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The cluster pseudospin model of proton glasses, which takes into account the energy levels of protons around
the PO4 group, the long-range interactions between the hydrogen bonds, and an internal random defor-
mational field is used to investigate thermodynamical characteristics, longitudinal and transverse dielectric
permittivities of Rb1−x(ND4)xD2PO4 and Rb1−x(NH4)xH2AsO4 compounds. A review of experimental and
theoretical works on the Rb1−x(NH4)xH2PO4 type crystals is presented.
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1. Introduction. Literature review

1.1. Experimental studies of the Rb1−x(NH4)xH2PO4 type compounds

The hydrogen bonded compounds of the Rb1−x(NH4)xH2PO4 type, which at certain composi-
tions have a proton glass phase, have been intensively studied for more than 25 years. In order to
describe possible proton configurations in the mixed Rb1−x(NH4)xH2PO4 type compounds, let us
consider first the structure of the pure RDP-RbH2PO4 and ADP-NH4H2PO4 crystals. In figure 1
a unit cell of the KDP-KH2PO4 crystal, which is isomorphic to RDP, is shown. A primitive cell

Figure 1. A unit cell (four formula units) of the KDP-KH2PO4 crystal.

of the RbH2PO4 type compounds contains one PO4 tetrahedron of the “A” type and one PO4

tetrahedron of the “B” type, two Rb atoms and four protons on four hydrogen bonds attached
to the “A” type tetrahedron. In the ferroelectric phase the net dipole moment of the primitive
cell, associated with displacements of heavy ions and deformations of the PO4 groups, is directed
along the c axis. A triggering mechanism of the ionic displacements in these crystals is the proton
ordering (their positions are described by pseudospin operators Sf = ±1, f = 1, 2, 3, 4) in double
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potential wells on the hydrogen bonds. The bond dipole moments lie almost in the ab plane; the
total dipole moment of protons in the cell of the RDP type crystals is zero. Thus,

~µ1α = (µx
α, 0, 0), ~µ3α = (−µx

α, 0, 0), ~µ2α = (0,−µy
α, 0), ~µ4α = (0, µy

α, 0),

where ~µfα are the dipole moments of the f -th hydrogen bond; α = + for x = 0, and α = − for
x = 1.

The composition range in these compounds can be divided into three regions of x, which we
shall call the glass phase region, the ferroelectric phase region, and the antiferroelectric phase
region. The glass phase region exists in the Rb1−x(NH4)xH2PO4 system at x ∼ 0.22− 0.75, in the
Rb1−x(ND4)xD2PO4 at x ∼ 0.23−0.65, in the Rb1−x(NH4)xH2AsO4 at x ∼ 0.2−0.45, and in the
K1−x(NH4)xH2PO4 system at x ∼ 0.23 − 0.67. The ferroelectric phase region lies between x = 0
and the glass phase region; the antiferroelectric phase region lies between x = 1 and the glass phase
region. An important characteristic of the Rb1−x(NH4)xH2PO4 type compounds is the Edwards-
Anderson parameter qEA, which is the averaged over configurations square of the averaged over
the Gibbs ensemble Sf-operator. It is different from zero at 0 < x < 1 at all temperatures; this will
be shown hereinafter.

Glass phase composition region

In the proton glass phase there is no net spontaneous polarization, but the unit cell polarization
is different from zero. This means that the average over the sample square of the cell dipole moment
(proportional to the Edwards-Anderson parameter) is different from zero.

