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ROSTYSLAV YAMNENKO AND OLGA VASYLYK

RANDOM PROCESS FROM THE CLASS V(yp,¥):
EXCEEDING A CURVE

Random processes from the class V (¢, 1) which is more general than
the class of 1-sub-Gaussian random process. The upper estimate of
the probability that a random process from the class V(p, 1) exceeds
some function is obtained. The results are applied to generalized
process of fractional Brownian motion.

1. INTRODUCTION

In this paper we consider random process from the class V' (¢, 1) defined
on compact set and the probability that this process exceeds some func-
tion. Recall that random process belongs to class V (¢, ) if its trajectories
belong to the space Suby(€2) and increments belong to the space Sub,(£2).
Properties of random variables and processes from the spaces Sub,(£2) and
SSub,,(€2) can be found in the book of Buldygin V.V. and Kozachenko Yu.V.
[1] and in the papers [2-7]. Here we generalize the results obtained earlier
in [6-8].

The paper is organized as follows. Basic definitions and some properties
of p-sub-Gaussian and strictly p-sub-Gaussian spaces of random variables
and processes are given in section 2. In section 3 we obtain general results
on estimates of probability that random process from the class V(p, )
overruns a level specified by a continuous function. The methods used in
the section are the same as in [6]. However for convenience of readers we
give here complete proofs. In section 4 we apply results from the previous
section to generalized process of fractional Brownian motion from the class
V (e, 1) and obtain the estimate of overcrossing by its trajectories the level
defined by function ct, where ¢ > 0 is a given constant. Such estimate has
applications in the queuing theory as estimate of buffer overflow probability
or in the risk theory as estimate of ruin probability.
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2. CrASs V(¢,1)): ESSENTIAL DEFINITIONS AND PROPERTIES

Let (2, B, P) be a standard probability space and T" be some paramet-
rical space.

Definition 2.1.[1] Function u = {u(z),z € R} is called an Orlicz N-

function if w is a continuous even convex function such that u(0) = 0,
u(z) monotonically increases as x > 0, @ — 0asx — 0 and @ — 00 as

T — OQ.

Definition 2.2.[1] Let ¢ be such an Orlicz N-function that p(x) = cz? as
|z| < g for some x5 > 0 and ¢ > 0. Centered random variable £ belongs to
the space Sub,(£2), the space of ¢-sub-Gaussian random variables, if for all
A € R there exists a constant . > 0 which satisfies the following inequality

Eexp (A) < exp{p(Are))}.

Theorem 2.1.[1] The space Sub,(2) is a Banach space with respect to the

norm -
) (log Eexp{ A
() = sup? ( gA A
A>0

where o=V is an inverse function to the function o, and for all X € R the
following inequality holds

Eexp(A£) < exp(p(AT,:(€))) - (1)

Moreover, there exist constants r > 0, ¢, > 0 such that

(EIE)7 < eor,(£).

Lemma 2.1.[2] Let § € Sub,(2). Then for alle > 0 the following inequality

holds true
- ssen{-+ ()}

Definition 2.3. Random process X = (X (¢),t € T') belongs to the space
Sub,(€2), if for all t € T': X (t) € Sub,(2) and sup 7,(X(t)) < oo.
teT

Let (T, p) be a pseudometrical (metrical) compact space with pseudo-
metric (metric) p.

Definition 2.4.[3] Metric entropy in relation to pseudometric (metric) p,
or just metric entropy is a function

B _ [ log Nz py(u), if Nizp)(u) < +o0
Hrp)(u) = H(u) = { +00, ift Nizp)(u) = +oo
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where N(z,,)(u) = N(u) denotes the least the least number of closed p-balls
with radius u.

Definition 2.5. [3] A family of random variables A from the space Sub,({2)
is called strictly Sub,,(€2), if there exists a constant Cx > 0 such that for
arbitrary finite set I : & € A,7 € I, and for any A; € R the following
inequality takes place

T (Z m-) <Ca|E (Z A,@) : (2)

i€l el

If A is a family of strictly Sub,(£2) random variables, then linear clo-
sure A of the family A in the space Ly(f2) also is strictly Sub,(Q2) family
of random variables. Linearly closed families of strictly Sub,(€2) random
variables form a space of strictly ¢-sub-Gaussian random variables. This
space is denoted by SSub,,(£2).

