Theory of Stochastic Processes
Vol. 14 (30), no. 1, 2008, pp. 144-154

UDC 519.21
NATALYA V. SMORODINA

THE MEASURE PRESERVING AND NONSINGULAR
TRANSFORMATIONS OF THE JUMP LEVY PROCESSES

Let £(t), t € [0,1], be a jump Lévy process. By Pg¢, we denote the law of £ in the
Skorokhod space D0, 1]. Under some conditions on the Lévy measure of the process,
we construct the group of P¢— preserving transformations of D[0, 1]. For the Lévy
process that has only positive (or only negative) jumps, we construct the semigroup
of nonsingular transformations.

1. INTRODUCTION.

Let £(t), t € [0,1], be a jump Lévy process. It is well known (see [5]) that trajectories
of this process with probability 1 belong to the space D0, 1] of right-continuous functions
from [0, 1] into R with left limits. We equip D0, 1] with the Skorokhod topology and
denote, by Pg, the law of ¢ in D[0, 1].

We use the Lévy-Khinchin representation of these processes ([5]), namely,

E(t) =at + /Ot /O<x<1mﬁ(ds,dx) + /Ot /|x|>1 zv(ds,dz). (1)

In this representation, a is a nonrandom constant, v(ds,dz) is a Poisson random
measure on the space [0, 1] x R with the intensity measure II of the form dII = dtA(dx),
where A(dz) is the Lévy measure of the process &. By v(dt, dx) = v(dt, dz) — Ev(dt, dx),
we denote the corresponding compensated measure.

It is well known that the Lévy measure A satisfies the following conditions:

DA({0}) = 0,

2) [ min(z?, 1)A(dz) < co.

We also suppose that A(R) = oo, that is, A is the Lévy measure of a "non-trivial”
(i.e., non-compound Poisson) process, and that A({a}) =0 for any a € R.

As a probability space for the Poisson random measure, we choose the space of con-
figurations on the set [0,1] x R (in a special case of one-sided processes, we use the set
[0, 1] x (0, 00) for this purpose). On this space of configurations, we consider the Poisson
measure (see [3]) P with intensity measure II of the form II(dt, dz) = dtA(dx).

We consider the distribution of the process ¢ in the space D[0, 1] as an image of the
Poisson measure P under the action of a mapping defined by (1). First, we consider
more general problems.

1) We construct a semigroup of nonsingular (with respect to the Poisson measure P)
transformations of the configuration space X'(G), where G is of the form G = S x (0, 00)
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and S is a complete separable metric space. We suppose that the intensity measure II of
the Poisson measure P is of the form

H(d@, d:L’) = W(d0)79 (dx)a (2)

where 7 is a finite measure on S and, for every § € S, vy is a o—finite measure
on (0,00) (depending on #). We suppose that, for every ¢ > 0, II(S x (g,00)) =
Js6((e,00))m(df) < 0.

2) We construct a group of P—preserving transformations of the configuration space
X(G), where G is of the form G = S xR, (here, R = RU{oc}), and the intensity measure
II of the Poisson measure P is of the form (2) (here, 75 is a o—finite measure on R). We
suppose that, for every ¢ > 0, TI(S x (R \ [~¢,¢])) < oo.

We consider the transformations F' : X(G) — X(G) generated by a mapping ¢ : G —
G such that F' maps each configuration X = {T}zex to a configuration ¥ = F(X) of
the form

F(X) = {¢(T)}zex- 3)

It is easy to show that an image of a Poisson measure with intensity measure II
under the action of (3) is a Poisson measure with intensity measure IIp~!. The absolute
continuity conditions for Poisson measures with different intensity measures were first
obtained by Skorokhod [4] (see also [1,3,7]).

Later on, Vershik and Tsilevich [8] considered the absolute continuous transformations

of the so-called gamma measure which is a Poisson measure with the intensity measure
IT of the form

T1(d6, d) = W(d@)%dm, 6e s, ze(0,00).

(Here as above, S is a complete separable metric space, and 7 is a finite measure on
S.) It was proved in [8] that the gamma measure is quasi-invariant under a group of
transformations F,, a € M, where M is a set of all measurable functions a : S — (0, c0)
such that

/ |loga(0)|m(dF) < oo,
s

and Fy is a transformation of the form (3) with ¢(0,z) = (0,a(f)x). Note that the set
M is a commutative group with respect to the pointwise multiplication of functions and,
for every a1,as € M, we have Fg 4, = Fo, 0 F,.