Experimental measurements of the dielectric permittivity of Rb1−x(NH4)xH2PO4 [1–8],
Rb1−x(ND4)xD2PO4 [7, 9–14], Rb1−x(NH4)xH2AsO4 [15–18], and K1−x(NH4)xH2PO4 [19–23] in
the glass phase composition region have shown that the temperature curves of the longitudinal
ε33(T, ν) and transverse ε11(T, ν) permittivities are qualitatively similar. At high temperatures
the real parts of the permittivities are roughly described by the Curie-Weiss law. Below a certain
temperature Tf , a deviation from the Curie-Weiss law is observed. Then ε′33(T, ν) and ε′11(T, ν)
have maxima at temperature Tm and then slowly decrease. Below a certain temperature Tg (the
inflection points) ε′33(T, ν) and ε′11(T, ν) rapidly fall to their minimal values. The imaginary parts
of the permittivities ε′′33(T, ν) and ε′′11(T, ν) have peaks at Tg and fall nearly to zero at other tem-
peratures. It should be noted that the temperatures Tf , Tm, and Tg(ν) determined from ε′33(T, ν)
are somewhat different from those determined from ε′11(T, ν).

The temperature Tg(ν) decreases with decreasing frequency ν, at which the permittivity is
measured. The temperature of the transition to the glass phase is T0, where Tg(ν) → T0 at ν → 0.
The character of the temperature curves of ε′′33(T, ν) and ε′′11(T, ν) indicates that this transition is
strongly smeared out (it starts near Tf and finishes at T0).

The temperature Tf , in the vicinity of which the proton freezing begins, is estimated by different
methods. The EPR studies on paramagnetic Tl2+ impurity ions [24–26], whose spectrum is sensitive
to structural transformations, in the RADP crystals show that the energy levels of these ions are
gradually split by local fields with lowering temperature. This confirms the existence of a significant
static random field in Rb1−x(NH4)xH2PO4.

The chaotic static electric fields governed by the piezoelectric interactions and static elastic
strains are believed [27] to be formed by chaotic substitutional disorder of ions of different radii. It
has been shown that these fields act, mainly, on the lattice polarization along the c-axis and on the
configurations with two protons near the “upper” or “lower” (with respect to the c-axis) oxygen
atoms. It is shown that in addition to these chaotic fields and pseudospin-pseudospin interactions
with a random sign, a chaotic local anisotropy should be taken into account. The difference in
the symmetry of “upper” or “lower” and lateral proton configurations and peculiarities of the
proton-lattice interactions can lead to coexistence of the long-range order with the glass state or
paraelectric state.

The temperature dependence of the spin-lattice relaxation time for protons of NH4 ionic groups
in Rb0.65(NH4)0.35H2PO4 was studied using the NMR method in [28]. In these compounds such
a dependence has a minimum at ∼ 180 K, associated with the start of proton freezing and with
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the formation of hydrogen bonds between the NH4 and PO4 groups. In [29] the relaxation time
of 31P in Rb1−x(ND4)xD2PO4 for different compositions was measured; a similar minimum in its
temperature dependence was obtained near 170 K.

The X-ray structural studies revealed [30] a deviation of the lattice constants in
Rb1−x(NH4)xH2PO4 from the Debye approximation below a certain temperature Tf(x) ∼ 90 K;
these deviations increase with an increasing ammonium concentration. Despite the changes in the
lattice constants, these compounds remain tetragonal. Below Tf(x) in the proton glass phase com-
position region, a diffuse X-ray scattering increases [30–32]. This is particularly notable near the
boundary between the ferroelectric and glass phases [32]. Possibly, this is related to the formation
of some heterogeneous structure, that is, to coexistence of two phases.

In the obtained in [33, 34] Raman spectra of Rb1−x(ND4)xD2PO4 (x = 0.5 and 0.25) some lines
split below Tf ∼ 200 K, due to of the non-equivalency of PO4 groups (some of them are surrounded
by Rb+, while the others by ND+

4 ). In the Raman spectra of Rb0.3(NH4)0.7H2PO4 the orientational
vibrations of NH+

4 ions are revealed [35], indicating the formation of the PO4 – NH+
4 bonds and of

the proton glass. The temperature dependence of the position of the peak, corresponding to the ν2

vibrations of the PO4 tetrahedra, has a characteristic break near Tf ∼ 100 K. This break is related
to the start of the proton freezing and their attaching to the PO4 tetrahedra. A similar break
was revealed in [36] for K1−x(NH4)xH2PO4 (x = 0.32, 0.53) and in [37] for Rb1−x(NH4)xH2AsO4