When ¢(z) = m2—2 the space SSub,,(€2) is called the space of strictly sub-
Gaussian random variables and is denoted by SSub(£2). The space of jointly
Gaussian random variables belongs to the space SSub(Q) and 7%(¢) = E£2.

Definition 2.6. A random process X = (X(t),t € T') is a strictly ¢-sub-
Gaussian process if the corresponding family of random variables belongs
to the space SSub,,(€2).

Definition 2.7.[7] ¢ is subordinated to an Orlize N-function ¢ (¢ < )
if there are exist such numbers z; > 0 and k£ > 0 that p(z) < ¥(kz) for
xr > Zg.

Definition 2.8.[7] Let ¢ < 1 are two Orlicz N-functions. Random process
X = (X(t),t € T) belongs to class V (¢, 1) if for all t € T the process X (t)
is from Suby(€2) and for all s, € T" increments (X (¢) — X (s)) belong to the
space Sub,,(€2).

3. MAIN RESULTS

Let (T, p) be a pseudometrical (metrical) compact space with pseudo-
metric (metric) p and Y = {Y(¢),t € T} be a separable random process
from the class V(p, ).

Suppose there exists such continuous monotonically increasing function
o ={o(h),h > 0}, that o(h) — 0, as h — 0, and the following inequality
for increments of the process is true

sup 7,(Y(t) =Y (s)) < a(h). (3)

p(t,s)<h



222 ROSTYSLAV YAMNENKO AND OLGA VASYLYK

Let 6 > 0 be some number such that

B<o (inf sup p(t, S)> (4)
s€T teT

and let g, = oV (BpF), p € (0,1), k =0,1,2, ..., y(u) = 75 (Y (u)).

Lemma 3.1. Let f = {f(t),t € T} be a continuous function such that

|f(u) — f(v)] < d(p(u,v)), where § = {d(s),s > 0} is some monotonically

mcreasmg nonnegative function, and X(t) = Y(t) — f(t). Let {qx, k

..} be such a sequence that q > 1 and Z qk1 < 1. Then for all

AER, pe(0,1) we have =
|
Eexp{Asup X(1)} < exp {q—l sup (4 (a17()) ~ Aq1f<u>>} 9 5)
X (H ) (H exp{ )\qkﬂpk 1) + )\5( -1 (ﬁpk_l)) }) i

Proof. Denote by V., the set of the centers of the closed balls with radius
ek, which form minimal covering of the space (T, p). Number of elements
in the set V;, is equal to Np(ex) = N(ex).

The process Y (t) and, therefore, the process X (t) are separable pro-
cesses.

It follows from lemma 2.1 and condition (3) that for any € > 0

P{Y(t)=Y(s)] >e} < 2exp {_“0 (Tg,(Y(t)E— Y(s))) }

< 2exp{_90 (m>}

Therefore the process Y is continuous on probability and the process X is
continuous on probability as well. If a separable random process on (T, p) is
continuous on probability, then any set, which is countable and everywhere
dense with respect to p, can be taken as a set of separability of this process.

Therefore the set V = U V., is a set of separability of the process X and
we have that with probablhty one

sup X (t) = sup X (t). (6)

teT teV

Consider a mapping a,, = {a,(t),n =0,1...} of the set V in V. , where
a,(t) is such a point from the set V. , that p(¢,a,(t)) < e,. If t € V_,
then ay,(t) = t. If there exist several points from the set V;,, such that
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p(t, a,(t)) < en, then we choose one of them and denote it by «,,(t). Then
it follows from the theorem 2.1 and (3) that

P{IY(t) = Y(au(®))| > p? }
C B () —Y(ea()? _ arp(Y(t) = Y(an()) _ o’(en)

< o = 3 3%p".

p" "

This inequality means that Y P {|Y (t) — Y (a,(t))] > p%} < 00.
n=1

From the Borell-Kantelli’s lemma follows that Y (¢) — Y(a,(t)) — 0
as n — oo with probability one. Since the function f is continuous then
X(t) — X(an(t)) — 0 as n — oo with probability one as well. Since the set
V is countable, then X (t)— X («,(t)) — 0 as n — oo for all ¢ simultaneously.
Let t be an arbitrary point from the set V. Denote by t,, = a,,(t), t,—1 =
Um-1(tm), .., t1 = ay(ty) for any m > 1. Then for all m > 2 we have the
following inequality