In [6], the transformations of the so-called stable measures P,, o > 0, which are the
Poisson measures with intensity measures of the form

dx
W(d@)m, 0 e S, S (0,00)
were considered. It was proved there that, for every a > 0, a stable measure P, is

quasi-invariant under a semigroup of transformations ®;, f > 0, f € Lq(S,7), where
®; is a transformation of the form (3) with

#00.5) = (0. Ty ) W

Further, in the same paper, it was proved that, for every a > 0, the Poisson measure
P,, on the configuration space on S x R (here, R = R U {oc}) with intensity measure

ﬂ(d@)‘m‘dﬁ is invariant under a group of transformations ®;, where f is an arbitrary

measurable function on S, and ® ¢ is a transformation of the form (3) with the function
¢ defined by (4) [in (4), the functions z* and '/ are extended to the whole real line in
an odd way].
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In the present paper, the similar results are proved for an arbitrary Poisson measure
with an intensity measure of the form (2).

The paper is organized as follows. Secton 2 contains the necessary definitions concern-
ing the configuration space and Poisson measures. In Section 3, we construct a semigroup
of nonsingular (with respect to the Poisson measure P) transformations of the configu-
ration space X(G), where G is of the form S x (0,00), and the intensity measure of the
Poisson measure P is of the form (2). In Section 4, we construct a group of P—preserving
transformations in the case where G = S x R. In Section 5, we construct the groups and
the semigroups of transformations of trajectories of the Lévy process. Finally, in Section
6, we consider one multidimensional generalization of the results of Section 4.

2. THE SPACE OF CONFIGURATIONS.

Let G be a metric space, B be its Borel o—algebra, By be the ring of bounded Borel
subsets of G. Let II be a o—finite measure on G. Suppose that II(V) < oo for every
V C Bo.

We denote, by X = X(G), the space of configurations on G. By definition,

X(G)={XCG: | XNV|<ooforal VC By},

where |A| denotes the cardinality of the set A. We equip X' with the vague topology
O(X), i.e., the weakest topology such that all functions X — R

XY f(x)
rxeX

are continuous for all continuous functions f : G — R with bounded supports. The
Borel o—algebra corresponding to O(X) will be denoted by B(X). This is the smallest
o—algebra for which the mapping

X XNV

is measurable for any V' C Bj.
We say that a probability measure P on (X, B(X)) is the Poisson measure with inten-
sity measure II, if, for every V € By,

I k
P(X:|XNV|=k) = e*HW)%.
For more details, see, e.g., [2,3].

3. NONSINGULAR TRANSFORMATIONS OF THE POISSON MEASURE.

In this section, we suppose that G = S x (0,00), where S is a complete separable
metric space, and the measure II is of the form

I1(d0, dx) = w(dO)ye(dz), 6 € S, x € (0,00),

where 7 is a finite measure on S. We also suppose that, for r—a.e. § € S,

1) 79((0, 00)) = o,
2) for every z > 0y((z,00)) < 00, and the function

Up(x) = 70((2,00)) (5)

is continuous and strictly decreasing. Set Up(0) = oo, Up(oo) = 0.
Further, for € S, t > 0, by T, we denote a mapping from (0, 00) into (0, 0c) defined
by the formula
T{(x) = Uy ' (Us() +1). (6)



THE MEASURE PRESERVING AND NONSINGULAR ... 147

Note that 7§ is the identity mapping. Let us show that, for any s,t € [0, c0),
Tt9+s = Tte °© Ts0~ (7)
Using (6), we get
TY o T)(x) = T{ (Uy ' (Us (@) + 5)) = Uy ' (Up(Uy  (Up(2) + 5)) +1) =
Uy (Up(w) + 5 +1) = T, .
Denote, by LT (), the space of all Borel nonnegative functions on S, and, by L7 (S, ),
L (S,7) € L*(S9), the space of all nonnegative integrable functions with respect to the

measure 7.
For f € L*(S), we define a mapping 77 : G — G by

71(0,2) = (0, T{(5)(2)). (8)

