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DMYTRO IVANENKO

ASYMPTOTICALLY OPTIMAL ESTIMATOR OF
THE PARAMETER OF SEMI-LINEAR
AUTOREGRESSION

The difference equations &, = af({x—1) + €k, where (gx) is a square
integrable difference martingale, and the differential equation d¢ =
—af(&)dt + dn, where n is a square integrable martingale, are con-
sidered. A family of estimators depending, besides the sample size
n (or the observation period, if time is continuous) on some random
Lipschitz functions is constructed. Asymptotic optimality of this
estimators is investigated.

1. INTRODUCTION
Discrete time

We consider the difference equation

gk = af(fk_1> +€x, k€N, (1)

where &, is a prescribed random variable, f is a prescribed nonrandom
function, a is an unknown scalar parameter and (e) is a square integrable
difference martingale with respect to some flow (Fy, k € Z,) of o-algebras
such that the random variable & is Fo-measurable. In the detailed form,
the assumption about (¢;) means that for any k ¢, is Fy-measurable,

Ee; < oo (2)

and
E(€k|Fk_1> =0. (3)

The word ”semi-linear” in the title means that the right-hand side of
(1) depends linearly on a but not on &_;.
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We use the notation: li.p. — limit in probability; 9, _ the weak conver-
gence of finite-dimensional distributions of random functions, in particular
convergence in distribution of random variables.

Let for each k € Zy hy = hx(w,x) be an Fj_; ® B-measurable function
(that is the sequence (hy) be predictable) such that

E[([&r41] + laf (&era)]) [ha(E)]] + Elhi(&r)| < oo
Then from (1) — (3) we have E (&1 — af(&)) hi (&) = 0, whence

a = (E&xihi(&)) (B () hr(&)) ™
provided (Ef(&)hi(&)) # 0. This prompts the estimator

(Z Err1hr (S ) (Z f(&x)hu( §k)> _17 (4)

coinciding with the LSE if hy(x) = f(z) for all k.
Continuous time

We consider the differential equation

dé(t) = —af((t))dt +dn(t), teR, (5)

where 7(t) is a local square integrable martingale w.r.t. a flow (F(¢)) such
that the random variable £(0) is F(0)-measurable.
Let h(t,z) be a predictable random function such that for all t € R

EI(E@] + laf (€@)I) [hE, E@))]] + Elh(t, £(t))] < oo

Let us multiply (5) on h(t,£(t)) and integrate from 0 to 7. The same
rationale as in the discrete case yields the estimator

oo =~ ([ eonae) ([ seomesow) @

coinciding with the LSE if h(t,z) = f(z).

Asymptotic normality of v/n (An — A), where A, is the LSE of a matrix
parameter A, was proved in [1] under the assumptions of ergodicity and
stationarity of (§,). Convergence in distribution of this normalized deviation
was proved in [2] with the use of stochastic calculus. Ergodicity and even
stationarity of (¢) was not assumed in [2], so the limiting distribution could
be other than normal.

The goal of the article is to match a sequence (hy) (if time is discrete) or
a function h(t, -) (if time is continuous) so that to minimize the value of some
random functional V,, which, as we shall see in Section 3, is asymptotical
close in distribution to some numeral characteristic of the estimator (in
case the latter is asymptotically normal this characteristic coincides with
the variance).
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2. THE MAIN RESULTS
Discrete time

Denote 07 = E[62|Fx_1], tx = hi(&). Let Lip(C) denote the class of
functions satisfying the Lipschitz condition with some constant C' and equal
to zero at the origin, Lip = UgsoLip(C), and let H(C) denote the class
of all predictable random functions on Z; x R (discrete time) or Ry x R
(continuous time) whose realizations hy(-) (respectively h(t,-)) belong, as
functions of z, to Lip(C), H = UesoH(C). Predictability means P ® B-
measurability in (w,t,z) (the o-algebra P is defined in [4, p. 28], [6, p. 13]).

