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M.V.PRATSIOVYTYI AND O.YU.FESHCHENKO

TOPOLOGICAL, METRIC AND FRACTAL
PROPERTIES OF PROBABILITY
DISTRIBUTIONS ON THE SET OF INCOMPLETE
SUMS OF POSITIVE SERIES

We study the structure, topological, metric and fractal properties of
the distribution of random incomplete sum of the convergent positive
series with independent terms under certain conditions on the rate
of convergence of series and on the distributions of its terms. We
also study the behaviour of the absolute value of the characteristic
function of this random variable at infinity and the fractal dimension
preservation by its distribution function.

1. INTRODUCTION

Let -
CL1—|—CL2—{—...—|—CLk—|—...:ZCLk:’f’ (1)
k=1

m
be a convergent positive series with axy1 < ai forany k € N, let S,,, = > a,
n=1

o0
be a sequence of its partial sums, and let r,, = Y. a, be a sequence of
n=m+1
its remainders, m = 1,2,....

Expression > a,, where M is a finite or an infinite subset of set N of
neM

positive integers, is called the subseries of series (1). Sum of any subseries
of series (1) is called the incomplete sum of series (1). In another words,
the sum of any series

> enan, where ¢, € {0,1},
n=1
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is called the incomplete sum of series (1). We denote the set of all in-
complete sums of series (1) by A. It is clear that all partial sums S,, and
remainders r, of series (1) belong to set A. Moreover, set A" of incomplete
sums of any subseries of series (1) belongs to A.
For example, the set of incomplete sums of the series > 2-37% is a
k=1

(o]
classical Cantor set, and the set of incomplete sums of the series > 3-47*
k=1
is a self-similar set of the Cantor type.

The set of incomplete sums of given series is a Lebesgue measurable set.
As far as we know, necessary and sufficient conditions for this set to be
of zero Lebesgue measure in terms of sequences {a,}, {r,} are not known
today. Some results and interesting examples are found in the paper [9].
The fractal properties of sets of incomplete sums of some series were studied
in [26,20]. However, in general case the problem does not have solution yet.

In this paper we study properties of the distribution of the random
variable

£= may, (2)
=1

where 7, is a sequence of independent random variables taking the values 0
and 1 with probabilities pox and pyx correspondingly (pix > 0, por+pix = 1).
Generally speaking, properties of distribution of ¢ depend both on series

> a, and infinite “matrix” ||p]|.
n=1

We are interested in the structure (i.e., the content of discrete, singular
and absolutely continuous component) of the distribution of &, and topolog-
ical, metric and fractal properties of essential sets of the distribution. We
also study the behaviour of the absolute value of the characteristic func-
tion fe(t) of the random variable £, namely we study L = limsup |fe(t)].

t|—o0
The problem of the Hausdorff-Besicovitch dimension preservla‘tion by the
distribution function F of the random variable ¢ is also studied [3,21].

According to the Jessen-Wintner Theorem [11] (see also [10,20]) the ran-
dom variable £ has a pure distribution, i.e., it is either pure discrete or pure
absolutely continuous or pure singular (with respect to the Lebesgue mea-
sure). So, the problem about structure of £ is a problem about type of
distribution of £. Criterion for the discreteness (and so, for the continu-
ity) of ¢ follows from P. Lévy Theorem [12] (see also [10,20]). Further we
consider only continuous distributions. Hence, the problem about type of
distribution of ¢ is a problem about necessary and sufficient conditions for
singularity (and so, for absolute continuity) of £.

In this paper we understand topological, metric and fractal properties
of distribution of the random variable ¢ as topological, metric and fractal
properties of its spectrum.
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Note that the random variable £ is a generalisation of infinite symmet-
ric Bernoulli convolution [14,20,19,27] that has received attention of many
mathematicians from the thirties of last century [22,23,17,18,25]. But even
in simplest case a, = \", po, = % = p1, the problem about type of distri-
bution (the structure) is not solved yet [17].

Distributions in cases a,, = 27" (see [24,16,5,27]) and a,, = ¢- A™", where
A< % (see [7,20,27]), are studied in details. Note that a generalisation of
such distributions were studied in [2,1,9].