(x = 0.35).
The Edwards-Anderson parameter, which at moderately low temperatures is approximately

proportional to the widths of various spectral lines, gradually increases with temperature low-
ering. This indicates that the transition to the proton glass state is smeared out. Thus, the
NMR spectral line for Rb1−x(ND4)xD2PO4 at different x [38, 39] and the NQR line for
Rb0.5(NH4)0.5H2PO4 [40] widen at lowering temperature, and the intensity of elastic neutron
scattering from Rb0.38(ND4)0.62D2PO4 increases [41].

Below T0 the system becomes non-ergodic. The temperature T0 is estimated by approximation of
the experimental data for the dielectric permittivities at low temperatures. In [11] using the results
of dielectric measurements and the following phenomenological expression for the longitudinal
dielectric susceptibility

χ(T, ν) = χ0(T ) ·
∞
∫

0

d ln τ · g(τ, T )

1 − i2πντ
,

the distribution function of relaxation times g(τ, T ) was analyzed. In the time range τ ≈ [τ0, τc]
the function g(τ, T ) was qualitatively approximated by a rectangular distribution with the critical
relaxation time τc. The best fit to the experimental data for x = 0.35 was obtained using the
Vogel-Fulcher law

τc = τ0 exp

(

Ec

T − T0

)

, T0 = 8.74 K, Ec = 268 K,

ν0 = 1/2πτ0 = 3.49 · 1012 Hz.

At T = T0 the maximal relaxation time becomes infinite. In [10] using the measured dielectric
permittivities of Rb0.5(ND4)0.5D2PO4 the value of T0 ≈ 32 K was obtained.

In [42] it has been shown that for Rb0.53(ND4)0.47D2PO4 the spectrum of the distribution
function g(τ, T ) consists of two wide lines; with decreasing temperature from 55 K down to 35 K
a fast intensity redistribution from smaller times to larger ones takes place. These results are
interpreted within a model of dynamically correlated domains [43, 44], which form a system of
classical dipoles. At the freezing temperature, part of them form an infinite percolation cluster. In
this model T0 = 0 K (the Arrhenius law).

At low temperatures an essential role is, most likely, played by proton tunneling. This
is indicated by the maximum on the temperature curve of the dielectric losses tangent in
Rb0.25(NH4)0.75H2PO4 [8] at T ≈ 0.2 K, as well as by splitting of NMR spectral lines of
Rb0.56(ND4)0.44D2PO4 [45]. This means that deuteron motion is not completely frozen out. Tun-
neling lowers down T0.
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Polarization relaxation and non-ergodic processes in proton glasses M1−x(NW4)xW2AO4

(M = Rb, K; W = H, D; A = P, As) were explored by the Monte-Carlo method in [46]. The
following interactions were taken into account: 1) between protons in the “upper” or “lower”, lat-
eral (W2AO4), and Takagi (WAO4 and W3AO4) configurations; 2) between protons via NH4 ions,
which in pure ammonium compounds render the state with lateral configurations the ground state;
3) proton-lattice interactions, arising as a displacement field, if one of the nearest neighbors is the
alkali ion, whereas the other is the ammonium ion; 4) interactions with an external electric field. At
a given temperature the average value of polarization was calculated; the total number of proton
jumps was up to 107 for each temperature. The temperature variation of polarization at heating in
zero external field (PZFH with the initial value of PZFH(T = 0) = Pi ) and at heating in non-zero
field (PFH with the initial PFH(T = 0) = 0) was approximated by the following dependences

PZFH = Pi · exp [− (T/Te)
γ
] ; PFH = Pf · (1 − exp [− (T/Te)

γ
]) .

At small fields Te ' TSlater0.53, γ = 6, where the non-ergodicity temperature Te is introduced. At
small fields, when the temperature is raised to TSlater0.38 the relations PZFH ' Pi, PFH ' 0 hold,
that is, at low temperatures the system is in the non-ergodic state.

