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ON LARGE DEVIATIONS IN ESTIMATION
PROBLEM WITH DEPENDENT OBSERVATIONS

The paper is devoted to the stochastic optimization problem with a stationary ergodic
random sequence satisfying the hypermixing condition. It is assumed that we have
the finite number of observed elements in the sequence, and instead of solving the
former problem we investigate the empirical function, find its points of minimum,
and study their asymptotic properties. More precisely we consider the probabilities
of large deviations of minimizers and the minimal value of the empirical criterion
function from the corresponding characteristics of the main problem. The conditions
under which the probabilities of the large deviations decrease exponentially are found.

We investigate the stochastic optimization problem: minimize

(1) Ef(x) = Ef(I,fo), IGX,

where {&;,i € Z} is a stationary in a strict sense ergodic random sequence defined on

a probability space (€, F, P) and with values in some measurable space (Y,S), X is a

compact subset of some Banach space S with the norm | - ||, f : X *Y — R is some

known function continuous in the first argument and measurable in the second one.
Instead of (1) we will minimize the empirical function

(2) Fo(z) =

S|

Zf(x,ﬁk), reX,

k=1
with {&,k =1,...,n} observed elements of the sequence {&;}.
If we have

E{max(|f(z,&)|,z € X)} < .

then there exists a solution z* to the problem (1), and we suppose that it is unique.

It is known that there exists a minimum point z,(w) of the function (2). Under some
sufficiently simple conditions (see [1]) z,(w) tends to z* with probability 1 as n — oo.

The aim of the paper is to estimate the large deviations of x,, and F, (z,,) .

Let us recollect some facts from functional analysis. For any y € Y the function f(o,y)
belongs to the space C(X) of continuous real functions on X. We assume that for all
y € Y we have f(o,y) — Ef(o) € K, where K is some convex compact set from C(X).
Therefore for any n F,,(o) — Ef(0) is a random element defined on the probability space
(Q, F, P) and with values in K.

Definition 1. [2]. Let (V,]||o||) be a normed linear space, B(x, p) - a closed ball in V
with the radius p and the center z, f : V — [—o0,+00] -some function, and f(z;) =
min{ f(z),z € V}. A condition function 1 for f at z; is a monotone increasing function
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¥ 1 [0,400) — [0,400] with 9(0) = 0 such that for some p > 0 and for all x € B(xy, p)
we have

f(@) = flzg) +d ([[z—zpl]).
Assume that Vo C V, and denote by dy, the indicator function of Vp:
6V0(£L') =0, x € V; (SVO(ZC) = 400, x ¢ .

Theorem 1. [2]. Let (V,||o||) be a normed linear space, Vo C V closed, and fo, g0 : V —
R be continuous functions on V. Suppose that

e =sup {[fo(z) — go(z)],z € Vo}.

Define the functions f,g : V. — (—o00,+0o0] in the following way: f = fo+ dvy, g =
go + 0v,- Then

linf{f(z),z € V} —inf{g(z),z € V}| <e.
Next, let xy be a minimum point of f:

flzy) =inf{f(z),z € V}.

Assume that v is a condition function for f at xy with some coefficient p > 0. If € is
sufficiently small so that for all x when ¥ (||x — xf||) < 2e we have ||x — xs|| < p, then
for any x4, € argmin{g(x),z € B(xs,p)} the following inequality is fulfilled:

¥ (loy —zgll) < 2e.

When 1 is convex and strictly increasing on [0, p|, the preceding inequality can also be
expressed in the following way: if € is small enough so that 1~1(2) < p, then for any
xg € argmin{g(z),x € B(xs,p)} one has

oy — gl < 97" (20).

Theorem 2. [3, p.53]. Let {uc : € > 0} be a family of probability measures on G, where
G is a closed convex subset of a separable Banach space S. Assume that

AN = 6hir(l) el (N/e)

exists for every A € S*, where S* is the dual space of S, and

A =1 [ explinalln(an))

for an arbitrary probability measure p on S , where (A, x) is the corresponding duality
relation. Denote

A*(q) =sup{(N,q) —A(N\), A € 5"}, g€ G.

Then the function A* is nonnegative, lower semicontinuous and convex, and for any
compact set A C G

limsupeln (u:(A)) < —inf{A*(q),q € A}

e—0

holds.
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Definition 2. [3]. Let ¥ be a separable Banach space, {¢;,i € Z} —a stationary in a strict
sense random sequence defined on a probability space (2, F, P) with values in X. Let
B, denote the o -algebra over ) generated by the random elements {&;,m < i < k}.
For given [ € N the real random variables 1,... ,m,, p > 2 are called | -measurably
separated if —oo <my; <k <mo <k <...<my <k, < +o00;

mj_kjflzlv j:27ap
and for each j € {1,...,p} the random variable 7; is By, -measurable.

