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VERTICAL AND HORIZONTAL FLUID
QUEUES IN HEAVY AND LOW TRAFFIC

The paper considers vertical and horizontal fluid queueing systems with consecutive
service. The workload processes in these systems satisfy the Langevin equations with
Poisson input. The objective is to investigate the main stationary characteristics in
heavy and low traffic.

INTRODUCTION

Investigating the fluid queues became popular during the last decade. Contrary to
ordinary queueing system, the input flow to a fluid queue has continuous structure. A
fluid queue is the input-output system, whose input flow consists of substance flowing into
a reservoir and flowing out from it with random speed. Fluid models play an important
role in analyzing the operating characteristics of high-speed networks and repetition
work systems when a huge amount of small tasks are processed. They are actively
used in the sphere of telecommunications. Studying the fluid queues with priorities is
motivated by their usefulness in analyzing the effectiveness of ATM-commutators and
IP-routers which support classes of traffic with different qualities of service [6]. Involving
the fluid queues with priorities is effective for checking the overload in modern high-speed
integrated networks, such as Internet. Fluid queues are also used in the dam theory and
in transport systems for simulating the flow of transport facilities on crossroads.

1. STATEMENT OF THE PROBLEM

The matters of investigation are two fluid systems which will be referred to as vertical
and horizontal. The choice of these names is explained by the peculiarities of their
functioning.

Vertical system is a fluid system with consecutive service consisting of n servers. The
input flow to the first server is given by a generalized Poisson process 21 (t) with parameter
A and jumps n{ = n1, n?,...,ni,.... The output from any server constitutes the input
flow to the next server. The service speed on the k-th server is proportional to the value
of incomplete work on this server. Any demand entering the system has to pass through
all servers. To be served, the i-th demand needs 7} units of work. If zj (t), k =1, n,
denotes the value of incomplete work on the k-th server at the moment ¢, then it serves
with the speed ppzy (t), k = 1,n, and the vector of incomplete work

()= (1 (t), 22 (t),..., 2, (1)) € RR"
in this system satisfies the Langevin equation
dx (t) = Az (t) dt + dz (t), (1)
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where z (t) = (1 (t), 0,...,0)" € R,

—m 00 0 0
M1 — U2 0 0 0
A= 0 125 —M3 0 0 )
0 0 0 cen =1 —ln

ur >0, k=1n.
Horizontal systems only differ from vertical in the matrices A. For horizontal systems,
processes x; (t) satisfy the system of differential equations

diL'l (t) = —U1 (LL'l (t) — X2 (t)) dt + le (t)7
doy () = —pe (2 (8) — Trg1 () dt + pi—1 (zp—1 (1) — 2k (1)) dt,
k=2,...,n—1,

dr, (1) = —pn®n (1) dt + pin—1 (Tn-1 (t) — zn (1)) dt,

where ux >0, k=1,2,...,n.
Hence, the vector x (t) of incomplete work in this system satisfies the Langevin equa-
tion (1) with the same process z(t), but with the matrix

— M1 M1 e 0 0 0
p1 — (4 pe) ... 0 0 0
a0 12 0 0 0 |
0 0 coo pm—2 — (-2t fin-1) Hn—1
0 0 0 fn—1 — (-1 + ptn)

where pp >0, k=1,n.

We establish conditions for the stationary regimes of these systems to exist and inves-
tigate the behavior of their stationary characteristics in heavy (A — oco) and low (A — 0)
traffic.

2. CONDITIONS OF EXISTENCE OF STATIONARY REGIMES

It follows from [1] that the process x(t) satisfying Eq. (1) possesses a limit distribution
as t — oo which does not depend on the initial value ¢ = x(0) if and only if
a) all eigenvalues of A have negative real parts,
b) E(lnn; m > 1) < oo.
If these conditions are satisfied, then the limit distribution is the unique stationary
distribution of z(¢) with the characteristic function

Ze(s) =exp{-) | (1 plexp{uATs))du}, (3)

where p(s) = E{exp i(s, n)}, s = (s1,82,.-.,8n), n = (m1,0,...,0).
Note that, for a vertical system, condition a) is equivalent to

w1 >0, ue >0,..., up >0.
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3. BEHAVIOR OF THE STATIONARY CHARACTERISTICS
OF A VERTICAL SYSTEM IN HEAVY TRAFFIC