X(t) = X(h)+ ) (X(t) = X(te-1)) + X(£) = X(am(t)) Sgelng(U)Jr
+ Zggj}i(X(U)—X(ak—l(U))+X(t)—X(Oém(t))' (7)

It follows from (7) and (6) that with probability one

sup X (t) = sup X (¥)

teT eV

m—oo u€Ve, uEVsk

< lim inf (maXX(u) +) " max (X (u) - X(ozk_l(u)))> .8

From the Helder’s inequality, Fatu’s lemma and (8) follows that for all
A>0

e {Asup X(0)}

teT

< E lim infexp {)\ (max X(u) + Z max (X (u) — X(Oék—l(u)))> }

m—00 u€Vey p u€EVe,

m—00

< lim inf Eexp {)\ (max X(u) + max (X (u) - X(“k—l(“)))) }

1

< lim inf <<Eexp {ql)\ max X(u)}) "
m—00 ue €1
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X ]ﬁg (E exp {qk)\ max (X (u) — X(@k_l(u)))}) qlk>

uc Ve,

1
a1
< (E exp {ql)\ 11361{&/5);: X(u)}) X

x ﬁ (Eexp {qk)\ max (X (u) — X(ak_lw)))}) " _ I - E[k. 9)

o u€Ve,

Let’s consider each term in (9). It follows from the theorem 2.1 that
Eexp{g1 \Y (u)} < exp{¢ (g1 \y(w))}. Therefore

L < (Z Eexp {ql)\Y(u)}exp{ —ql)\f(u)}) a

uEVEI

< ( > exp {¢(ql>\7(U)) - qu(U)}) CH

u€Vey

1
a1

IN

(N (e1) exp { sup (@D(qlM(U)) —q\f (U)> })
< (V) e { Towp (e @) - arf@) ). (0)

q1 weT

It also follows from the theorem 2.1 and assumption (3) that

Eexp{grA(Y (u) = Y(ak-1(u)))} < exp{p(gpro(er-1))}-

In that way since |f(u) — f(v)| < d(p(u,v)) then

I < (Nm) max Eexp { gAY (1) — ¥ (o1 (u))] }

u€Ve,
1

x exp { = Al (w) = flaa(w)] )™

1

K

< (V)™ (rmcexp {taratenn) - a\(0) - flans ()]}

ueVi,
< (W)™ (mgx e {tarotei) + addlotu.ans(w))} )

< (W)™ exp {a " el@As" ) + (V3 )) . ()

From inequalities (9), (10) and (11) we have the assertion of the lemma.(]
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Theorem 3.1. Let Y = {Y (t),t € T} be a separable random process from
the class V(p,v) and f = {f(t),t € T} be such a continuous function that
|f(u) — f(v)|] < d(p(u,v)), where 6 = {(s),s > 0} is some monotonically
increasing nonnegative function, and X (t) =Y (t) — f(t). Let r1 = {ri(u) :
u > 1} be such a continuous function that ri(u) > 0 as u > 1 and the
function s(t) = ri(exp{t}),t > 0, is convez. If

B
/ w)))du < oo, (12)
0
then for all p € (0;1) and x > 0 the following inequality holds true
P{sup X(t) > a:} <inf Z.,(\,p, B), (13)
teT A>0
where
ZTI <)\7p7 /8>
=e><p{9w(A p)+ps0< ) (Zé “V(Bp" ) - x)}x
k=2
Bp
xr{™) (ﬁlpo/ﬁ(N(U(l)(u)))dU) : (14)
sutns) =sup (=m0 (F20) ~as) ). (15)
u€T p
Proof. Let g, = ((1 — p)p*~1)~! in the inequality (5) then
Eexp {)\supX(t)}
teT
S AB s (1) ke
< exp 1 Oy(\, p) —1—2 — +)\Z5(U (Bp" 1)
k=2 1-p fe=2
X exp {Z(l —p)p*log N (0(‘”(629’“))} : (16)
k=1
Since
exp{ (1 - Pt Hog N (o )(ﬁp’“))}
k=1
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k=1
] Bp
<[ / r (N (0CY () du (17)
Bp
0
the assertion of the theorem follows from the lemma 3.1, (16) and Cheby-
shev’s inequality. U
Lemma 3.2. Suppose that all assumptions of lemma 3.1 are satisfied and
B
H(o"V(u))
du < 18
o/ AV EG @) e