Definition 3. [3]. A random sequence {¢;} from Definition 2 is called a sequence with
hypermizing if there exist a number lp € N [J{0} and non-increasing functions

a,B:{l>1l} —[1,+0)
and 7 : {I > lp} — [0,1] which satisfy

lim a(l) =1, limsupl(8(l) — 1) < oo, llim ~v() =0,

l—o0 l—o0

and for which

P
(H'1> H771~-77p||L1(p) < H ||77jHLa(l)(P)

j=1
whenever p > 2, [ > lp and 7y, ... ,7n, are | -measurably separated functions. Here

1/r
19l ey = ( / In(W)ITdP) |

/Q(f(w)—/ﬂf(w)dp) n(w)dP’ < AW €N Lo ey 1l ooy

and

(H-2)

for all I > Iy and &,m € L*(P) | -measurably separated.

It is known (see [4]), that C'(X)* = M(X) is the set of bounded signed measures on
X, and

0.Q) = [ s()Q()
for any g € C(X), Q € M(X) .

Theorem 3. Suppose that {&;,i € Z} is a stationary in a strict sense ergodic Tan-
dom sequence satisfying the hypothesis (H-1) of the hypermixing condition, defined on a
probability space (2, F, P) with values in a compact convez set K C C(X).

Then for any measure QQ € M (X) there exists

1 -
A@ = lim —n ( e {Z /. a(@@)@(dw)} dP)

and for any closed A C K

1imsup%ln (P {% Zfl € A}) < —inf{A*(g), g € A},
i=1

n—oo
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where A*(g) = sup { [ 9(z)Q(dz) — A(Q), Q € M(X)} is the nonnegative, lower semi-
continuous and convex function.

Proof. Let us consider any @ € M (X) . Assume that [y is the number from the hypothesis
(H-1). Fix [ > lp and m,n € N , where [ <m < n . Then

n=Nym+r,, N,€N, r, € NLJ{O}7 T < M.
We will use the following notation:

lgll = max{[g(z)[, = € X}, g € C(X),

3 n-m(/ﬂ exp{_z /. @-(w)(x)@(daf:)}dz?),c—max{ngn, ge K},

k
U(Q7X)_SHP{Z|Q(E7«)|7ElnEj_Q]v Z?’é.ﬁ ElGB(X),kEN}<OO,
i=1
where B(X) is the Borel o—algebra on X, @ € M(X), where the last formula is taken
from [Dunford and Schwartz (1957)]. For all w we have

Nn_l (J+1)m_l

> [ swwae =Y Y [ a@i@el

=0 i=jm+1
N,—1 (F+1)m

@ > Y /X G@@QMED) + Y /X () (2)Q(dx).

=0 i=(j+1)m—I+1 i=N,m+1

Further, in view of (3) for each 4, w

) \ [ stiwaq)

Due to (5) for any w we have

< ov(Q, X).

Nn—1 (G+1)m

(6) DY /X £/(@)(@)Q(dr) < cv(Q. X)IN,.

J=0 i=(j+1)m—I+1

—~
EN|
~—

) /X §i(w)(2)Q(dz) < cv(Q, X)rn.

i=N,m+1

For each w denote

n-Y Y[ sw@a)

J=0 i=(j+1)m—I+1

= Y [ G@Qus).
i=Npm+17X
The inequalities (6) and (7) imply that

exp{Vi + V2 + V3} <
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(8) < exp{Vi}exp {cv(Q, X)INn}exp{cv(Q, X)rn}, we
It follows from (8) that

/ exp{V1 + Vo + V3}dP < exp {cv(Q, X)IN,} exp {cv(Q,X)rn}/ exp {Vi}dP.
Q Q

Due to the properties of {{;} we obtain

Nn—1 (j+1)m—1
S 10 exp{ > fi(w)(x)Q(d!E)}dPg

j=0 i=jm+1 VX

Np—1 (G+1)m—1 o

(G+1)m—I
/ exp{a(l) > / fi(w)(x)Q(dx)}dP_

i=jm+1 VX

1/e(l)

m—I1
(10) :/Qexp {Q(Z)Z/ fi(w)(x)Q(dx)}dP, j=1,...,N,—1.

In view of (9) and (10) we get

m—l No/a(l)
/Qexp{Vl}dPS (/Qexp {a(Z);Lgi(w)(x)Q(dx)}dp> .