The random variable ¢ if a,, > r, for any n € N, were studied in [20].
In this paper we continue to study its properties. The case if a, < r, for
infinitely many n, is more complicated. Let us consider the case a,, = r, 11

for any n € N here.
2. CYLINDRICAL SETS AND THEIR PROPERTIES

The set A, . of all incomplete sums

Cm

Z Cnly + Z Enln, where g, € {0,1},
n=1

n=m-+1

of series (1) is called the cylinder of rank m with base ¢y . .. cy, (¢; € {0,1}).
The segment

m m
— |3 / ! —
ACl~~~cm, - |:1nf Acl...cm7 Sup Acl...cm} - [Z Cnan7 ,rm + Z Cnan

is called the cylindrical segment of rank m with base c; . ..cp (¢; € {0,1}).
We denote the interval with the same ends as in A, ., by V., ., and call
it the cylindrical interval of rank m with base c1 ... cp,.
Depending on {a,} and sequence (cy,...,¢cy) it is possible that A
and A, ., coincide or not, but always
Al C Ao

C1...Cm

Definitions directly imply the following properties of cylindrical sets:

) . , B ,
LoinfAg e, =inf AL Sup A, ., =supA, . .

— / _ ! !
2. ACI~~~Cm - ACl~~~Cm0 U AClmcrnl? Acl...cm - Acl...cmO U A(:1...(:m1'

3. inf A, ., =Iinf A, .0 <infA., .1,
sup Acl...cm = sup A(:1...(:m1-

4‘ |ACI---Cm

=7, — 0 (m— 00).
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C1...Cm

Oﬁ Ao, = Oﬁ A’ = Ay em. =x€[0,r].
m=1 m=1

It is easy to see that

|Acy.omel _ Tm+1 _ 1 __ Gm+1
[Aciem|l — @mtit+rmt1r  Omyr+1l? where 5m+1 T Pt
Ao # Dgpsp, i m # k.

k,

m =
Abye =55, & f: (cn — Sn)an = 0.
n=1

b+ a1, 0+ Tpg1] I @1 < T
Acl...cmoﬂAcl...cml - Acl...cmlo...()... if Am+1 = Tm+15 where
0 if g1 > T

m
b= > cha,.
n=1

Corollary. |A. .0 VA 1] = Tmi1 — Gy -

The equality |Ac, . c.0 N Acy.cni] = 3|06 0| is equivalent to

m+1 — — a°
Tm+1 2

|Acl...cm0 N A(:1...(:m1| < %|Acl...cm0| < %Tm—l-l-

Let int A, ., <inf A, .. Then

k m . k m
2 Siai, 3 ciap 1| i X sia; <3 ciag + T,
Acl...cmmAsl...sk — i=1 i=1 . 221 z:nl
0 if ‘21 s;a; > ‘21 City + T,
1= 1=
Sets Ar, .. and A{y_. (_,) are symmetrical with respect to the
middle of the segment [0,7], since » € A], . implies
o0 m o0
¥=r—z = Zan_chan_ Z Enlp =
k=1 n=1 n=m-+1
m [e.e] ,
— n§1(1 —Cp)ay + n:%:ﬂ(l —&n)an € Ay (1—em)-

Sets A, . oand A) . | are symmetrical with respect to the middle

of cylindrical segment A., ., .
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15. B Ve 0N Vo1 # 0, 1€, 7i1 > @y, then
Acl...cm() N Acl...cml C Acl...cm01
and
A(:1...(:m0 N Acl...cml - Acl...cm107
hence,
Acl...cmO N Acl...cml = Acl...cmOl N A(:1...cml(]-

16. The following equalities

Acl...cmO N Acl...cml = Acl...cmOll = A(:1...cml(]0

hold.

3. CYLINDRICAL REPRESENTATION OF POINTS OF THE SET OF
INCOMPLETE SUMS OF GIVEN SERIES

Definitions of cylindrical sets (cylinders and segments), properties 2, 4
and 5 imply that

Ay DA, D...D A, D... and A DAL D...DA] O

cic2 C1...c

for any sequence {cx}, ¢x € {0,1}. Moreover, there exists unique number
x € [0,r] such that

A(:1...(:m = m A/cl...cm == Z Crag. (3)
m=1 k=1

We denote expression (3) symbolically by z = A, ... and call the
cylindrical representation of number (point) x.

Set of all points « € [0, 7] having the cylindrical representation coincides
with the set of incomplete sums of series (1).

