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VOLODYMYR MASOL AND MYKOLA SLOBODIAN

ESTIMATION OF THE RATE OF
CONVERGENCE TO THE LIMIT DISTRIBUTION
OF THE NUMBER OF FALSE SOLUTIONS OF A
SYSTEM OF NONLINEAR RANDOM BOOLEAN

EQUATIONS THAT HAS A LINEAR PART

The theorem on a estimation of the rate of convergence (n — o)
to the Poisson distribution of the number of false solutions of a be-
forehand consistent system of nonlinear random equations, that has
a linear part, over the field GF(2) is proved.

1. INTRODUCTION

Let us consider a system of equations over the field GF(2) consisting of
two elements

i(n) ]

g
k=1 1<j1<--<jp<n

that satisfies condition (A)

1) coefficients ag-?mjk, 1 <51 < .o < gk <k =1,...,g/(n),
i = 1,..., N, are independent random variables that take value 1 with
probability P{a,g-?mjk = 1} = pir and value 0 with probability P{agi)mjk =

0} =1 — pu;

2) elements b;, ¢ =1,..., N, are the result of the substitution of a fixed
n-dimensional vector 7, which has p(n) components equal to one, into the
left-hand side of the system (1);

3) function g;(n), i = 1,..., N, is nonrandom, g;(n) € {2,...,n},
i=1,...,N.

Denote by v, the number of false solutions of the system (1), i.e. the
number of solutions of the system (1) different from the vector z°. We are
interested in estimation of the rate of convergence to the limit distribution
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ESTIMATION OF RATE OF CONVERGENCE 133

of random variable v,,n — oco. Such an estimation was considered in [2]
under condition that there are no linear terms in each equation of the sys-
tem (1) with probability 1. Besides, the essential in [2] was the condition
p(n) =pn,0 < p < 1.

Theorem. Assume that the following conditions hold: (A);
n—N=m, m=const, —00 <m < o0; (2)

0<da(n) < pa < 1—=20ba(n), i=1, N; (3)

there ezists a function p(n) such that for any g, €9 € (0;1), there exists
no = no(eo), no € N, such that for any n > ng there exists €, € € (0,1)

Z:eXp{—Ego(n)éﬂ(n)} < €o; (4)

for any i =1,2,....N there exists a set T; # 0 such that for all sufficiently
large values n

ﬂ - {27 SR gz(”)}v 0 < 62t(n> < Dit < 1_6it(n>7 tEﬂ; (5)

forany ey, €1 € (0;1) and any integer k > 0 there exists ny = nq(e1, k), ny €
N such that for any n > n,

2ﬂB(n) <é€q, (6)

N
- _ , t _ [logop(n) — _n
where B(n) - z; exp{ 2t§} 5zt(n)0f(n)}7 ﬁ - [ 23 }; [L(’I”L) — p(n)lnn’

w(n) > 23 f(n) takes integer positive values, f(n) = o(p(n)), n — oo, []
is a sign of integer part.
Then for fired k=10, 1, 2, ...

‘P{Vn:k}—ye

B
< (%) 2+277 B(n)+

10, (1429 B(n)) + 60,] + (22)" 52 B(n) +

n (%) Be* [0, (1+2 B(n)) + 66, (7)

where A = 2™, §; = min {5¢1(n), \/2512(71) },

N
O, = exp{—2_2ﬁ25¢+2ﬁ+ﬁ+1nn—mln2},

=1

Oy =27"exp {52ﬁgo(n) (ﬁ +1In (62;:(”))) + 26 + 21n(525<p(n))}.
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3. AUXILIARY STATEMENTS

Let z', ..., ¥ be n-dimensional Boolean vectors which are all distinct and
do not coincide with 2°, 2 = (2%, ...,2%),v = 0,k, 1 <k < 0o. Let iy, .
(Jgur,...,usy) denote the number of units (zeros) standing at those and only
those positions of all vectors z*, ..., z%, where all vectors x¥s+!, ..., z% 20

have zeros (units), u, € {1,....k}, uss1, ...,up € {1, ..., k}\{u, ..., us}. See

Us

details [1].