where H(e) =log N(g). Then for allp € (0,1) and X\ > 0 we have that
Eexp { sup X(0)} < 2059, (19)
teT

where

Z(A,p.p) = eXp{W(A,p,ﬂ) +py <1A_ﬂ )} x

2

X ex 2A H<U(_1)(u)) u N Pty k—1
! p(l—p)O/(p(—l)(H(g(—l)(u»)d +)‘;5( (") ¢

W) = _int (a0 s (U ) ).

v>(l=p)~! ueT
Proof. 1t follows from lemma 3.1 (see inequality (5)) that for all ¢, > 1,k =
1,2,... such that ) i < 1, and all A > 0 the following inequality holds
k=1

true
Eexp {)\ig%)X(t)}
< exp {)\ i 5<0(_1)(ﬁpk_1)> } exp { — H(ep) + SO()\C]kﬁpk—l) } )
=2 k=2
X exp {qil (H(gg +sup(v (W) ~ Aauf(u )} (20)

Let ¢ = v, where v is such a number that v > IL

1 _ AB
Qk:)\ﬁpk-ﬁp( 1) <90<1—p)+H(5k)) k=2,3... (21)
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Since

k—1
1 < ABp —
B~ -1 (w (g

as k=2,3..., then

)) =p" (1 —-p)

o0

f:qi i i-p) =1

k=1

Consider

5 i H(ep) + sOinqkﬁp’“‘l).
k=2

For the sequence ¢ defined in (21) we have

N\
I
Nk
I
)
)
+
[~
| —
A
=
i)
T
‘S/'\
N
~
A
—
>
= @
~—
+
I
)
)
~——
N——

AN
[\
(]
ay
o
T
<
Ll s
g ey
m%
o =~
T

+
Sy
VR
—_

)
N———
(]
S

T
—
=

2
(2B — H(e"(sp*))spt !
- _p)pm;@( Do (G)) (#2)

The function £ ( ) increases as x > 0 (see, for example, [1]) therefore the
function m 1ncreases as well. Then

7 Ho W) He ()
A (@)™ = S H D 3]

B (1 —p).  (23)

ﬁpk+1

And from (22) and (23) it follows that

2

Bp
G 2\ H(o Y (uw))
z<e(75 )p+p<1_p>0 FEe @y

Therefore the assertion of the lemma follows from (5) and (24). O

Theorem 3.2. Let Y = {Y(t),t € T} be a separable random process
from the class V(p,¢) and f = {f(t),t € T} be a continuous function
such that |f(u) — f(v)] < 0(p(u,v)), where 6 = {0(s),s > 0} is some
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monotonically increasing nonnegative function, and X(t) = Y (t) — f(t).
Let r9 = {ry(u) : w > 1} be such a continuous function that ro(u) > 0 as
u > 1, r5(1) = 0 and the function s(t) = ro(exp{t}),t > 0, is convex. If

B
(Vo ()
/ o (log N(o=D(u))) du < 00 (25)

then for all p € (0;1) and x > 0 the following inequality holds true

P{supx<t> > } < inf Z,(\p.B). (26)

teT

where

ZT?()\7P76>

:exp{W(A,p,,@)—l—p(p( >—|—)\(26 Y (Bp"~ 1))—x>}><
v (Ve (W)
_1) ro( N (o U
pi—7) / Flog N D@y | |

« [

Wop ) = _nt (S0 +sup (M s ) o9

v>(1-p)~1 weT

Proof. Let ¢ and qi, k = 2,3, ... be defined as in the proof of the lemma 3.2.
It follows from (20) and (22) that for A > 0, p € (0;1) and v > ﬁ

E exp {)\sup X(t)} < exp {%H(U(_l)(u)) + sup (M - )\f(u))

H (o
+AZ§ D (pph- 1))+ps0< )+22 ﬁp ))}-(29)

From the convexity of the function s(t) = rq(exp{t}) it follows that for all
d; > 0,1 > 1, such that > 9§, =1 and all z; > 0