Let the stationary distribution of the process
x(t) = (1 (t), @2 (t),..., 20 ()"
coincide with the distribution of the vector £ = (&1, &, ..., §n)T. Let also

F(y1,92,- -, Yn)
be the distribution function of n = (1,0, ..., O)T, En= (En, 0,..., O)T, En =m;.
Lemma 1. If En = my < oo, then A1 (&, &, ..., fn)T converges in probability to
my (,ul_l, ugl,...,pgl)T as A — o0.
D. ue to condition a),
/OO exp {uAT}du =— (AT)71 ,
0

and (3) implies

)\lirrolo Ex-1¢ (8) = exp {z (slml,ufl + 52m1ﬂ§1 I Snmlﬂﬁl)}
The following lemma is obvious.
Lemma 2. If Eny = my < oo, then A= (21 (), 0,... ,O)T converges in probability to
(mat, 0,...,0)T as A\ — o0.

Assume that a demand entering the system at the moment ¢y needs y units of work
to be served and that

&E(to) = (&El (to) , T2 (t0)7. ., Ty (to)) = (LL';< +y, &E;, . ,{)3;;)

Denote, by T, the time to complete servicing this demand by all servers and, by W;, the
time that passes till the moment when this demand enters the i-th server (i = 1,n). In-
troduce the process ; (t) which is equal to the amount of work executed by the i-th server
at the moment ¢ > ¢y (without loss of generality, put to = 0). Then dg; (t) = u;z; (t) dt,
B (0) = 0. It follows from the definition of f; (¢), that

{I'>t}={al+a5+---+x,+y> 0. (1)},
Wity ={af +a3+-+af >80}

Rewriting system (1) in the form

dIl (t) = le (t) — H1T1 (t) dt,

d&CQ (t) = U121 (t) dt — U222 (t) dt,

dwn (t) = Up-1Zn—1 (&) dt — ppa, (t)dt

and adding all equations of this system, we obtain
Uny (t) dt = dzq1 (t) — dxy (t) — dxg (t) — - -+ — dxy, (1),
dB, (t) =dz (t) — dxy (t) — dxg (¢) — - - — day, (t),

/0 dﬂn(u)—/o dzl(u)—/o dxl(u)—/o da:Q(u)—-~~—/O dz, (u),
B () = 21 (t) =21 () + 21 (0) =22 (1) + 22 (0) — -+ — & () + 2 (0)

=z(t) =2 (t) =22 (t) = —an (t) + 2] + 25+ -+ 1, + 4.
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Hence,
P{T>t}=P{z1(t)+ax2(t)+ -+, () > 2 (1)} (4)
In a similar manner, we get
P{I/Vz >t} :P{LL'l (t)—f—l'g (t)+--~+xi(t) > 21 (t)+y} (5)

If the system operates in a stationary regime, we use notations 7¢ and W, for the analogs
of the above-mentioned characteristics. Their distributions are given by formulas (4) and
(5), respectively, provided that the distribution of @ (t) = (1 (t), @2 (t), ..., 20 (t))7 is
stationary and coincides with that of £ = (&1, &, ..., §n)T [2].

Theorem 1. If En = my < oo, then
(i A+ )T
as A — o0.
E. quality (4) implies
P{T*>t}=P{&+&L+ - +&>aM))=P{XN (& +&+ - +&)> 2Tz ()]
Lemmas 1 and 2 give
P{T* >t} ZP {myp; ' +mapy "+ +map, " >mat}

1, t<t!
0, t>t!
as A — oo, where t! = ,ufl + ugl + -+ p,'. This suffices to prove the theorem.

=P{u11+u21+---+u;1>t}={

Theorem 2. IfEn =my < oo, then

_ _ —1\—1 .
(H11+#21+"'+“' 1) WP =1

(2

as A — 00.

Theorems 1 and 1 allow us to investigate the following characteristics:
time T; spent by a demand in the system till completing the servicing at the i-th server,
time 7T spent by a demand in the system since it enters the i-th server till the moment
of its output from the system,
time V; spent by a demand at the i-th server,
time K; spent by a demand in the queue to the i-th server,
time S; of servicing a demand by the i-th server provided that the system operates in
the stationary regime.

The following results are given in [3].

Theorem 3. IfEn =my < oo, then
(it ) T B0
as A — 0.
Theorem 4. If En; = m; < oo, then
i K %1

as A — 00.
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Theorem 5. IfEn =my < oo, then
wiVi =1
as A — o0.