Little attention has been paid to the investigation of a temperature dependence of specific heat
of these systems in the glass phase region. We have come across a single paper [47], where it has been
shown that the molar specific heat C(T) of Rb1−x(NH4)xH2PO4 at x = 0.7 and x = 0.74 increases
monotonously with temperature. Near 60 K the curve C(T ) is somewhat convex upwards. This
convexity is most likely related to the protonic contribution to the specific heat, which is difficult
to separate from the lattice contribution.

The ferroelectric phase composition region

In this region at high temperatures the qEA parameter obtained from the NQR linewidths in
Rb1−x(NH4)xH2AsO4 with x = 0.01, 0.02 [48] and NMR linewidths in Rb1−x(ND4)xD2PO4 [39]
with x = 0.22 is different from zero. This indicates a partial proton freezing at high temperatures.

With lowering temperature, the transition to the ferroelectric phase takes place at Tc(x); in this
phase a spontaneous polarization Ps exists. Unfortunately, the experimental data for Ps and qEA

are very limited, except for the case of x = 0. At x = 0, Ps has a jump at Tc(x). The temperature
Tc(x) is maximal at x = 0 and decreases with increasing x, whereas the jump in Ps disappears
(as observed in Rb1−x(NH4)xH2AsO4 at x = 0.08 [18]), and the phase transition is smeared out.
The temperature Tc(x) can be also determined from the NMR data. Thus, in [49] using the NMR
method it has been established that the temperature dependence of the spin-lattice relaxation time
of 87Rb ions in Rb1−x(ND4)xD2PO4 has a minimum at Tc(x).

The transverse dielectric permittivity ε′11(T, ν) of the Rb1−x(NH4)xH2PO4 type compounds in
the ferroelectric phase composition region is somewhat smaller than in the glass phase region. It
gradually increases at lowering temperature, then has a rounded maximum at Tc(x), and rapidly
decreases to a certain constant value below Tc(x). At even lower temperature Tg(x) (inflection
point), the permittivity ε′11(T, ν) decreases to a minimal value. At the same time ε′′11(T, ν) has
two maxima at Tc(x) and Tg(x). The same behavior was experimentally detected also for ε′11(T, ν)
and ε′′11(T, ν) in Rb1−x(NH4)xH2PO4 [50], Rb1−x(ND4)xD2PO4 [12], Rb1−x(NH4)xH2AsO4 [16,
18, 51, 52], and K1−x(NH4)xH2PO4 [53].

The longitudinal permittivity ε′33(T, ν) of the Rb1−x(NH4)xH2PO4 type compounds in the
ferroelectric phase composition region also has a rounded peak at Tc(x), but its height is by two
orders of magnitude larger than that of ε′11(T, ν) and larger than in the glass phase composition
region. It becomes larger and sharper with lowering x. Such a behavior of ε′33(T, ν) was observed
in Rb1−x(NH4)xH2PO4 [3], Rb1−x(NH4)xH2AsO4 [17], and K1−x(NH4)xH2PO4 [22, 23, 54, 55].

In samples with smaller x the transition to the ferroelectric phase takes place at higher tem-
peratures than in samples with higher x. Smearing of the transition to the ferroelectric phase
is associated with fluctuations of ammonium concentration. Such an explanation is confirmed by
the data of [56], where in the neutron diffraction patterns of Rb0.9(ND4)0.1D2AsO4 the intensity
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maxima characteristic of the paraelectric and of the ferroelectric phase were shown to coexist in a
certain temperature range (7–10 K). This fact indicates coexistence of the two phases.