Denote by Mv*l k-th factorial moments of a random variable v,; let
My =1,
Statement. ([1]) Under condition (A) for k > 1

Myl =275 (n, k; Q), (8)
where
n—p(n) -1
S0,k Q)= X X0 gt (0= o)~ 1 T
s=0 il

p(n) -1
Z_: > 'p(n)! ((p(n) — )] Hj!) Q, s+ >1 (9)

jed

gi(n)

Q= 1:[ (1 +3 > I (1—2p) M) : (10)

v=11< Uy < - <u, <k t=1

summation (Z /) is taken over all i € I (j € J), where I = {ify,, u,y:
I1<uy < - <u, <kv=1..k} (J={ju,uwy:1<Su < - <u, <
k,v=1,...,k}) such that

di=s (Z] = s') :
icl jed
numbers i (i € I), j (j € J) in (9) satisfy the following relations

o G+ >1, u=1, ..k

iGI{u},jGJ{u}

k—2
Z Z (i{uh#l ~~~~~ wi} +j{u17#1 ~~~~~ wi} +i{u27#1 ~~~~~ m} +j{u27#1 ~~~~~ m}> > 1,
1=0 1<p1 <...<pu<k

1 <u <up < k;
for1<u; <..<wu, <k, ve{l . k}, andt € {l,...,n} the inequality

ried > 3 (et + ) (11)
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holds, where T' = Iy,
Here

.....

where A (¢, 1, k) denotes the following constraint set: 1 < o1 < ... < gy <
k, o, € {uy,....ou,}, z=1,..,¢0, v =1,...,v, Y = 1(mod2), 1 < puy <
<y < ky gy ey € {ug,nu}, =000k — v
The explicit form of F{ul """ wfor 1 < up < ...<u, <k, ve{l, .. k}
t=1,2, ..,g:(n),1=1,.. leglvenln[l]
We use statement 1 and divide the expression (8) into finite number of
addends:
Myl =27k N 9@ (& Q), (12)
A>0
where S (n, k; Q) differs from S(n, k; Q) by alli and j (i € I, j € J)
involved in the expression S(n, k; Q) according to (9), but accept values
such that there exist exactly A distinct collections w, = {u\”, ..., uéz)}
1<ul® <. < ug ) < k: &.ef{l, .., k}, a=1, .., A, such that for
each of them there is a t® € {2, ..., 7“}, satisfying the inequality
[ <, (13)

tla), k

and for all collections {vy, ...,v,}, 1 < vy < -+ <wv, <k, v=1,..,k,
that satisfy {v1, ...,vy} #wa, @ =1, ..., A the estimate

Ft{7vkl,...,vw} > Cﬁ (14)
holds for all t € {2, ..., r}, where

r = [ep(n)].

To prove the theorem, we use the following lemma.
Lemma 1. If conditions (2), (5) and (6) hold, then

Sy =\ +0(k, n), (15)

where

Sl = 2_kNS(O)(na k;a Q)a
0k, n)| < 25 u(k) + 270, (1427 (k)

u(k) =23 " exp {—2 > 5it(n)0ﬁ} ,

i=1 teT;
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0< k<2 (16)

The proof is similar to the proof of Lemma 1 in [2], provided A = 0.

Further we will prove that for A > 1 the following statement takes place:
Lemma 2. Under conditions of the theorem, for such k,k € Z, U{0}, that
satisfy formula (16), and for all sufficiently large values of n

N
p1 <6 (22k) 2mADE=m oy {—Q_Qk > bi+In n} : (17)
i=1

2k _1
where p; = 27N S SB)(n) k; Q).
A=1

Proof. Denote by M, (M1> the set of all 4,¢ € I (j, j € J) that does
not belong to 1, (J,,), « =1, ..., A; and by My = I\ M, M, = J\Ml. Let
Ry (Rl) be the cardinal number of M; (M1> Let z be the smallest integer

such that
A<2 -1, 1<z<k (18)

According to Statement 2.1 in [1] we obtain:

Ry <287 1, Ry <2F= 1. (19)
If
pieet < ot (20)
for some collection {uy, ..., u,}, 1 <wuy <---<wu, <k, v=1, .. k, and
some t € {2, ..., r}, then from (11) we get
0<i<r, iEI{ul,...,u,,}; 0<j<r, j€ J{ul,...,u,,}- (21)

Further, it follows from (13), (20) and (21) that the inequalities

0<i<r 0<j<r) (22)
hold for all ¢ € M, (j € Mg). Using (3) at i = 1, N and a = 1, A we
obtain

gi(n) ou ou
IT (1 = 2pi)" k| < (1 — 26,1 (n)) vk, (23)
t=1

Let restriction G hold: there exist i € My and (or) j € M, such that
i € (ELH, r} and (or) j € (ELn, r} where

E,>3, E,=o(lnn), n — oo.
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Put
p2 =p1 — Sz, (24)
where
2k—1
Sp =27V %" S (n, k; Q),
A=1

S((él))(n, k; Q) differs from S (n, k; Q) in such a way that summation over
parameter s" in (9) is restricted by G;.
Let G7 hold. Using (11) for the some o, a =1, ..., A, we get

Wa r
R (25)

Taking into account (23) and (25), we find the estimate

S exp {—2521 (n)EL} s

fori,i=1,..., N and some « € {1,..., A}. Now using (18) we obtain

N
Q S 22N exp {—2_2 (N — Z exp {—2521(H>EL}> } . (26)
i=1 n
Thus, using Gelder inequality and relation (4), we estimate @) as
Q<Q, (27)

where Q = 27 exp {277 (N = N* )}, 4, = &,
Taking into account restriction Gy, relations (19) and (22) we find

gi(n)

