C([0,T], H,) be (continuous versions of) two H,—valued
strong solutions of Eq. (2.2) in H,. We denote Y; = X} — X? and apply Itd’s formula to
[Y:]|2, to obtain

t
Wil = [ {2V + 1A iy | ds+ M

where M; is a local L?-martingale. We apply It6’s formula again and obtain

t t
NI = = [ I s+ [ (ALY V), + A s e ds

t
—|—/ e M dMs,.
0

Since conditions [M(p)] and [B(r,p)] imply [M(r,p)], taking x> 6 in the latter condition
gives

t
e M7 < / e % dM,.
0

Using Doob’s inequality for the non—negative continuous local martingale

t
Nt :/ e_”des,
0
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we have supp<;<r {N:} =0, P-a.s., and the pathwise uniqueness follows.

To prove the existence, we let P, to be an orthogonal projection of H, on an n—
dimensional subspace of @, spanned by {h¥,...,h2}, Pou=>"}_,(u,h}),h}. For r > p,
P, is a bounded operator from H), to H,. In addition, P, is an n—dimensional orthogonal
projection on H.,, since, for u € H,., we have

n n n

Pp(u) = Z<u, i )phy, = Z<u, hi)r(higs W) ph = Z<u, i) -

k=1 k=1 k=1

Using condition [INV(®)], consider the coefficients P, L : [0,T] x Q@ — L(P,H,, P, H,)
and P,A:[0,T] x Q — L(P,H,, L(R?, P,H,)), and a finite dimensional SDE

(2.6) Xn(t):anH—/o PnL(s)Xn(s)ds—i—/O P, A(s) X, (s) dBs.

By [B(r,p)] and linearity, it is easy to see that the coefficients of this equation are
Lipschitz—continuous, so that, by the finite dimensional result (e.g., Theorem 3, Chapter
IT, vol. 3, in Gikhman and Skorokhod [3]), there exists a strong solution X, (¢) in P, H,..
We verify that the coefficients P, L and P, A satisfy condition [M(r)] for v € P, H, C @,

2PuL(s)u, u)r + | PuA(s)ulFr(y < 2L(s)u, w)r + [|Pal*[|A(s)ull 35y < Ollull?,
due to the assumptions [INV(®)] and [M(r)], on L and A. Thus, by (2.3),

supsup B X, (t)|7 < CE[ 4]
n t<T

Hence, the sequence X, is bounded in L? (Q x[0,T7, an)7 and we can select a subsequence,
denoted again by X,,, which converges weakly to an element X in L2 (Q x [0, 71, HT).
We can choose the limit X such that it has a progressively measurable modification
{X:}o<i<r, since the limit in L?(Q x [0,7]) of the sequence {(h},X,(t)),}32, viz.
(h%, Xy)r is progressively measurable for each 1.

We now prove that the process {X;}o<i<7 satisfies SDE (2.2) in H, by showing that,
in (2.6), we can replace X,, with X on the RHS and with P, X on the LHS.

Let n(s,w) = ni(s)n2(w)h?, where n; and 7 are real-valued bounded and measurable.
Note that, for v € Hp, (h?, u), = (h?, hl),(hl,u),. So, using the weak convergence of

177

X, to X in L?(Q x [0,T], H,), we obtain

T T
E/o <77(s),Xn(s)>p ds—>E/0 <n(s),X5>pds.

Note that, by condition [B(r,p)] and the boundedness of X,, in L? (Q x [0, 71, H,«), we
have

Bl /S<hf,L(u)Xn(u)>p du| < Cand E|n / (W2, (A(u)Xo(u) ;) du| < C,
0 0

where the constant C' is independent of n and s.
By the weak convergence of X,, to X in L? (Q x [0,T7], H,,), it follows that

En2/0 (2, L) Xa(w)), dqung/O (L (w)h?, X (u)), du

— E’I]Q/ (L*(u)h?, Xu>r du = Eng/ (h?, L(u)Xu>p du.
0 0
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Now, by the Lebesgue DCT,