Directly from the cylindrical representation definition we obtain that
numbers u = A¢, ., and v = A, s . coincide if and only if

o0

Z(Ci —s;)a; = 0.

=1

Lemma 1 ([20]). If ar < 1 that is equivalent to ry > 2141 then any point
of segment [0, 7] has not more than two cylindrical representations.
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4. TOPOLOGICAL, METRIC AND FRACTAL PROPERTIES OF THE SET
OF INCOMPLETE SUMS OF THE SERIES

The following proposition describes the structure and topological prop-
erties of the set of incomplete sums of series (1).
Theorem 1 ([9]). The set of incomplete sums A has the following proper-
ties

1. it is a perfect set (closed set without isolated points);

2. A= U A for any m € N and all A/ are isometric;

C1..-Cm C1...Cm
(c1...cm

3. it is a union of segments if inequality r; < a; holds only for finitely
many j;
4. it 1s a nowhere dense set otherwise.

If the set of incomplete sums of series (1) is of zero Lebesgue measure,
then the Hausdorff measure and the Hausdorff-Besicovitch dimension give
us more detailed information about its “massivity”. Let us recall these
notions.

Let E be a bounded subset of the space R'. The a-dimensional Haus-
dorff measure of E is defined as follows

Ha(E):hm[inf {Z|u,-|a: ngEH

€—=0 | |u;|<e

2

where the infimum is taken over all coverings {u;} of the set E by segments
w; with |u;| < e, where |u;| is a diameter of u;. Generally speaking, the
measure H,(E) may be equal to zero, infinity or positive integer. The
number

ag(E) =sup{a: H,(E)#0} =inf{a: H,(FE)=0}

is called the Hausdorff-Besicovitch dimension of the set E. This notion
characterise the massivity of a set and “compactness” of its points, since
it has the following properties: 1. If E; C Es, then ag(E;) < ag(Es).

2. ag (U Ez) = sup ao(E;).
Theorem 2 ([20]). If series (1) satisfies the condition a < 1 for any

k € N (it is equivalent to 6, = ™ > 1), then the Hausdorff-Besicovitch
dimension of the set of its incomplete sums is equal to

-1

cul) = [T (7 Stowsta 4 1) )
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Corollary 1. If conditions of Theorem 2 hold and klim 0 = 0, the the

Hausdorff-Besicovitch dimension of the set of incomplete sums of series (1)
1$ equal to

ag(A) = logy ' (6 + 1).

Corollary 2. If conditions of Theorem 2 hold and klim O = 1, then
ao(A) =1.

Corollary 3. If conditions of Theorem 2 hold and klim 0 = o0, then
ao(A) = 0.

5. ABOUT ONE SPECIAL SERIES

There exists the unique positive series a; +as + ...+ a, + ... =1 such

that a, = r, for any n € N. This is the series 3. 27%. The set of its
k=1
incomplete sums is [0,1]. Any irrational point from [0, 1] has the unique

cylindrical representation corresponding to this series, and some rational
numbers have two cylindrical representations.
Let us consider the series with a, = r,,1 for any positive integer n.
Lemma 2. [If series ay +as + ...+ a, + ... =1 has property
Qp = T+l = (an+2 = Qp — an—l—l) (5)
for anyn € N, then
an = (—1)" M upay — tp_g) for n>2, (6)

where {u,} is a classical Fibonacci sequence, i.e.,

Uy = 1, Uy = 1, Up+1 = Up + Up_1.

Proof. 1. Since

a; +ag +ry =1,
o = as,

we have
o9 = 1— 2@1,
{ 52:a1+a2:1—a1.
Analogously, since
a; +as+az+rz=1,
{ r3 = Gg,
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we have

a3:1—32—a2:a1—a2:3a1—1,
53:32+a3:2a1.

So, equality (6) holds for n = 2 and 3.

2. Suppose that (6) holds for n = k.

3. Prove that 1 and 2 implies that equality (6) holds for n = k + 1.
From equality a, = 7,1 we obtain

An = Qpi2 + Tnto,  Ap = Gpi2 + Gpgl-
Hence, a,40 = a, — a,y1. This implies
Sp=a1+ (1 —2a1) + (a3 —az)+ ...+ (ap2—ap1) =1—a,_1.
From s, 4+ a,41 + 7,01 =1 and 7,11 = a, it follows that

Unipr = 1—sp,—ap=1—(1—a,_1)— (=1)"Hupa; — tup_o) =
(_1)n[(un + Un—l)al - (un—2 + un—S)] =
= (_1)n(un+1a1 - un—l)’

By induction, equality (6) holds for any positive integer n.