If Y 0; < 1 remembering s(0) = 0 we have
i=1
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< Gis(x) + (1 - Z@) s(0) =Y dis(xs). (30)
i=1 =1 i=1

It follows from (30) that

exp{ f:qi oY ﬁp))}

= | {7 (exp {fj g ' log N (o7 (8p")) }) ))

< Xt (logN(U(‘”(ﬂp’“>))>>
A1) o1 T2(N(o© (610 ) 2
=" Azﬁ 21 (log N(o- <6pk>>>>> By

The function a(t) = ro(exp{p(t)}),t > 0, is a convex function and a(0) = 0,
that is a(t) is an Orlicz function and the function (t) increases as t > 0 [?].
Therefore the function ry(exp{u})/¢~" (u) increases as well. Consequently

we have the following inequality

7 PN @) o (Ve ()
P g NoTD (@)™ = 50 (log N(o D (5p)

gkarl

Bp*(1 - p)

and

L ra(N(aY(BpR)))
;579 oD (log N (oD (Bpk)))

Bp*
1 & Tz(N(U(_l) (u)))
Sp(l—p),; / T o NI (@)
T (N W)
/ pE 1ogzva< D) (32)

Using the Chebyshev’s inequality the assertion of the theorem follows
from the (29), (31), (32). O
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4. EXAMPLES

Definition 4.1.[4] Let ¢ < ¢ are two Orlicz N-functions. We call the pro-
cess Z" = (ZH(t),t € T) generalized fractional Brownian motion from the
class V (¢, 1) with Hurst index H € (0,1) (V (¢, %)-GFBM) if Z is strictly
1-sub-Gaussian process with stationary strictly ¢-sub-Gaussian increments
and covariance function

Ry(t,s) = EZ"(s)ZH (t) = = (2 + M — |5 — 1|27} (33)

DN |

Theorem 4.1. Let ZH = (ZH(t),t € [a,b]), 0 < a < b < 0o be a generalized
fractional Brownian motion from the class V(p, 1) with Hurst index H €

_a\H
(0,1) and let ¢ > 0 be a constant. Then for allp € (0,1), 5 € (0, (55%) ]
and A > 0 the following inequlity holds true

P{ sup (Z9(t) — ct) > x} <(b-a) <i> "

a<t<b Bp

Ae(Bp) 7 A8 Az
exp {m +pyp (q) + (1 =p)0y(A,p) — C—A} , (34)

where B,(\,p) = sup (w <M> — %) , Ca is the constant from defi-

a<u<b 1=p
nition 2.5 of the space SSub,(2).
Proof. Let’s apply theorem 3.1.

P{ sup (Z"(t) — ct) > a:} = P{ sup (Y (t) — Ct) > g}, (35)

a<t<b a<t<b
where € = C“?—A and C = & Since
1
7, (Yi(t) = Yi(s)) = C_AT@(ZiH(t) — Z[(s))

< (E(ZH(t) - Z1()7)* = |t — 51",

put v(u) = u and o(h) = k¥, then 0 < 3 < (bg—“)H Also we have that
|f(u) — f(v)| = |Cu— Cv| = Clu—w|, i.e. 6(h) = Ch. As function r(u)
let’s choose r1(u) = u* u > 1,0 < a < H. Then

0y (A, p) = sup (w < acal ) /\(Ju) |

a<u<b 1_]9 1_p

=

S5 (o) = S captya = SO

1
2 L —pn



RANDOM PROCESS FROM THE CLASS V (¢, ) 231

log [ max b_—a,l < H(u) <In b—a+1 :
2u 2u

H
then for v < (b_T“> the following estimate is fulfilled

b—a b—a ¢ (b—a)
_ = —— < — 5.
(o) = G ) <5

Since Op < f < (b_T“)H then

Since

IN

r1 (Np (0(_1) (v)))

Bp

1 (5, [ 7 e (o) o)

0
Bp

< (ﬁ—lp/(b;ia)adu)é - (b—a)ﬁ—%p—%(l— %)_‘1‘. (36)

0

e

Infinum of the right of estimate (36) equals to

1

lim(b— )3~ Fp~ & (1— 3)_‘1‘ = (b—a) <3)H. (37)

a—0 H ﬁp
Therefore from (35)-(37) we obtain the assertion of the theorem. O
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