The presence of low-temperature peaks of ε′′11(T, ν) and ε′′33(T, ν) at Tg(x) in the ferroelectric
phase composition region is related to coexistence of the ferroelectric and glass phases. Such a
coexistence was revealed by measurements of ε′′11(T, ν) in Rb1−x(NH4)xH2PO4 at x = 0.15 and
0.17 [50], Rb1−x(NH4)xH2AsO4 [16, 18, 51, 57], K1−x(NH4)xH2PO4 [53], Rb0.96(ND4)0.04D2AsO4

[53, 58]. It is believed that in the ferroelectric phase composition region, the samples have small in-
clusions, in which the concentration of NH4 is characteristic of the glass phase composition region.
These inclusions at the temperature Tg(x) undergo a transition to the proton glass state. With
lowering x the temperature Tg(x) decreases. This is associated with a decrease of the dimensions
and correlation length of the clusters, where the transition to the glass state takes place; as a result,
at low x the system dynamics is faster than at x close to the glass phase composition region.

In [57] the imaginary part of the permittivity ε′′11(T, ν) and the Cole-Cole curves were measured
at different frequencies for low concentrations x = 0; 0.01; 0.05; 0.1 in Rb1−x(NH4)xH2AsO4 and
Rb1−x(ND4)xD2AsO4. At x = 0.05; 0.1 a coexistence of the low-temperature proton glass phase
and non-uniform ferroelectric phase has been detected below Tg(ν, x). From the Cole-Cole curves
a presence of the relaxation time distribution below Tg(ν, x) is evident.

In [18] the temperature dependences of spontaneous polarization of Rb1−x(NH4)xH2AsO4 and
Rb1−x(ND4)xD2AsO4 (at x = 0.0; 0.08), as well as transverse permittivities ε′a (T , 1 kHz) (for
x = 0.0; 0.08; 0.4 in Rb1−x(NH4)xH2AsO4 and x = 0.0; 0.08; 0.28 in Rb1−x(ND4)xD2AsO4) were
measured. It has been shown that at x = 0.08 in the temperature range between Tg(x) and Tc(x)
the sample polarization is proportional to the contribution of the so-called lost dielectric response

Psd(T ) = Pso
∆ε′a1(T )

ε′a(T, x = 0.4)
; ∆ε′a1(T ) = ε′a(T, x = 0.4) − ε′a(T, x = 0.08).

This indicates a presence of proton glass inclusions in the ferroelectric matrix at x = 0.08.

Antiferroelectric phase composition region

In this region the high-temperature proton glass phase exists at high temperatures, since the
qEA parameter obtained from the NMR linewidths in the Rb1−x(ND4)xD2PO4 system is different
from zero and increases with decreasing temperature [39, 59].

At lowering temperature, a phase transition to the antiferroelectric phase takes place at TN(x).
The transition temperature TN(x) is maximal at x = 1, decreases with lowering x, and vanishes
at a certain critical value of x, where the glass phase composition region begins. The obtained in
[35] temperature dependence of the Raman scattering line, corresponding to ν2 vibrations of PO4

tetrahedra in Rb1−x(NH4)xH2PO4 crystals at x = 0.8, has two bends at 130 K and 65 K. The
first bend corresponds to Tf(x) and to the start of the proton freezing on the O–H. . . O bonds,
just like in the glass phase composition region. The second bend corresponds to the transition
to antiferroelectric phase at TN(x), because below TN(x) the frequency ν2 increases due to the
formation of the NH4–PO4 clusters. In [35] the two bends are also observed in the ferroelectric
phase composition region at x = 0.2: the first one at Tf(x), the second one at Tc(x).

Using the experimental data for transverse dielectric permittivity of Rb1−x(NH4)xH2PO4 [3, 4],
Rb1−x(ND4)xD2PO4 [12], Rb1−x(NH4)xH2AsO4 [17], and K1−x(NH4)xH2PO4 [19, 22, 60] it has
been established that ε′11(T, ν) in antiferroelectric phase composition region at T > TN(x), just like
in the glass and ferroelectric phase composition region, increases with lowering temperature, but
the value of ε′11(T, ν) here is somewhat larger. Near TN(x) a fast decrease of ε′11(T, ν) takes place,
which at x → 1 transforms into a break. At T < TN(x) ε′11(T, ν) is much smaller than at T > TN

and slightly decreases with lowering temperature. At x close to the glass phase composition region
this decrease slows down, whereas the maximum of ε′11(T, ν) at TN(x) becomes rounded, that is,
the phase transition is smeared out.