Lemma 3. Let {u,} be a classical Fibonacci sequence. Then sequence

_ U2m-—-1 : : — U2m, . N
T = o IS INCTeasing and sequence Y, s s decreasing. Moreover,
. , 1 1+5
lim x,, = lim vy, = —, where p= .
m—o0 m—o0 (,02 2

Proof. Tt is known that u%m 41 — U2m—1U2m+3 = 1. Hence,

" R U2m+1  U2m-—1 1 <0
m+1l = 4m — - - )
U2m+3 U2m+1 U2m+3U2m+1

and sequence {z,,} is increasing.
Taking into account that u3,, 4o — UmUzmis = —1, we have

o Uom+2 Uom o -1
Ym+1 — Ym = - - < 0.
U2m+4 U2m+2 U2m+4U2m 42

So, sequence {y,,} is decreasing.

It is known that
. U, 1
lim = —.
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Therefore,

m—0o0 m—00 n—oo

n n 1
limxm:limym:lim<u -u+1>:—
which proves the Lemma.

Theorem 3. There ezists the unique positive series with property (5). It
has a1 = é and

Unp,

n—1
Ap = Tpyl = (_1)n—1 (E _ un_2> — _6an—1 _ (_1)n—1ﬁ

302

(7

1+V5 _ 15
2 B = 2

where ¢ = , and {u,} is a classical Fibonacci sequence.
Proof. 1f series has property (5), then according to Lemma 2 the n-th term
of the series has a form (6). Then condition a, > 0 is equivalent to the
following conditions

A2m41 = U2m41A1 — U2m—1 > 0,
A2 = Um—2 — Uzmay > 0,

ie.,
U2m—1 < ai < U2m—2
1 .

U2m+1 U2m

According to Lemma 3, there exists unique a; such that the latter double

inequality holds for any positive integer m, namely a; = .

@
By using the known Binet formula
1+5\" 1-v5\"
(8- (=)
V5 ’
one can to express the ratio
An+1 _un—l—l - (;02un—1 \/3 —1

= =—0=

2
ap, Up — P Un—2

Hence, equality (7) holds.

6. TYPE AND PROPERTIES OF DISTRIBUTION OF RANDOM VARIABLE &

As it is known, the random variable ¢ has a pure distribution. The
following statement follows from P. Lévy Theorem [12].
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Theorem 4. The random variable & has a discrete distribution if and only
if

M = H max{pog, p1x} > 0.
k=1

Corollary. The random variable & has a continuous distribution if and only
if M = 0.

The spectrum S, of the distribution of random variable ¢ is the minimal
closed support of (, i.e.,

Se ={x:P{(e(r—¢c,x+e)} >0Ve >0} =
={z: F(v+¢)— Fe(r—¢)>0Ve>0}.

It is easy to prove the following proposition.
Lemma 4. The spectrum of € is the set

Sg = {93' L= AClCZ---Ck---? Dey ke >0 Vk € N},
which is a subset of the set of incomplete sums of series (1).

Let us focus our attention on the distribution of the random variable &
if the corresponding series has property a, = r,,1.
Theorem 5. Let a, is given by (7), let M =0 and let

Poiem)P1(2m) = 0, Poem—-1)P1(2m—-1) # 0.

Then the random variable & has a singular distribution of the Cantor type
with a self-similar spectrum. The Hausdorff-Besicovitch dimension of the
spectrum of € is equal to

ag(Se) = —logg 2.

Proof. Taking into account that a,, = r,1, we have
sup A01...(:m00 = inf Acl...cml(b

sup A(:1...(:m(]1 = inf Acl...cmll-

Let A* = Acl...cm N Sg. From Po1P11 7é 0, Poiem) = 1 it follows that

Cl...Cm

Piiem) = 0 and
Se = Ago U Ay,
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where the sets Af, and Aj, are isometric (congruent) and self-similar sets.
That is
A = Blooo U Beores €= 0,1,
k * *
Se ~ Dior0 = T4 D Deooos

where

L — |Aconol _ W& — 3
| Aco T2 ar
The set A%, is a perfect set. Its self-similar dimension «y coincides with
its Hausdorff-Besicovitch dimension [6] and it is a solution of the Moran
equation
4B =1, ie., x= —logs 2.