H 1 —2py) res

27—1

Sy Y Y

2=l A=27"11<(1<...<(q<2k 1

n—pn

] |
S1- S2:
s S1
X2 G 2 Ol 2 ol 2 malX
5=0 s1+s2=s Y. =51 i€M> ‘ > =2 1€My ‘
i€ Mo i€My

p(n) A A
s’ s’ Sl- 82. A
s'=0 sh+sh=s' Z j=s Nl
JENIy JeM2 jeNn

It follows from (27) and (28) that

QQ;imk exp {—2—kN (1= N=4) +2"=p(n) In <2k87§(n)> } - (29)

Sy <
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Let restriction G hold: there exist i € My and (or) j € M, such that
i € <lnn’ Er } and (OI‘) ] € <lnn’ Er}
Let us consider sum p3. Put
ps =p2 — 53, (30)
where

Sy =27 ’fNZS(GQ (n, k; Q).

Here S((ég)(n, k; Q) differs from S™®) (n,k; Q) in such a way that sum-
mation in (9) is restricted by Go.
If G5 hold, then similarly to (27) (we just replace A, by A, = 22 we
obtain
Q<2Nexp{-27"(1-e*)N}. (31)

Using G5 and relation (19), we find an estimate S3 (similarly to Ss):

92" gmk 2kep(n) nekl
< —27F(1—e*)|N 1 . (32
Sy < S €XP { ( e ) + E n (2’“590(71)) } (32)

Let restriction Gy hold: for all i € M, and j € M,

0< < — 0<y < —. 33
== Tn =7 > Tnn (33)
Let us consider sum p;. Put

pa = p3 — S, (34)
where

2k—1

54—2kNZS ) ey (k3 Q).

In (34), S(G 25_9) (n,k; Q) differs from S®(n,k; Q) in such a way that
summation in (9) is restricted by G and A < 2% — 1.
Using (11) we obtain

Iye, > (s + 5@) (35)

foralla =1, ..., A, where s = ¥ 4, 5§ = ¥ j

1€1ug J€Jwa

Taking into account (23) and (35) fori=1,..., N and a =1, ..., A,

H (1 — 2p;) e

20;
< exp {_Q_k’( (@) + s(a))}
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Using equality e™¥ <1-%, 0<y<l,fori=1,.., N,a=1,.., A,
we get

O (@) | x(a
B <1— 2—k(3< ) 5@, (36)

H (1 —2pi)"

Taking into account (5), (6), (14) and (36) we obtain
S BN B O S e—s.
2V S SE) (ki @) <27 8 R

Now, taking into consideration (2), we obtain

2k _1

27NN Sl (n, k; Q) <
A=1

k k
< 9% gmkg=mn(A 4 1)V exp k2%ep(n)In2 N 2%cp(n) In enlnn "
Inn Inn 2kep(n)

A
%Z (@) 1 5() 2k_mku(k:))}, s+s>1, (38)

N
X exp {—2‘“ Z

where S((ég)(n, k; Q) differs from S®)(n, k; Q) in such a way that summation
in (9) is restricted by Gs.
If A < 2%—1, then it follows from (38) and the inequality max{s,, 5.} <

Legl) that

22k2mkz
Sy < om

Let A = 2% — 1. Then we can put

exp {—27FN + 2 1egp(n) } . (39)

ps = ps — S, (40)

where
2k—1

S5 =27 3" S, (K Q).

A=1
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Here, S((é;%_l)(n,k; Q) differs from S (n,k; Q) in such a way that
summation in (9) is restricted by G5 and condition A = 2% — 1. Using (2),
(6), (19), the inequality

A
(599 + 59 > 5, +3,, (41)

a=1
where
=Y i a=Y]
i€M> e

and relation (37) it is easy to verify that

N

22k2(m+1)k N
Sy < ———exp {—2_2"3 > i+ lnn} : (42)

m
2 i=1

provided
Sy + 8, > 1. (43)

Now, let us check that if A =2*—1,1< 2z <k, and z € {k,k— 1} or
k € {1,2}, then there exists some a, o € {1,2,..., A}, such that &, < 2.
Indeed, when z = k or k € {1, 2}, the existence of the mentioned parameter
« is obvious. For z = k — 1 the existence of the parameter « such that
£o < 2, follows from Remark 2 in [1, p.1217].

Let restrictions G4 hold:

S.+ 5, =0, (44)

(>3, a=1,..., A, A=2—1, 1<2<k—-2, 3<k<oo. (45)

We can put
P = p5 — S, (46)

2k_1
Se =273 @) (n,k; Q)
A=1

where S((éz) (n, k; Q) differs from S (n, k; Q) in such a way that summation
in (9) is restricted by Gj.