As has been shown in [60], ε33(T, ν) in K1−x(NH4)xH2PO4 at x = 0.8 and 0.9 is qualitatively
similar to ε11(T, ν), but twice smaller. This is the only experimental measurement of ε33(T, ν) in
the antiferroelectric phase composition region, except for the case x = 1.

13706-5



S.I. Sorokov, R.R. Levitskii, A.S. Vdovych

In the antiferroelectric part of the phase diagram, the coexistence of deuteron glass and anti-
ferroelectric phases in Rb1−x(ND4)xD2AsO4 at (x = 0.39, 0.55, 0.69) was revealed [61] using the
measured temperature and frequency dependences of ε11(T, ν). This coexistence is indicated by a
weak frequency dispersion of the temperature dependence of permittivity at T 6 100 K (it is by
two orders of magnitude smaller than in the region with the deuteron glass phase only at x = 0.28).

In [62] by the example of the Rb1−x(NH4)xH2AsO4 system, a possibility of phase coexistence (of
PE – dynamically disordered paraelectric phase, PG – structurally disordered proton glass state,
FE – ferroelectric, and AFE – antiferroelectric phases) in this type of compounds is explored.
Experimental evidence for this coexistence at different x is presented.

The temperature dependence of specific heat in the antiferroelectric phase composition region,
as shown in [47] for Rb1−x(NH4)xH2PO4 at x = 0.79 and 0.89, has two peaks: at TN and a much
lower one at a few degrees below TN. The second peak remains unexplained. Considering the
fact that the obtained results were not explained by their authors, and that a too high peak of
the specific heat for these values of x was obtained, we can assume that these data are possibly
unreliable.

Unfortunately, for all compositions and for both dielectric permittivities the experimental data
obtained in different papers are in a poor agreement. Let us consider here examples of such dis-
crepancies. It should be noted that ε11(T, ν) and ε33(T, ν) were measured at different frequencies.
However, these frequencies are low enough, so the dielectric permittivity hardly varies with fre-
quency in this temperature range.

In Rb1−x(NH4)xH2PO4 at x = 0.25 (ferroelectric phase), T = 60 K ε′33(T, ν) ≈ 340 as measured
in [2] at ν=1 kHz and ε′33(T, ν) ≈ 250 as measured in [3] at ν=300 Hz. In [2] and [7] at T = 60 K
and close compositions in the proton glass phase x = 0.4 and 0.4 and frequencies ν=1 kHz and
12 kHz, respectively, it was obtained that ε′33(T, ν) ≈ 140 and ε′33(T, ν) ≈ 65, respectively, that is
a nearly two-fold difference. The measured in [2] (1 kHz) and [6] (50 kHz) ε′11(T, ν) for x = 0.5 is
about 40% higher than measured in [3] (10 kHz); for x = 0.7 the measured in [2] (1 kHz) ε′11(T, ν)
is about 30% larger than measured in [3] (10 kHz) and [4] (70 kHz); whereas ε′11(T, ν) at x = 0.43
[7] (12 kHz) is about 80% smaller than found in [2] (1 kHz) at a very close composition x = 0.4.
In the system Rb1−x(ND4)xD2PO4 with x = 0.4 (proton glass phase composition region) ε′11(T, ν)
obtained in [7] (12 kHz) is about twice smaller than in [14] (116 Hz).

In Rb1−x(NH4)xH2AsO4 ε′11(T, ν) found in [18] (1 kHz) for x = 0.4 (proton glass phase) is
about 20% smaller, whereas that found in [17] (10 kHz) for x = 0.44 is about 10% smaller than
that measured in [15] (30 kHz) for x = 0.35; in [17] ε′11(T, ν) decreases with decreasing x. In
K1−x(NH4)xH2PO4 at x = 0.39 (proton glass phase) ε′33(T, ν) measured in [21] (20 Hz) is about
twice larger than measured at x = 0.32 in [20] (0.1 Hz), even though ε′33(T, ν) in [20] strongly
increases with lowering x.