By the Corollary after Theorem 4, the random variable ¢ has a contin-
uous distribution, since M = 0. Since a(S¢) < 1, the Lebesgue measure
A(Se) = 0. So, the random variable ¢ has a singular distribution of the
Cantor type by definition.

Theorem 6. Let a, is given by (7), let M = 0 and let pom)Piem) = 0.
Then the random variable & has a singular distribution of the Cantor type.
The Hausdorff-Besicovitch dimension of the spectrum of £ is equal to

ap(S¢) = — lim log, A;,

Jj—00
where
zj:[bk—l} ) S
Aj = k=1 , bk = #{Z : p¢(2k+1) 7£ 0}7 dj = ﬁ_SDQ '

Proof. The random variable £ has a singular distribution, since M = 0. The
spectrum of £ is a subset of the set

B={x: x=A, .,., where ¢y, 1 € {0;1}, ¢y, are fixed}.

The Lebesgue measure of B is equal to 0 (see the proof of the previous
theorem). So, ¢ has a singular distribution of the Cantor type.

If po1p11 # 0, then sets Aj, = AN .Se and Aj, = AN .Se are isometric.
If pa—ep = 0, then S = AY;. Therefore, the Hausdorft-Besicovitch dimen-
sion of the spectrum S coincides with the Hausdorff-Besicovitch dimension
of the set A}, where p.; # 0.

The set A}, is a union of A; isometric closed sets of diameter d;. The
a-volume of such a covering is given by

15 = A;dy

77
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where
= A2;5+4 Ca )
d;j =7r9j40 — A = Agjp1 — — 5 = Qi1 (1 + ——5 | =
j = T2j42 i;—l 2 2417 T 33 2g+1< [z
_ Q241 2 23} _ T
—1_62(1—5 + 5°) = —Bagj1 = —pY al—_(pg-

Therefore [13],
ap(Ay) = ao(Se) = — lim log, Aj,

J—00

which proves the Theorem.

Let us return to the case a,, > r, for any n € N. It is sufficient to define

the distribution function Fg¢(z) of the random variable ¢ at the points of
the spectrum S, since it is defined by the continuity and monotonicity in
remaining points.

Lemma 5. At the point x = A¢j¢y..c,... = T € Sg the distribution function
F¢ of the random incomplete sum £ is of the following form

F§<I> = 5011 +I§ (ﬁckk 1:[ p(:jj) ) (8)

i=1

where

6 _ 07 Zf Cr = 07
ok pok, Y k=1

Proof. The event {{ < z} can be represented in the following form
{{<at={m<atU{m=cam<clU{m=c,m=c,mp<cjU...

"'U{nl:C17n2:C27---777k—1:Ck—lank<Ck}u-’--
Then P{{ <z} =

=P{m<al+P{m=c,mp<ct+P{m=c,n=cy,n <cs}+

...—|—P{T}1:Cl,’I]Q:Cg,...,T}k_l:Ck_l,’I]k<Ck}—|—...
and
P{m=ci,m=co...,Me1 = Ch1, M < Ci} =
k—1

k—1
= (1:[ P{T]J = Cj}) . P{nk < Ck} = ﬁckk HPij-

j=1
Hence, F¢(x) = P{{ < x} is expressed as (8).
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Lemma 6 ([20]). Ifdr = % > 1 (it is equivalent to ry > 2ryy1) and
pokP1k # 0 for any k € N, then the spectrum Se of the random variable £ is
a perfect nowhere dense set. Moreover, its Lebesque measure is equal to

5k+1 A>0 if (8 —1) < oo
k=1

(Sg)—211m2rk—2rH

Theorem 7 ([20]). Let b, = & for any k € N and let the series io: (0p—1)
k=1

15 convergent. Then the random wvariable & has an absolutely continuous
distribution if and only if

i In[\/poxp1k (0 + 1)] < 00

k=1

Theorem 8 ([20]). Let 0, > 1 (it is equivalent to 1, > 27‘k+1) and
pokpie # 0 for any k € N, let M = 0, and let the series Z (0), — 1) is

divergent. Then the random wvariable & has a singular dzstmbutwn of the
Cantor type. Moreover, the Hausdorff-Besicovitch dimension of its spec-
trum is equal to (4).