Let restriction (44), A =2 —1, Ry < 2#=*—1, and Ry < 2% —1 hold.
Then using (38), by virtue of (19), we obtain the estimate

n—p(n) p(n) '
k4 N— s s s’ o |°
So < (L+0(1)) 22 NN N7 g MY O [ M| <
s=0 3’:0,8’-‘1‘821
22k+12mk n
< g (1-25)". (47)
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It remains to check the relation

22k2mkz
Sy < o EXP {—nQ—k+1 +ep(n)In (6:;(2)) +In \/go(n)} ) (48)
where
2k 1
Sy =pg =27 kNZ S (n k; Q), (49)
A=1
under restrictions G4 and
Ry =R, =2"7%—-1. (50)

In (49), 54 G ) (n, k; Q) differs from S (n, k; Q) in such a way that sum-
mation in (9) is restricted by G4 and (50).

In analogy to how it was done in [1], we make use of conditions (50) and
relations G, to verify that there exists an element j,, j. € M, satisfying
the inequality j, < r. Therefore, under the restrictions G4 and (50) we get

2k 5 (k—2)m l
S, < 22" glk=2) ( o ) ZC

Next, taking into account Stirling formula, we obtam (48).

Analyzing restrictions (G;),7 = 1,2,3,4, it is easy to verify that (9)
holds for all possible values of parameter s, s’, 7 and j (i € I, j € J), that
satisfy (13) for which A > 1.

Equalities (24), (30), (34), (40), (46) and (49) combined with (29), (32),
(39), (42), (47) and (48) prove (17) under the conditions of the theorem.

Lemma 3. Under conditions of the theorem, for such k,k € Z, U {0}, that
satisfy formula (16),
Muk = Nk + ®(k, n), (51)

where ®(k, n) = 0(k, n) + p;.

Proof. By virtue of (12), Lemma 1 and Lemma 2 imply, obviously, (51),
where

|D(k, n)| < 2mF (2"”(1_m)+1u(k¢) + O, (1 + 2_mk+k+1u(k;)) +

N
+6exp{—2_2k25i+2k—l—k—l—lnn—m1n2}> .

i=1
3. PROOF OF THE THEOREM

To prove the theorem, we will consider the following inequality for all
integer q,q > 0,

N\
‘P{I/n =q}— Ee_A < Ry + Ry + Rs, (52)
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where
q+2v—1
Ri=|Plu,=q}— > (-1 CIB,|,
k=q
q+2v—1 . )\kz
m=|' S vt |- 3
k=q
q+2v—1 )\k Y
Ry=| > (_1)k_chﬁ - ae_A :
k=q

By, is the k-th binomial moment of the random variable v,,.
Choose n such that for any integer ¢ > 0

\T+2 2eN\”
<(=2) . (53)
q'(2v)! B
where 2v = 3 —q.
It follows from the inequality
)\q+21/
— 54
Ry < q'(2v)! (54)
and (53) that
B
2e
Taking into account (51) we obtain
NI O(qg+2v, n
T o B VRS20
(g + 2v)! (g + 2v)!

9(a+2v) ( { 2(g42 )ié 2 | |
< — [Gexp¢ —27 v 2T g+ 20 4 nn—an})—l—
(q+2v)! i=1

n 9(g+2v)m (2q+2u+1B(n) +0 (1 + 2q+2u+1B(n)>) (56)
(g +2v)! 2 '
Thus
\q+2v omp
_ B+1 B+1
‘qun RS <5 (601 + 27 B(n) + 0, (1+2°"'B(n))) .
(57)
It follows from Bonferronis inequality [3, p. 68] that
q+2v—1
0< P{Vn = Q} - Z (_1)k_qCIZBkn < Cg+2qu+2V7n- (58)

k=q
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Applying (53) and (58) to (57), we obtain

2eN)”
By nClo, < (%) (1+2%1B(n) + 60, + O, (1+2°+'B(n))) .

(59)
Hence
2en)”
R, < <7> (1+27'B(n) + 601 + 0, (1 +2°"'B(n))) . (60)
Further, taking into account (51), it is easy to check that
)\k
sup OBy, — —| <
q<k<g+2v—1 k!
2e\ )’ ed)?
<7> e?B(n) + <;> (0 (1+2°7'B(n)) +60,).  (61)
Now, using inequality (61), it is easy to verify that
q+2v—1 )\k 2 )\ q
Fo< Y CllBu -2 < (—) P 3B(n)+
=y k! q
e\’ A 541
K (02 (1+2™'B(n)) + 66, ) . (62)

Thus, with the help (52), (55), (60), and (62) we obtain (7). The theorem
is proved.
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