Denote exp {tA} = [lai; (1) ,—; -
gence of T° and W to py ' +pa ' + -+ + puy .

Depending on the values of ui, k = 1, n, consider the following cases:
1. gy =ps =+ = py, = p. In this case ap; (1) = ﬁu"‘%"‘iexp{—ut}, 1=1,...,n,
a1 (1) = (i_;l)!,ui_lti_l exp{—put},i=1,...,n
2. All pg, k = 1,n, are different. In thiscase a;j+1 (t) =0,i=1,...,n—1,j =1i,...n—1,

7% (t) = exp{_,u’it}7 1= 17 sy My A4 (t) = Z?@:l C?cl GXp{—,ukt}, 1= 27 sy Ty

The following results indicate the speed of conver-

an; (¢ Zc,wexp{ Lrth, j=1,...,n—1
=j

(here, c};j is the coefficient of exp {—pt} in the i-th row and the j-th column of the
matrix exp {tA}).
3. The characteristic polynomial of A has the form

X)) = +w)™ (v+p2)” (v ps)”,

Wi # Wy, © # J, 1+ 12+ +rs =n (we do not indicate the elements of exp {t A}, since
we do not consider this case for brevity).
In case 1, we have the following results.

Theorem 6. Let F () belong to the domain of attraction of a stable law with exponent a,
1 <« < 2. Then there exists a function f(A) >0 regularly varying with el‘ponent = —1

such that the distributions of the wvariables (TS — E) ™ and (Wﬁ — %) ™ weakly

converge as A — oo to the distribution of the sum of independent random variables w
and wo with the characteristic functions

n n—k+1 _1)n k41— ],u"_j

Xw; = €Xp / In x SIZ Z n—k—i—l—j) =) ukilexp{—(n—i—,uu)} du

0 k=1 j=1
and

n n n k un— k
X = €Xp / Inx Z exp{—pu} —1 :
=1

where

a . S1 T
- - 1—i g T L
X (51) exp{ |s1] ( I )}

This distribution is stable with exponent «.
The following theorem considers the case m; = oc.

Theorem 7. Let F () belong to the domain of attraction of a stable law with exponent
a, 0 <a<1. Then

Alim P{T* <t} = Alim P{W; <t} = P{v; + vy <0},
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where the mndom variables v1 and 112 are independent and have Laplace transforms
exp {—s‘f‘ fooo aqf ( du} and exp{ s 0 g5 (u) du}, respectively,

n n—k+1 ka1 n—ij
! J’u ! k—1
= B t_
; JZ:; (n—k+1— ) (k—1)" exp {—p (t —u)},
n ,u"—k n—k
q2 (U):Z (n k) GXp{ ’uu}_l

Further, we denote ﬁ 4L —0
In case 2, we have the following results.

Theorem 8. Let F () belong to the domain of attraction of a stable law with exponent
a, 1< a<2. Then there exists a function f(\) > 0 regularly varying with exponent
L — 1 such that the distributions of the variables (T* — c) ﬁ/\) and (W3S —¢) ﬁ weakly
converge as A\ — oo to the distribution of the sum

n

Z ) L exp {—prc}vr + Z ey 2 exp {— ukC}ZcﬂvJ

k=1 j=1
n
+ Z — exp { —puxc} Z it + o exp{ ukC}Z chvj + %y
k=n—1 1 =1 Mk
j=
This distribution is stable with emponent a. The sum consists of summands involving the
independent random variables v, wj, j = 1,...,n with the characteristic functions
1 s T ¢
X" (s1),exp {|sl|a (1 + iﬁtg 7) / (exp {—pju} —1)° du},j =1,...,n
S1 0
respectively.

Theorem 9. Let F (z) belong to the domain of attraction of a stable law with exponent
a, 0<a<l,thenlimy_o P{T° <t} =limy_oo P{W; <t} =

n n

C
Zﬁexp{—ukt}wl Z iy 2 exp { - ukt}z chw) + -
k=1

n n

n—1
> L exp{—prt} Y eyt w; +—exp{ ukt}zcﬂw +Z G, ;

k=n—1 j=1 Jj=1

where random variables w}, vy, j =1,...,n, are independent and have the Laplace trans-

forms exp {—%}, exp {—s‘f‘ fot (1- exp{—uju})adu}, 7 =1,...,n, respectively.
J

4. BEHAVIOR OF THE STATIONARY CHARACTERISTICS
OF A HORIZONTAL SYSTEM IN HEAVY TRAFFIC

Assume that a demand entering a horizontal system at the moment ty needs y units
of work to be served. Let S° denote the time to complete servicing this demand by all
servers and let V,? be the time that passes till the moment when this demand enters the
n-th server provided that the system operates in the stationary regime.