7. FRACTAL DIMENSION PRESERVATION

Let us recall that the a-dimensional Hausdorff-Billingsley measure of a
set F is defined as follows

ﬁa(E):hm< inf Zu ), UuZDE>

el0 \ p(uy)<e P

where the infimum is taken over all coverings {u;} of the set E C A by
segments u; with p(u;) < e. The number

a, = a,(E) = inf{a: H*(E) =0} =sup{a: H*(E) # 0}

is called the Hausdorff-Billingsley dimension of the set E with respect to
measure .

We say that a distribution function F¢(x) preserves the fractal dimension
if the Hausdorff-Billingsley dimension az(-) of any subset £ C S¢ is equal to
the Hausdorff-Besicovitch dimension of its image E' = F¢(E), i.e., az(E) =
e (E) = ag(E'), where T is a probability measure which gives uniform
distribution on S.
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Theorem 9. Ifa, > r, for anyn € N and

. 1
]}1_{20 Pok = 5, 9)

then the distribution function F¢ of the random variable £ defined by (2)
preserves the fractal dimension.

Proof. Without loss of generality, let us assume that p;; > 0. Then the
expression of the distribution function Fg¢(z) is a Q*-representation [20] of
the number F¢(x) and

E(Aal(z)...ak(:c)> = 2_k7

k
,U/S(Aal(:p)...ak(m)) = P{f € Aal () } Hpaj(:p H ( To(z) )
7=1
where 7o, (2)j = 2Pa;(2);- Taking into account (9), we have
Tay)j — 1 (j —00) and  lim In(74;();) = 0. (10)
j—o00
Then i
In IT Po (2)i
oy 2By ) o) _ o
k—oo0 lnﬁ(Am(z)...ak(I)) k=00 In2-*
k L& L &
jz—: N Paj(x)j EIn27" + jz—:l In Toy; ()4 k ng In Taj(z)j
— lim = = -1+ lim =
e k2 T T Tne

Taking into account (10), we have

]}ergo k Zln Ta;(2)j

Therefore,
l Aa x)...ap(T
o (D). o)
k—oo INTI(Aa, (2)...a8(x))

=1 (11)

for any x € Se.

For cylindrical representation and the Hausdorff-Billingsley dimension
the analogue of Billingsley Theorem for s-adic intervals [4] holds: if v, and
vy are continuous probability measures and

1 A, (@)...an(a
ECEOI{JI: lim BV (Bao).. k()):5}7
k—oo In 15 (A, (2)...a8())

then o, (E) = do, (E). Hence, from equality (11) it follows that az(E) =
1o, (E). So, F¢ preserves the fractal dimension.
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8. CHARACTERISTIC FUNCTION OF THE RANDOM INCOMPLETE SUM
WITH INDEPENDENT TERMS

Characteristic function fe(t) of random wvariable £ is a mathematical
expectation of random variable e, i.e.

fg (t) = M@it& .

Characteristic functions provide suitable tools for the investigation of
the structure and properties of real-valued random variables. In particular,
it is known that

Le = hﬁl sup | fe(t)]
is equal to

1) 1, if £ has a discrete distribution;

2) 0, if £ has an absolutely continuous distribution.

For singular distributions L¢ can be equal to any number from [0, 1].
Singular distributions with L = 1 are close to discrete distributions, and
distributions with L, = 0 are close to absolutely continuous ones. Hence, the
value L¢ characterise how close are the properties of singular distribution to
the properties of discrete and absolutely continuous ones. Note that measure
tte such that Le = 0 is called the Rajchman measure. Some important for
probability theory problems are related with such measures [15].

Lemma 7. The characteristic function of random variable & defined by (2)
is of the following form

8

fe(t) = (p()k + p1k6itak> = H (pok + Pk cos(axt) + ipyy sin(axt)) ,
k=1

k=1

and its absolute value is f the following form

0= TTAOL where 10 = 1~ g 2
k=1

Proof. From properties of characteristic functions and mathematical expec-
tation we obtain

it a 0o
fe(t) = Me™ = Me k; R [] ettoxm: —
k=1

o0 . (o] .
= kﬂl Me'* e = TT (pog + pire’ ™) =

= lfll (pok + 1k cos(tag) + ipyy sin(tag)) = lf[l fr(t)
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and

tCLk

| fr(®)] = \/pgk + 2pokpik cos(tay) + piy, = \/1 — 4pokp1k sin® >

which proves the Lemma.