(From (4) we get

fn=In (/Q exp{V1 + Vo + V3} dP) < ev(Q, X)IN, + cv(Q, X)rn+

ml N, /a(l)
+1In [(/ﬂ exp {Oz(l) ; /Xfl(w)(x)Q(dx)} dP)

= cv(Q, X)IN,, + cv(Q, X)r,+

m—l m—1
+Ci\(7;) In (/Q exp {(a(l) -1) Z /X &i(w)(2)Q(dx) + Z /X fi(w)(x)Q(dx)} dP) <

< cev(Q, X)IN,, + cv(Q, X)ry, + % (a(l) = 1) (m—=1) cv(Q, X)+

m—l
+%ln (/Q exp{z /Xﬁz(w)(x)Q(dx)} dp> <

< ev(Q, X)INy, 4+ cv(Q, X)ry, + (a(l) = 1) (m — 1) cv(Q, X)Np+

+%1n (/Q exp{Z/sz'(w)(w)Q(dw) - Z /Xfi(w)(x)Q(dx)}dp> <

i=m—I+1
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< ev(Q, X)IN, + cv(Q, X)ry, + (a(l) = 1) cv(Q, X )mN,, + ]\(7) v(Q, X)l+
Ny,
+mln</exp{ /ﬁl )}dP>§
< 2ev(Q, X)IN,, + cv(Q, X)ry, + (a(l) = 1) cv(Q, X)mN,, + %fm . (11)
The inequality (11) implies that
fn 2NnCU(Q7X)l CU(QvX)Tn anm -
oS Nom + - +(Oz(l)—1)cv(Q,X)+—a(l) Nom 1)
~ 200(Q, X))l cv(Q, X)), fm
= - + - +(o¢(l)—1)cv(Q,X)—|—a(l) 4 T N
Therefore
limsupf—" < Zev(@, X)1 + (a(l) = 1) ev(Q, X) + Lf—m

n—oo N m Oé(l) m
Passing to the liminf as m — oo, we obtain

lim sup In <(a(l)=1)ev(Q,X)+ 1l lim inf — fm

n—oo M a(l) m>00 m’

and letting | — oo, we have

lim sup f—n < lim inf f—m

n—oo N m—oo M
Consequently, there exists
lim In =A(Q).
n—oo N

Now we can see that the theorem follows from Theorem 2. Indeed, for

G =K, 5= C(X), 5" = M(X), Q) = [ s(0)Q(da), <= 1.

and for pic = py/,, the probability measure on K, defined by the distribution of a random
element = > | &, we have

ti o, (/) = tim i ([ e { [ gtan@tan f st -

= imln ex z)nQ(dx = lim &:
(12) = lm -1 (/Q p{/ Za Qd)}dP> Tim 2= Q).

The proof is complete.
Now let us consider the problems (1) and (2). Suppose that the given sequence {&;, i €
7} satisfies the hypothesis (H-1) of the hypermixing condition. Then the sequence

G = f(0,&) — Ef(o), i€Z,

satisfies (H-1) too.
Denote

A ={ze K :|z|]| > ¢},
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1) = 4°) =sw{ [ @)Qlde) - Q). Qe M)}
b'e
Theorem 4. Under the hypothesis (H-1) of the hypermizing condition we have

1
limsup — In P{|min{Ef(z), x € X} — min{F,(z), z € X}| > e}
n—oo N

(13) < —inf{lI(z), z € A.}.

Assume that there exists a condition function ¢ for Ef at x* with some constant
p. Let x,, be a point of the minimum of the function (2) on the set B(x*,p). If € is
sufficiently small so that the condition

(e —a*|) <26 = [l -2 <p,
is fulfilled, then
1
(14) limsup —In P {9 (||xy, — 2*||) > 2} < —inf {I(2), z € Ac}.
n—oo N
Moreover, if 1 is convex and strictly increasing on [0, p], then
1
(15) limsup — In P {||z, — 2*|| > ¢~ '(2e)} < —inf{I(2), z € A.}.
n—oo N
Proof. Theorem 1 implies that for each w
(16) [min{Ef(x), z € X} —min{F,(z), z€ X} <|F,—Ef].
Then, the conditions of Theorem 3 are fulfilled for the sequence {g;} . Therefore for any
e>0

1
(17) limsup —In P{||F,, — Ef|| > e} < —inf {I(2), z € Ac}.
n—oo N
The inequality (13) follows from (16) and (17). For the proof of the second part of the
theorem we also use Theorem 1. Under the conditions of the theorem we have for all w

(18) ¢ (llz" —anl) <2|F - Ef|,
or
(19) lzn — 2| < 71 (2| Fn - EFI]).

Taking into account (17), the inequalities (18) and (19) imply (14) and (15) respectively.
The theorem is proved.
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