As earlier, F (y1, Y2, - .-, Yn) is the distribution function of n = (1,0,..., O)T7

En = (En, 07...,0)T7
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Em =ma, €= (&, &,-- ., fn)T is a vector, whose distribution is stationary for x(¢).
The main results can be formulated as the following statements [5].

Lemma 3. If Eny = my < oo, then A1 (&1, &, ..., &) converges in probability to
_ _ T
my (Z?:l Mg . Z?:g.ui 1»~-~nun1) as A — oo.
Theorem 10. If En = my < oo, then
_ _ 1y -1 .
(mit 42t 4+ npt) S8 =1
as A — o0.

Theorem 11. IfEn = my < oo, then

_ _ _1\—1 w.
(it +2uy 4 ) VE B
as A — 00.

Investigating the speed of convergence of S° and V7 to ufl + 2;61 + ot npt
turned out to be a troublesome problem. The proofs of limiting theorems contain cum-
bersome expressions even in the case of two servers with p; = pe = u, and the theorems
themselves have unattractive forms. At the same time, changing the processes x (t)
and z (t) by some linear transformations Z (t) and Z (t) allows us to establish the limit
theorems in the n-dimensional case.

Consider the case where the matrix A is similar to a diagonal matrix D, i.e.

A=TDT !,
where D = ||5ij)\i|\?j:1, Ai, © =1,...,n are the eigenvalues of A (real and negative) and
T is a non-singular matrix, T' = || t;;[|; ,_,, T~ = H tngl_,j:l.

If & (t) = (F1 (t), @2 (t),..., 7 () =T"'z (), then
dz (t) = Dz (t) dt + dz (¢),
where
~ s ~ ~ T -1 Y ’ ’ T
z (t) - (Zl (t) ) (t) ye ey Rn (t)) =Tz (t) - (tllz1 (t) TS| (t) e tpi®l (t)) .
- R N\T
Lemma4. IfEn; =m; < oo, then \=1¢ = AT 1¢ = \ 7L (fl, &yt §n> converges
T
in probability to my (Z}Ll B D s Dty S b Y s S MII)
as A — o0.
Denote ¢ = > 7t/ A7 Y0t (un > i tnjtg-l)\j_l>

Theorem 12. Let F' (z) belong to the domain of attraction of a stable law with exponent
a, 1< a<2. Then there exists a function f(\) > 0 regularly varying with exponent
L 1 such that the distributions of the variables (S* — c) ﬁ and (V$ —¢) ﬁ weakly
converge as X\ — oo to the distribution of the sum

> ot (Ztkj — fintng ;" (exp {\jt} — 1)) i i Y gt A w;,
j=1 k=1

J=1

This distribution is stable with exponent . The sum consists of summands involving the
independent random variables v;, w;, j = 1,...,n with characteristic functions

_1 o s T ¢ o .
Y (51),exp{|51| <1+zﬁtg 7)/ (1 —exp{Au}) du},] =1,...,n,
0



VERTICAL AND HORIZONTAL FLUID QUEUES IN HEAVY AND LOW TRAFFIC 169

respectively, where x (s1) = exp {— |s1]” (1 - i‘z—iltg ’TQ—O‘)}
Theorem 13. If F (x) belongs to the domain of attraction of a stable law with exponent

a, 0<a<l, then
/\lim P{S* <t} = /\lim P{V; <t}

n n n
=P Zt;l (Z thj — ,untnj)\j_l (exp {\;t} — 1)) v+ pin Ztnjtg-l)\j_lw; <0y,
j=1 k=1

j=1
where the random variables v}, wi, j =1,...,n, are independent and have the Laplace
transforms exp {;—i}, exp {—s‘f‘ fot (1 —exp {)\ju})adu}, j=1,...,n, respectively.