We are seeking for (h;) € H minimizing the functional

1
Vis(hoy -+ 1) = e w i 0‘7’“1’“% . (7)
(5 par (fk:)#k:)

Theorem 1. Let

V (ho, e hn 1) = h07...I’12i1711€H Vn(ho, ey hn—l)- (8)

Then » B
013+1ﬁk: Z F&) i = f(&) Z 0i2+1ﬁ22, k=0,n—1. (9)

i=0 i=0

Proof. To obtain the necessary conditions for extremum of the functional V,,
(9) we will vary [3] just one of functions hy, k = 0,n — 1, leaving the other
functions without changes. Thus regarding V;,(ho, . . ., h,—1) as a functional
depending on only one function V,,(ho, ..., h,—1) = Vp(h). B

Let’s choose some scalar function g € H and denote gx(z) = hy(z) +
Ag(x) = hi(x)), v(X) = Va(gr)-

Obviously, gn» € H so the minimum of v(\) is attained at zero and
therefore

v'(0) = 0. (10)

The expression for the left-hand side is
2n(g(&e) — i) (o2 fin (S0 F (€7 — F(&) Xy 041 2)
(x f(fi)ﬁi)

Hence in view of (10) we obtain the ¢ th equation of system (9).
It remains to apply this argument to each function hy, K =0,n — 1.

v'(0) =

Remark. The Lipschitz condition was not used in the proof. It will be
required in Section 3.

Corollary 1. Let f € Lip(C) and there exist a constant g > 0 such that
op > ¢ for all k. Then h;(z) = f(x)/o?,,, i = 0,n — 1, is a solution to the
problem (8).
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Continuous time

Let m denote the quadratic characteristic of 7.
We shall match h = h(w, t, z) from H(C) (C is independent of t) so that
to minimize the value of the functional

7 Jo (¢, E(1)*dm(t)

Vi(h) = . (11)
(% J FE@DR(LE())dt)
Theorem 2. Let
Vir(h) = min Vz(h). (12)
Then for all g € H
Jo Bt E(0))g(t, () dm(t) Jy f(E())R(E &(t))dt = "
13

Jo FE@D)g(t.&()dt i h(t,&(t))*dm(t).

Proof. Let’s choose some scalar function ¢ € H and denote g)(t,z) =

h(t, 2) + Ag(t, x), v(A) = Vr(gs).
Obviously gx(t,-) € H so the minimum of v(\) is attained in zero and

therefore
v'(0) = 0. (14)

The expression for the left-hand side is

v(0) = 27 (J FEEDREEB)AE)

([ stctomice.snar | ate. ot opamie)-

[ rewnstesonae [ e.eoran).

Hence in view of (14) we come to (13).

Corollary 2. Let f € Lip(C), m be absolutely continuous w.r.t. the
Lebesgue measure and there exist a constant ¢ > 0 such that for all ¢
m > q. Then h(t,z) = f(x)/m is a solution to the problem (12).

3. AN ILLUSTRATION

Denote E” = E(- - [Fo), Qn = 1 S350 f(&)ny Gn = 5 Yoy 0ppti_y-
We denote E® = E(- - - |Fy) and introduce the conditions
CP1. For any r € N and any uniformly bounded sequence (ay) of R-valued
Borel functions on R”
1 n—1

E Z (Oék(‘sk—r—i-l, ey Ek) — EOOék(Ek_T_H, ey Ek)) L 0,
k=r
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1 n—1

E Z <O-I%Oék(€k_T+1’ T Ek) - Eogzak(ek—T—l—l? R €k>> i) 0.
k=r

CP2. For such r and (ay) the sequences

1n—1
(— > Elaj(eperst, .- €k), n=r+1,.. ) ,

n k=r

1 n—1
(— Z E'olap(€prity .. €k), n=r+1,.. )

n k=r

converge in probability.
Denote fo(z) =z and, for r > 1,

frlzo, ..o xn) = af(fro1 (o, .o, Trl1)) + T

Then
& = fr(gk—ra €k—r41y-- - €k>7 r<k.