Note that, for f = 0, the mapping 7¢ is the identity mapping. It follows easily from
(7) that, for every f,g € LT(S),

Tf4g = Tf O Tq. (9)

Now, using the semigroup of transformations 7¢, f € L*(S), we construct a semigroup
Dy, f € LT(S) of transformations of X(S x (0,00)). In accordance with (3), for f €
L*(S), we define a mapping @ : X(S x (0,00)) — X (S x (0,00)) as a mapping generated
by TF,

0(X) =Y = {(6, T ()} (10)

It follows from (7) and (8) that, for every f,g € LT(S),

Pprg=PsoPy. (11)

Note that, in the case where the measure vg(dz) has the form x‘f%, a > 0, we get,
for every 6 € 5,

710.9) = (0. (e )

that corresponds to the semigroup of transformations constructed in [6].
The main result of this section is the following.

Theorem 1. 1. The measure P‘IJJ?I is absolutely continuous with respect to P for every
f € LT (S,7) and has the form

-1 _ Jq fdm
POl =els P\Af,

where Ay is a measurable subset of X(S x (0,00)), ®; maps the measure P to its restric-

tion P‘Af on Ay, els fam — (}41') is a natural normalizing coefficient.

P
2. For every f € LY(S) such that fs fdm = oo, the measures P@;l and P are
orthogonal.

Proof. First, for fixed § € S, t > 0, we calculate the image of the measure vy under the
action of T : (0, 00) — (0, 00).

It is easy to check that T (x) is a strictly increasing function of the variable z, and it
follows from the equality 77 (+o0c) = U, ' (t) that the support of the measure vo(7})~?
is an interval (0,U, '(¢)). We now show that, on this interval, the measure o(7})~?
coincides with the measure 7, i.e.,

Y(TY) ™ = '79‘(0,U;1(t))' (12)
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For an arbitrary interval [o, 3] C (0,U, '(t)), we have
0 (TY) (e, B) = v ([(T7) " (), (T7) " (B)]) =

Up(Uy ' (Up(a) = 1)) = Up(Uy " (Us(B) — 1)) =

Us(a) = Us(B3) =76 ([ev, B]).-
This completes the proof of (12). We deduce from (12) that the image of the measure
I1(df, dx) = w(df)ve(dz) under the action of 7y, is a measure of the form

M7, ' (df, dx) = 10,01 ((ay) (®)(d0) e (da), (13)
where 1p denotes the indicator function of the set B. Consider a subset Gy of the set
drr;t

G = S x (0,00) such that the density —— is equal to 1 on Gy, i.e.,

Gr={(0,2) €G:0<z<Uy " (f(0))} (14)

It follows from (13) that the measure P®~! is concentrated on a set As of the form
Ay ={X € X(G): XN (G\ Gy) =0}.

Note that Ay coincides with the space X(Gy) of configurations on the space Gy. By
(13), we know that the intensity measure of the Poisson measure P@;l restricted on G
is equal to 7(df)vye(dx).

Hence, the measure PTy ! is absolutely continuous with respect to P if P (Ay) > 0and
PTf_1 is orthogonal to P if P(Ayf) = 0. To complete the proof, it remains to calculate
P(Ay).

We have

P(Ay) = P(X 1| X1 (G\ Gy) |=0) = exp(~TI(G \ Gy)) =

exp(~ [ w(a) [ ;W»wx)) —exo(- | fan)

The last expression is positive iff |, g Jfdm < co. This completes the proof of the theorem.

4. THE MEASURE PRESERVING TRANSFORMATIONS.

In this section, we suppose that the set G = S x R, where R = RU{co} is an extended
real line (by definition, the point co has no sign, so that —oo = +00). We also suppose
that the intensity measure II of the Poisson measure P is of the form

H(d@, d:L’) = W(d0)79 (dx)a

where 7 is a finite measure on S, and, for every # € S , 7y is a o—finite measure on R
(depending on 6).
For every fixed 6 € S, let Uy : R — R denote a function defined by

70((1‘)()0))) if$>0;
Ue(x) = { .
—p((—00,x)), ifx <O.
Set Uy(co) = 0, Uy(0) = co. Note that, for > 0, formula (15) coincides with (5).
We suppose that, for r—a.e. 6 € S,
1) 76 ({0}) = 79 ({oc}) = 0,
2) 79((0,00)) = 76((—00,0)) = +0o0,
3) for every e > 0vp(R\ [—¢,¢]) < o0,
4) Uy is continuous on R\ {0} and strictly decreasing on (—oc,0) and (0,00) .
First, for every fixed # € S, we construct a one-parameter group of yg—preserving
transformations.