Lots of other experimental data are available, which disagree within 10%. Such discrepancies
can be explained by errors in measurements of ε11(T, ν) and ε33(T, ν), as well as by an incorrect
determination of x. For example, the concentration of ammonium x in K1−x(NH4)xH2PO4 depends
non-linearly on its concentration in a solution during the sample growth [36].

The temperatures Tg(x), corresponding to the maximum of ε′′11(T, ν) (inflection point of
ε′11(T, ν)), obtained in different experiments are also different. Thus, for Rb0.5(ND4)0.5D2PO4

Tg=59 K [12] at ν=1 kHz and Tg=53 K [9] at ν=10 kHz, and both in [12] and [9] Tg(x) increases
with frequency.

The data for the temperatures Tc in the ferroelectric phase composition region are also contra-
dictory. Thus, Tc of Rb1−x(NH4)xH2AsO4 determined from the maximum of ε′33(T, ν) in [17] are
about 10 K larger than Tc determined from the maximum of ε′11(T, ν) in [16]. This means that the
value of x is either overestimated in [17] or underestimated in [16].

Similar situation is observed for the experimental data for ε′11(T, ν) in the antiferroelectric
phase composition region. The values of ε′11(T, ν) for Rb1−x(NH4)xH2PO4 at x = 0.9 measured
in [4] at cooling are by 20% larger than at heating and by about 10% larger than those obtained
in [3]. The value of ε′11(T, ν) measured in [60] for K1−x(NH4)xH2PO4 at x = 0.8 is almost three
times smaller than that found in [19].
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Unfortunately, the experimenters who measured tensors of the dielectric permittivity did not
comment on the discrepancies between their results and the previous measurements. We think
that the major origin of these discrepancies is the difficulty of growing identical samples for a
given x, because in these samples there are regions with different x. In spite of the quantitative
differences, the qualitative behavior of the experimental curves of dielectric permittivities of the
Rb1−x(NH4)xH2PO4 type compounds is approximately the same. Therefore, very important are
theoretical studies of these compounds.

1.2. Theoretical studies of the Rb1−x(NH4)xH2PO4 compounds

From the point of view of a theoretical description, the Rb1−x(NH4)xH2PO4 type compounds,
which in a certain composition region can undergo a transition to the proton glass state, are quite
similar to the magnetic compounds with a spin glass phase. Therefore, we can use the theoretical
methods developed for the spin glass models. A detailed description of the proton glasses, however,
is not possible within the spin glass models, since these models do not take into account the random
electric fields and the real crystal structure of proton glasses.

In [63, 64] the Ising model in a transverse field with proton tunneling was explored. In [63] the
interaction constants Jij = ±J were taken to be different from zero only for the nearest neighbors.
In [64], as in the Sherrington-Kirkpatrick model [65], Jij are long-range ones and fluctuate with
the Gaussian distribution. Calculations performed therein in the mean field approximation have
shown that in both cases tunneling lowers down the temperatures of the transitions between the
paraelectric and glass phases Tg (qEA 6= 0 below Tg), as well as between the paraelectric and
ferroelectric phase Tc or antiferroelectric phase TN.

In [45, 66, 67] the Ising model in a transverse field Ωi with a random internal longitudinal
field hi

H = −1

2

∑

i,j

JijS
z
i Sz

j −
∑

i

ΩiS
x
i −

∑

i

(E + hi) Sz
i , (1.1)

was explored, where E is a uniform external field. Gaussian distributions are used for the random
infinite range interactions with (

〈

J2
ij

〉

c
= x(1−x) · const(i− j)) and random deformational field hi

(〈hi〉 = 0,
〈

h2
i

〉

∼ x(1 − x)). In [66] within the replica symmetric approach, a system of equations
for unknown p, q, r

p = 〈Sz
α〉n , q =

〈

Sz
αSz

β

〉

n
, r =

〈

(Sz
α)

2
〉

n
−→
Ω→0

1, n → 0,

as well as expressions for the free energy, susceptibility χ, instability line of the replica symmetric
solution (Almeida-Thouless line) are obtained and explored. Here α, β numerate the replicas, n is
the total number of the replicas. It is shown that the temperature of the transition to the glass
phase Tg exists only at

〈

h2
i

〉

c
= 0 and corresponds to the peak on the temperature curve of χ(T ).