Lemma 1. Let conditions (2), (3), CP1 and CP2 be fulfilled. Suppose
also that

]&%@% > Bl > N} =0 (15)
and there exist an Fo-measurable random variable v such that for all k

of <w (16)
and positive numbers C, C7 such that

la|C < 1, (17)

f € Lip(C), (h) € H(C}). Then
(G Qu) > (G Q). (18)
Proof. Denote & = f,(0, €x_ri1, - - ., ), uf = hi(&), Qh = L Y07} f(&%?uz,

Gr = 230, ot(uy_1)% We claim that conditions (2), (3), (15), (16
and the relation

~—

(@, Gh) 5 (Q,G") as n— o0 (19)

imply (18).
Let X, denote (z1,...,z,) € R". Then under the assumptions on f and
hy for any N > 0
lim sup | fr(z, X)) — f-(0,X,)] =0,

=99 z|<N,X,.€R"
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whence with probability 1 for any &

rll,rgo \$\<1§7u)? cRr |f(fr(xv Xr»hk(fr(Iu Xr)) - f(fr(ou Xr»hk(f?“(ou XT))' = 07
o (20)

lim sSup |hk(fr(anr))2 - hk:(fr(oaXr))Ql =0.

"% z|<N,X,.€eR"

These relations were proved in [5].
Let us prove that conditions (2), (3), (15), (16) and (17) imply that
almost surely

lim lim E°|Q, — Q| =0, lim lim E°|G, — G'|=0.  (21)

T—00 N—00 T—00 N—00

By (20) for any N > 0

n—1
lim T = 3 EIF(60) © p — FEHITG] < Ny =0, (22)

T—00 N—00 7 h
=r

Denote xJ' = I{|&] > N} I = I{les] > (1 — C)NY}, b = EV[é2x2Y. Due
to (17) and because of (hy) € H(C})

E°| (&) el xn < CChby.

Hence and from (2), (3), (15)—(17) we get by Corollary 1 [5]

n—1
lim T~ 3 E°|f (&)l = 0. (23)

N—oon—oon, =0
Further, for k > r,

EO'f(SZ):uﬂ = E0|f(fr(0> €k—r+1y-- ) Ek’))Hhk’(f?“(O’ €k—r+1y-- ) Ek’))|>
whence 5
r—1
Bl €Dt < CCB (X e ) 1 (21)
i=0
Writing the Cauchy — Bunyakovsky inequality
r—1 ) 2 r—1 ) r—1 )
(Z CZ|€k—z’|> < Z C’ Z C'len_il?,
i=0 j=0 =0

we get for an arbitrary L > 0
r—1 v 2 N
E(Si5 Clail) 1 <

(1-0)t (Ei Ol I{|ens > L} + L2P{l&] > N} ci) . (25)

=0
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In view of (2) and (3) Lemma 1 [5] together with (17) and (15) implies
that

lim Tim — ZP{|£k| > N} =0. (26)

N—ocon—oon, =0

Obviously, for arbitrary nonnegative numbers uq, ..., Up_1,V1, ..., Un_1

n—1r—1

DD uivk- Z<ZuzZv],

k=r i=0

so conditions (17) and (15) imply that

L—oo o n—oon,

lim sup lim — ZEZC”ek A{lex—i| > L} =0,
=0

=r

whence in view of (24) — (26)
: —1 = ™, 7| N
]\}lm sup lim — E ENfEDmilxe =0
—oo gy m—oop £~

Combining this with (22) and (23), we arrive at the first relation of (21).
The proof of the second relation of (21) is similar.
Condition CP1 implies that

lim lim E°|Q) — E°Q7| = 0, lim lim E°|G), — E°G}| = 0.

r—00 N—00 T—00 N—00

Under condition CP2 the sequences (E°GT, n € N) and (E°Q", n € N)
converge in probability for any r € N. Thus relation (19) holds.

From (19) and (21) we obtain that the sequence ((Q",G"),r € N) con-
verges in distribution to some limit (@, G) and relation (18) holds.

By construction V,(hg,...,h—1) = G,Q,;% The value @, = 0 is ex-
cluded by the choice of the tuple (hg, ..., h,_1) minimizing V.
Corollary 3. Let the conditions of Lemma 1 be fulfilled and @) # 0 a.s.
Then V,, %V, where V = GQ2.

Having in mind the use of stochastic analysis, we introduce the processes
an(t) = Gy and the flows F,(t) = F,g with continuous time.