(15)



THE MEASURE PRESERVING AND NONSINGULAR ... 149
For t € (—00,00), let T be a map from R to R such that
T (x) = U, ' (Us(x) +t). (16)

We preserve here the same notation T/ as in (6). We only note that, unlike (6), the
domain of mapping (16) is R, and the parameter ¢ may be either positive or negative.

It is easily proved that 77, ¢t € (—o00, 00), is a one-parameter group of transformations,
i.e., for any s, t € R.

0 0 o
T, =Ty oT5. (17)
Show that the group Tte, t € (—00,00), is a group of yp—preserving transformations,
i.e., for every t € (—o0, 00),
0N\ —
v0(T7) ™" = (18)
Notice that 7} is a superposition of three transformations, namely, Uy, a shift trans-
formation, and U, ! The first transformation maps the measure 7 into a Lebesgue
measure, the shift transformation preserves the Lebesgue measure, and U, ! maps the
Lebesgue measure into ~g.

As before, we denote the set of all Borel functions on S by L(S). Given f € L(S5), we
define a mapping

Tr: S X R — S xR,
by
T(0,x) = (H,Tﬁ((,)). (19)
It follows from (17) that, for every f,g € L(S),

Tf+g = Tf O Ty, (20)
and it follows from (18) that, for every f € L(S),

-1
HTf =1L

Using the group of transformations 75, f € L(S), we construct a group &)f, feL(S)
of transformations of X'(S x R) by analogy with (10). In accordance with (3), for f €
L(S), we define a mapping &)f 1 X(S x R) — X(S x R) as a mapping generated by 7y
and such that

TpX) =Y = {(0, T (x))}.

The main result of this section is the following

Theorem 2.
1. For every f,g € L(S), we have

(T)erg = (T)f o &)g.
2. For every f € L(S),

~
Po;" =P

i.e., the group CT)f, f € L(S) is a group of P—preserving transformations.

Proof. Statement 1 of the theorem follows from (20). To prove statement 2, we note that
the measure P<I>J?1 is the Poisson measure with intensity measure II7 V1L
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5. THE TRANSFORMATIONS OF THE TRAJECTORIES OF LEVY PROCESSES.

First we consider the Lévy process that has only positive jumps. The Lévy measure
A of such a process is concentrated on (0, 00). Suppose that

1) A((0,00)) = oo,

2) the function

Ulz) = A((z,00)) (21)

is continuous and strictly decreasing on (0, 00).

Given G = [0, 1] x (0, 00), consider the space of configurations X(G) and the Poisson
measure P with intensity measure Il = X x A, where X is a Lebesgue measure on [0, 1].

In accordance with (1), a Lévy process £ with the Lévy measure A can be defined on
the probability space (X(G), B(X(G)), P) by

g(t,X)zatJr(LQ)Ehgé( > a:—t/:x/\(dx))—i— oo (22)

(s,x)eX, (s,x)eX,
s<t,e<a<1 s<t, 1<z <oo

The sum is taken over all points (s, ) of configurations X € X. The relation between
the configurations and the corresponding trajectories of the random process is very sim-
ple. Namely, if the point (s,z) belongs to the configuration X, then the corresponding
trajectory £(-, X) of the random process £ at the moment s has a jump which is equal to
x. We denote, by Z, the mapping X — D0, 1] defined by (22) so that

(X) =¢( X).