Let us study the behaviour of the absolute value of the characteristic
function of random variable ¢ at infinity under extra conditions.
Theorem 10. If

1 n
— Ant1 — 0 (n — OO), where 2 S dn S N7 (12)

9n Qn

then
L¢ = limsup | fe(t)| = 1.

|t|—o0

Proof. Let us consider the sequence t,, = 2—: And let us estimate

()] = T y/1 = dporpuisin® == > T 4/1 = sin? 2 = [T |eos =]
k=1 2 k=1 2 k=1 2
Hence,
o o0 tn
Le 2 lim |fe(t,)] = tim TT 1fu(t)] = Jim T feos =52,
k=1 k=1

Since .
thar | TgkGk+1---gn—1 i Kk <mn,
2 )] —F— if k>n,
In+19n+2---9k
we have
tnak . 1 if ]{3 S n,
cos 92 | ] cos——"—— if k>n.
In+19n+2---9k

So,

o0 [e.e] T
| fi(tn)| > cos : (13)
1}1 kzl;[H In+19n+2 - - - Gk

Since g,' — 0 (n — 00), there exists ng such that g, > 4 for all n > ny.
Then for k& > n > ng we have
T T g T 272

cos >cos—— =1—2sin >1-— =
Gni1Gns2---Gp AT 2 - 4k—n 4. 16+

© Qdk—dn+1”
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Hence,
s T a 2
11 COSg > I (1 - 24k—4n+1> :
k—n-t1 n+19n+2 - - -9k k11
&S] 2
Since series > smZmyr converges, infinite product (13) also converges,
k=n+1
hence,
oo
lim H coS T =1

T et In+19n+2 - - - Gk

and L¢ > 1. Since always L¢ < 1, we have L = 1.

Corollary. If sequence {a,} satisfies the condition (12) and condition
M = 0 holds for matriz ||pi||, then the random variable £ has an anoma-
lously fractal singular distribution.

Lemma 8. If for any positive integer n condition (12) holds and L¢ = 0,

then )
Pok = 5 (k — o0)

and g, = 2 for any n > ng for some ny.

Proof. Since L¢ = 0, the equality
lim | fe(t)] = 0 (14)

n—oo

holds for any sequence {t,} such that ¢, — oo. Let us consider t, =
291 ... gnpm. Then

; SiN® TGppt1...gn if k <mn,
. a o TG : :
sin? Y _ g2 M99k ) 2 g if k=n,

gr---9n sin? —= if k>n,
In+1---9k

and fr(t,) = 1if £ < n. Hence,
| fe(tn)] = | fara(tn)] - By,

where
, T
| fos1(tn)| = \/1 — 4Po(n+1)P1(n+1) sin’
In+1
and . .
B,= [ Ifilt)l= T (/1 — 4popixsin® :
k=n+2 k=n+2 In+1-- -Gk
The sequence {B,} is convergent, moreover,
a T a s
B, > H 1—gin? ———M = HC08725>0.

k=n-+2 In+1-- -9k pZpio In+1 -Gk
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Therefore, equality (14) holds if and only if |f,11(t,)] — 0 (n — o0). It is

possible if py, — 3 (n — 00) and g,, = 2 for n > ny.

Corollary. Let M =0, let condition (12) holds, and let klim Pok 7 % Then

the random variable & has a singular distribution.

Lemma 9. Let condition (12) holds, let g, = 2 for n > ng, and let por, — %
(k — 00). Then L = 0.

Proof. Let us consider the random variable
C = Z 2_mnno+m
m=1

with independent binary digits 7,,,+m. The behaviour of L, was studied in
the paper [8]. It is known [8] that

1
L=0 & Pok = 5 (k — 00).

This fact remains valid for the random variable é = o lg (. Since
Gng

A no
E=&+(, where & = Z M
n=1

and

fe(@) = fe, () - fe(2),
we have that L¢ = 0 if and only if L; = 0, i.e., if condition poy — 0 (K — o0)
holds.

Lemmas 8 and 9 imply the following proposition.
Theorem 11. Let M =0, and let for any k € N

B 1
9192 - - - Gk
Then Le = 0 if and only if

{pOké% (k’—>OO),

ay , 2<gL€N.

gn =2 forn > nyg.
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