Theorem 3. Let conditions of Lemma 1 be fulfilled. Then /i (in(-) — a) -

B(+), where B is a continuous local martingale with quadratic characteristic

(B)(t) =tV, (27)

and initial value 0.
Proof. Denote Y, (t) = ﬁ ZL":t]l €xftk—1. Then because of (4)

Vi(an(t) — a) = Yo (1)@, (28)
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By construction and conditions (2), (3), (17) Y,, is a locally square inte-
grable martingale with quadratic characteristic (Y,,)(t) = n™" [nt]G .

It was proved in [5] that under conditions (2), (3), (15), (16), (17) and

(18) Vn(@n(-) — a) % Y(-)Q™!, where Y is a continuous local martingale
w.r.t. some flow (F(t),t € Ry) such that (Y)(f) = tG and the random
variable @) is F(0)-measurable (and so does GG, which can be seen from the
expression for (Y)). In view of Lemma 1 it remains to note that V, =
(Va)(1)Q7% and V = (Y)(1)Q 7.
Remark. This theorem explains the form of functional (7). In the most
general case (without conditions CP1 and CP2) the denominator (28) in
limit is an F(0)-measurable random variable, and the numerator tends to
quadratic characteristic at the point t = 1 of the continuous local martingale
Y. Thus, the numerator (7) is the quadratic characteristic at ¢ = 1 of
the pre-limit martingale Y,,, and the denominator satisfies the law of large
numbers. Minimizing the pre-limit variance in (hy) € H(C}), we lessen the
value of the limit variance of the normalized deviation of estimator (4).

Let further hy(z) = f(z)/of,,. Recall that (hg, & = 0,n—1) is a
solution to the problem (8). For such hj we have

Corollary 4. Let the conditions of Corollary 1 and Theorem 3 be fulfilled.
Then

T—=® n—soco N p— O']%_H

1 n—1 r\2 -1

V= (lim lip. — ZEOf(g’f) ) .
Proof. Obviously V,, = Q:!. By Lemma 1 Q, 5 Q, where Q =
lim Li.p. E°Q". To complete the proof it remains to note that Q7 =

r—00 500
n—1 EO f(g;;)z ‘
=r

1
n Ot

4. AN EXAMPLE

Suppose that f € Lip(C), hy € H(C}) condition (17) be fulfilled. Let
also €, = 7,b,(§,-1), where (7,) be a sequence of independent random
variables with zero mean and variances ¢2, |yx| < Cs, b, € H(C3) and
C + CyC3 < 1. Let also E& < co. For F}, we take the o-algebra generated
by £0;715 - - -, Y- Then o7 = ¢2by(&x—1)% and (e,) satisfies (2), (3).

Denote further

~ ~

Fe(@o, .. vz) = af (fri(zo, o 1)) + 2o (froa (T, - - 1)),

1 n—1

& = fr(0Yemrins -y m)s AR =Mi(&)), Qh = > f (&0,

n Z
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Gr o= Lyl b (€0)%(ip)?. Similarly to the proof of Lemma 1 we
obtain
Jim T E°1G, — G =0, Jim T E°1Q, — @ = 0.
Summands in CA?Z and Q; are nonrandom functions of yx_,41, ..., Y, SO

they satisfy the law of large numbers in Bernstein’s form.
If besides ¢, satisfies CP2 and @ # 0 a.s. then Theorem 3 asserts (27).

If herein %% € Lip then hy,(z) = %% is a solution to the problem (8)

and

n— cor -1
V= (lim Lip. 1 ZlEOL’C)Q> .

T n—oo N T §13+1bk+1(££)2

Example. Let b, = b, h,, = h and ~,, be i.i.d. random variables. In view of
expressions for @Z and @Z we may confine ourselves with the case o = .

By the Stone — Weierstrass theorem for o-compact spaces [7, p. 317] «
can be uniformly on compacta approximated with finite linear combinations
of functions of the kind gy(z1)...g,(x,). By the choice of Fj and the as-

sumptions on (V) E%q1 (Ve—rs1) - - gr(7) = H Egi(v1). Whence condition
i=1

CP2 emerges.
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