Note that the different configurations generate different trajectories of a random pro-
cess. Namely, if X7 # X, then

(1]

E(Xy) # E(X2). (23)
Let P¢ denote a measure generated by £ in the space D[0, 1], i.e.,
Pe = PE71. (24)
Given a function z € D[0, 1], we denote, by Az, the function
Az(t) = 2(t) — z(t — 0),t € [0, 1].
Further for f € L[0,1], we denote a mapping ¥ : D[0, 1] — D[0, 1], by

W ()(0) = 2(0) + 3 (T (Ax(s)) — As(s), (25)
s<t
where Ty, ¢ > 0 is a semigroup of transformations defined by (6), i.e., Ty(z) = U~ (U(z)+
t). Here, U is defined by (21) and, unlike the general case considered in (6), it does not
depend on t € [0, 1].
Further, we consider the semigroup of nonsingular transformations

(I)fv fELT([O,].],)\),

of the configuration space X(G), G = [0,1] x (0,00) defined by (10). It follows from
(10), (22), and (25) that

Now it follows from (26) that the mapping U, is correctly defined by (25) Pe—a.s..
Moreover, it follows from (7) and (26) that, for every f,g € LT ([0,1],)),

\I/f+g = \I/f o \I/g.
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Further, for f € L7 ([0,1],\), we define a subset D of the set D[0, 1] by
Dy ={ze€D[0,1]:Vt € (0,1] 0<Az(t) <U *(f(1)}
Theorem 3. For every f € L ([0,1],\),
Pl ! < Py,

and, moreover,
-1 Lfe)de
Py =elo F®) -’Pg‘]Df.

Proof. Using Theorem 1 and (26), we get
Po < P,

therefore,
(PO, ="' < PET. (27)
The RHS of (27) equals P¢. Now we calculate the LHS of (27):

(PO E ' =PEo®s) ' =P(Us0E) ! = (PE )T =PT; "

Consider a Lévy process with both positive and negative jumps. The Lévy measure A
of such a process satisfies the conditions A((0,00)) > 0 and A((—o0,0)) > 0. We suppose
in addition that the measure A satisfies the conditions

1) A((0,00)) = o0, and A((—00,0)) = oo,

2) the function U : R — R defined by the formula

B A((z, 00)), if x> 0;
Ulz) = { “A((—00,2)), ifx<0

is continuous and strictly decreasing on the intervals (0, c0) and (—o0,0).

On the space of configurations X'([0, 1] x R), we consider the Poisson measure P with
intensity measure II(dt, dz) = dtA(dx).

In accordance with (1), the Lévy process £(t) with the Lévy measure A can be defined
on the probability space (X([0,1] x R), P) by

f(t,X)—at—k(Lg)EliB%( > x—t/s di>+ Yoo (28)

(s,x)eX, Slel<1 (s,z2)EX,
s<t,e<|z|<1 s<t,|z|>1
Further, consider the group T},t € (—o00,00) defined by (16) and the corresponding
group &)f, f € L[0,1], of transformations of X ([0,1] x R). As above, using a group CT)f
and a mapping = [defined by (28)], we construct a group 7 ¢ of transformations of the
space D[0, 1] so that

\T/f o=Z==o0 (T)f.
It is easy to prove that the mapping 7 ¢ can be defined by the formula
[ s(2)](t) = 2(t) + Yo (Tye)(Az(s) — Ax(s)), (29)

s<t,
Ty (s)(Az(s))F#o0

where
Az(t) = z(t) — 2(t = 0), t € ]0,1].
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Theorem 4. For every Borel function f : [0,1] — R, the mapping E/f 1s correctly defined
Pe—a.s. and preserves the measure P, i.e.,

’Pg\ff;l = Pe.
Proof follows from Theorem 3.

6. ONE MULTIDIMENSIONAL GENERALIZATION.

In this section, we consider the configuration space X(G), where G has the form
S x (R4\ {0}), S is a complete separable metric space, and R? = R? U {cc}. By S4_1,
we denote a unit sphere in R? and, by o(dw), w € Sy_1, we denote the surface measure
on Sdfl.

Let @ denote the mapping from R¢\ {0} into Sy_1 x (0, 00) defined by
x
Qz) = (m, [[]])- (30)
It follows from (30) that, for w € S4_1, r € (0,00),
Q Yw,r) = rw € RY\ {0}.

Recall that the representation of a measure y in polar coordinates on R?\ {0} is a measure
uQ 1 on Sy 1 x (0,00) (that is, the image of the measure y under the action of Q).