5. LIMIT THEOREMS FOR THE SOLUTION TO

THE LANGEVIN EQUATION IN LOW TRAFFIC

Consider Eq. (1) in a wider case where a matrix A has the form A = UJU™!, Jis a

Jordan matrix, U = [lu;]|; j=1 Is a non-singular matrix, and

2(t) = (21(t), 22(t),..., 20 (t))T €R™

is a generalized Poisson process with parameter A and jumps 7', 72,...,77,.... In this
section, we investigate the limit behavior, as A — 0, of & = (Z1,...,3,)7 = U~ ta(-, \)
provided that z(-, A) is in a stationary regime.

Denote i = (f],...,71)7 = U™, j = 1,2,..., p. = P{pi=0}, pf =

P{i} >0}, sgnz=(sgnzy,...,sgnz,)’,ifz=(21,..., z,)T €R", J={J1,...,Jm},
where J; is a Jordan cell of dimension k; related to the eigenvalue X\;, i = 1,m, of A
(some \; can coincide), 1" ki =y, m=1,n, I, = n.

Since the components of & = (1, ...,%,)? are determined by Jordan cells, we restrict
ourselves by the description of the part of Z which corresponds to J;. Denote it by
(Z1,_y 11, %1,y 425 1,) 7. Let also (7] 4,7 4or--m)" 7 =1, 2,..., be the

part of 77 which corresponds to J;, A4; = {ﬁ}? # 0}, By = {ﬁll,-—l # 0}, P{A;} =
p, P{B;1} = ¢. (All processes and random variables are supposed to be determined on
the same probability space.)

Consider the following cases:

I. \; < 0. If this is the case, then Z;, ,11,..., Z;, are real.

II. \; = a; + ib;, (a; < 0,b; # 0). If this is the case, then &, ,41,...,%;, are
complex. So, &,_,41 = |&,_,41|exp{ipi,_,41} ..., @, = |@|exp{ipy,}, where
Pl 41 = aTGTY,_ 415 -5 Pl = AT, Py 415,01 € (0, 2m).

Let us introduce the notation v; = )\)\;1, if \; is real, and k; = Aa{l, if \; = a; + ib;.
In the rest of the paper, a stays for a random variable which does not depend on other
variables and is uniformly distributed on (0, 1).

In case I, we have the following theorems [4].

Theorem 14. Ifp;, =0, then the distribution of

( |g~jli71+1|_w 1 |‘%li|_yi » SgN (i.li—l"l‘l’ s 7‘%11))

weakly converges as X — 0 to the distribution of (a,...,a, sgn (7} ,...,7.)).
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Theorem 15. If0 < p;, <1, then the distribution of
~ —V; ~ e Z ~ ~
|$l,-,1+1| yee s | T 8e0 Ty g1, - - -, SEDE,

weakly converges as A — 0 to the distribution of (a%,...,a%,’y, .. .,’y), where v takes
values 1 and —1 with probabilities pl': and 1 — pl"’;, respectively.

Theorem 16. Ifp;, =1, p;,—1 = 0, then the distribution of

<}£Zi71+1}7w IR |jli*1|7w ’ |jli s SUTL, 441, - -, SENTY, 1, Sgnili)

weakly converges as A — 0 to the distribution of (a, ey, 0, sgnﬁllﬁl, . ,sgnﬁllﬁl, 0).

Theorem 17. Ifp;, =1, 0 < p;,—1 < 1, then the distribution of
~ —V; ~ —V; ~ ~ ~ ~
(‘xli—l+1| 7"‘7|xli_1| 7|xli| 7Sgnxl171+1w"7Sgnxli—lvsgnxli>

weakly converges as X\ — 0 to the distribution of (a%, e ,aé,O,y, e, O), where

takes values 1 and —1 with probabilities plt_l and 1 —p;:_l, respectively.
In case II, the following theorems are proved [4].

Theorem 18. Ifp;, =0, then the distribution of

|_K;i

<|*%li,1+l 7"'7|i'li|7ﬁi7@[171+17"'7S0l13)

weakly converges as A — 0 to the distribution of (,...,«, B,...,3), where 3 is uniformly
distributed on (0,27).

Theorem 19. If0 < p;, <1, then the distribution of
~ —Kj ~ =K
( |xli—1+l| 7"‘7|xli| 79011:71-&-17'“79011:)

weakly converges as A — 0 to the distribution of (a%, et ,a%,ﬁ, e ,,6) , where 3 is uni-
formly distributed on (0, 2m).

These results can be applied in a natural way to vertical and horizontal systems. Note
that a vertical system only uses Theorems 14-17, since its matrix A possesses only real
eigenvalues.
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