T s
lim E/o m(s)ng(w)/ <hf,PnL(u)Xn(u)>p du ds

= E/ M (s)n2(w / (h?, L(u )Xu>p du ds.
Let A’(u) : H, — H, be defined by
AT (u)h, = (A(w)hy) (e;)-
Repeating the above arguments with the operator A7 replacing L proves that, for all 4, ,

lim Eﬂz/o m () (hy, (A(u) Xn(u))e;)p du = Enz/o m(u)(hy, (A(u)Xu)ej)p du.

n—oo

Thus, (A, (A(u) X, (u))e;)p, — (RY, (A(u)Xy)e;), weakly in L2(Q x [0,7]). By Doob’s
inequality, with a one—dimensional Brownian motion ; and a stochastically integrable

predictable process £(t), we have
T
E/ /5 dﬁu><TE/ ()] ds,
0
which implies that the stochastic integral is a continuous linear operator from L?(Q x
[0,T],P) to L?(2 x [0,T],Fr @ B[0,T]) (here, P is the predictable o—field, and B is

the Borel o—field). By Theorem 15, [DS], Ch. V, §4, it is also continuous in the weak
topologies, so that

T d s )

lim E /0 nl(s)ng(w); /0 (WY, (PuA(u) X (u))es)  dBY, ds
T d s )

-5 (DY [ awxes), s as

To complete the proof, we multiply Eq. (2.6) by n(s) and integrate w.r.t. dP x dt. Then,
by letting n — oo, we get, for a.e. (w,t), dP X dt,

2
u) dfy

ds <TFE < sup
0<s<T

R R A RUBIRS ds+z / X.)es), dB

The process X; has values in H,., with X € L? (Q X [O,T],Hr) C LQ(Q X [O,T],Hp),
and satisfies Eq. (2.2) in H, a.e. dP x dt. Thus, X; is a strong H,—valued solution of
Eq. (2.1) in Hy,.
The continuity of {X;},<7 with respect to the initial condition follows from (2.4).
Example. The space S of smooth rapidly decreasing functions on R? with the topol-
ogy given by L. Schwartz is nuclear. Let S, be the completion of & with respect to the
Hilbertian norms || f]2 = % 21kl + &) (f.7e) 2ty s o9 € S, where {h}e., is

an ONB in L? (R?, dz) given by Hermite functions. Then 8’ = Upso S-p- Let {3 (t) }>0

and {b;(t)}+>0 be bounded progressively measurable processes. Define, for ¢ € S,

1 d

L(t,w)e =3 Z(aa )ij(t,w) 8”30 Zb t,w) Oip

ij=1

d
Ai(t,W)(,O = Z Uji(taw) 8]'507
=1
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and let A(t,w)y = (A19o(t,w),... Agp(t,w)). Then A and L satisfy the conditions for
existence and uniqueness of the solution in Theorem 1 (for details, see Gawarecki et
al. [2]). Specifically, condition [M(r)] holds true for any r € R, and condition [M(p,q)]
is satisfied for ¢ < p — 1. It is easy to verify using the recurrence properties of Hermite
polynomials that condition [B(r,p)] is valid for any p < r — 1. Hence, setting r > p + 1,
and ¢ < p—1, for any p € R, and ¢ € L*(€,S,), Eq. (2.1) has a unique continuous
S,—valued strong solution in S, which is continuous in L?($, C([0,T7], S,)) with respect
to ¢, — ¢ in L2(Q, Sp).

Consider a special case where Ap = (—01¢,...,—0ap) and Lp = %Zle 2. The
unique solution of Eq. (2.1) with the initial condition 0, is dp,, where P(By = x) = 1.
This follows from the It6 formula in [8],

d ¢ d t
) 1
oot =, = 3 [ Oi(on.0)aB + 53 [ 9% (pm.0)ds.
i=1 i=1

Here, for € RY, p, denotes the translation operator on RY. If ¢ € &', then (f, p,¢) =
(p—zf,d) = (f(- + x),0¢) for f € S. For each t, pp,¢ denotes the §’—valued random
variable w — pp, ()¢ Then {pB,d},, is an S_,—valued stochastic process for some
p > 0, as shown in [8]. Taking ¢ = g gives pp,¢ = 0p,.

However, it is easy to verify that the coefficients A and L do not satisfy the coercivity
inequality in [6], and they violate the linear growth condition in [5].
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