On the configuration space X (G) = X (S x (R?\ {0})), we consider a Poisson measure
P with intensity measure II of the form

11(d6, dz) = 7(df)Ty(dz), (31)

where, as above,  is a finite measure on S, and Ty is a o—finite measure on R? \ {0}.
We suppose that I'yp(oc0) = 0 for m—a.s. 6 € S, and the representation of the measure I'y
in polar coordinates has the form

TeQ ' (dw, dr) = U(dw)’yf)(dr),

where, in turn, the measure 7/ satisfies, for c—a.s. w € Syq_1, the following conditions:

1) 75((0,00)) = oo,
2) for every r > 079 ((r,0)) < oo, and the function

US(r) = 75((r, 00))

is continuous and strictly decreasing.

For fixed 6 € S, we construct a d—parametric group of I'y—preserving transformations
of R4\ {0}. To this end, we define a mapping f? from (0, o0] into [0, 00) for w € Sy_1 by
the formula

7o) = (d- ) (33)
for 7 € (0,00). Set f%(0c0) = 0. It is easy to see that, for r € (0, 00),
o
()71 = (U2 () (34)

Further, by u, we denote a measure on [0, 00) of the form yu(dr) = r?=1dr.



THE MEASURE PRESERVING AND NONSINGULAR ... 153

Lemma 1. For § € S, w € Sy4_1, the mapping f° transforms the measure 7% into the
measure p and, conversely, the mapping (fg)’1 transforms the measure p into 'yz, i.e.,

-1
w(fl)  =n
and
wls =5

Proof. We denote the Lebesgue measure on [0,00) by A and the mapping from [0, c0)
into [0, 00) by g defined by the formula g(r) = % Note that f? = g=1 o U?.

It is easy to check that ug=' = X and 7% (U%)~* = \. So, we have

VDT =g e U =

By Fy, we denote the mapping from Sy_1 x (0, 00] into Sg—1 x [0, 00) defined by the

formula
Fy(w,r) = (w, f5(r)) (35)

It follows easily from Lemma 1 that the mapping Fy transforms the measure F'g@ ! into
the measure o X u, i.e.,

ToQ NF, ' =0 x p. (36)
Further, by Fy, Ejy: @\ {0} — R?, we denote the mapping
Eg=Q loFyoQ. (37)
It follows from (33) and (37) that
x d
Ep(a) = o (@07 (o)) (38)
e ]
iy~ Tyl
EG (l‘) - Hx” (Um) ( d ) (39)
Now, for every t € R, we define a mapping T/, T? : @\ {0} — @\ {0} by
T{(x) = By ' (Bo(x) +1). (40)
It is clear that, for every s,t € R%,
Tt9+s = Tte °© Ts0~ (41)

We now show that the group 7, ¢ € R? is a d—parametric group of I'y—preserving
transformations of R4 \ {0}, i.e., for every ¢t € R9,

Do(T)) ™ =Ty, (42)

Notice that T? is a superposition of three transformations, namely, Eg, shift transfor-
mation, and Ej *. It follows from (36) and (37) that the transformation Fp transforms the
measure 'y into the Lebesgue measure, the shift transformation preserves the Lebesgue
measure, and U, ! transforms the Lebesgue measure into I'.

By L(S,R%), we denote the set of all Borel functions on S taking value in R. Given
f € L(S,R%), we define a mapping

718 x (RI\{0}) — S x (R?\ {0}),

by .
75(0,x) = (6, Tj(p))- (43)
It follows from (41) that, for every f,g € L(S,R%),

Tftg = Tf O Ty, (44)
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and (42) implies that, for every f € L(S,R9),
-1
HTf =1II.

Using the group of transformations 7, f € L(S5), we construct a group ® n [ e
L(S,R%) of transformations of X (S x (R4 \ {0})) by analogy with (10). In accordance
with (3), for f € L(S,R%), we define a mapping ®; : X(Sx (R4\{0})) — X(Sx (RI\{0}))
as a mapping generated by 75 and such that

Op(X) =Y = {(0.Tf5)(2))}-
The main result of this section is the following

Theorem 5.
1. For every f,g € L(S,R?), we have

(I>f+g = ‘I)f O(bg.

2. For every f € L(S,R%),

_—
Po;' =P,

i.e., the group CT)f, f € L(S,RY), is a group of P— preserving transformations.

Proof. The statements of this theorem can be proved by the same arguments as Theorem
2.
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