The random internal field (
〈

h2
i

〉

c
6= 0) leads to the occurrence of the proton glass-like state at any

temperature above Tg (qEA > 0, qEA −→
T→∞

0) and smoothes the peak in the temperature curve of

χ(T ). The distribution function of the local fields P (h) = 〈δ(h − hi −
∑

j

JijSj)〉 was calculated

at Ωi = 0. Its shape at high temperatures is close to the Gaussian one, whereas at lowering
temperature or increasing

〈

h2
i

〉

c
it transforms into a two-peak curve with a minimum at h = 0.

Such a shape of P (h) qualitatively agrees with the experimentally observed shape of EPR [24]
and NMR [68] spectral lines. The temperature dependence of qEA calculated within the model
[66] well agrees with the second moment of the distribution function of the EPR [24] and NMR
[39, 68] spectral lines. In [25, 69] for the model with Hamiltonian (1.1) at Ωi = 0, using the Glauber
equation, a shape of the EPR line was calculated (a single-peak one at high temperatures and a
two-peak one at low temperatures) that agrees well with the experiment in a wide temperature
range (T = [10 K, 150 K]). For this model, as shown in [45], qEA → 1 at Ωi = 0, T → 0. In the
presence of tunneling (Ωi 6= 0) qEA < 1 at all temperatures, which means an incomplete freezing.

In [67] the order parameter m and the parameter qEA for the model with Hamiltonian (1.1)
are calculated by the replica method, and the phase diagrams at different values of the transverse
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field and of the random field dispersion are constructed. Since in the presence of random fields
qEA > 0 at all T , the temperature of transition to the glass phase Tg(x) here is introduced as a
temperature below which the replica-symmetry solution is instable, that is, the replica symmetry
is broken, and the system is in non-ergodic state. It is established that the random fields decrease
the temperatures Tg, Tc, and TN and widen the glass phase region. It has been shown that between
the glass and ferroelectric phases there exists a region where m 6= 0, and the replica symmetric
solution is unstable; this region is called the region of coexistence of glass and ferroelectric phases.

If in (1.1) the distribution function of the fields hi consists of two Gaussians, then a critical
point appears on the phase boundary between the ferroelectric and paraelectric phases, whereas
the transition between the ferroelectric and paraelectric phases becomes the first order one [70].

In [71] a dynamic generalization of the static approach of [66] has been presented. The
Rb1−x(ND4)xD2PO4, Rb1−x(ND4)xD2AsO4 compounds described by the Hamiltonian

H = −1

2

∑

i,j

JijS
z
i Sz

j −
∑

i

(E + hi) Sz
i − g

∑

i,k

(

bk + b+
−k

)

Sx
i , (1.2)

〈Jij〉
/√

N =J0 =(1 − 2x)J,
〈

J2
ij

〉

c

/

N =∆=4x · (1 − x)J2,
〈

h2
i

〉

c
=∆h

are considered. Here an interaction of the pseudospins with the phonon thermostat is introduced
into the Ising model Hamiltonian. This leads to the Debye-type relaxation [71]

ε(ν)=1+
β

4π

1 −
〈

th2 (βh(ξ))
〉

ξ

1 + i2πντ
, h(ξ)=ξ∆

/

2J2
√

q + 4∆h

/

J2+J0p,

where polarization and the Edwards-Anderson parameter p, q obey the following system of equa-
tions

p =

∞
∫

−∞

dξ√
2π

exp

(

−ξ2

2

)

th [βh(ξ)] , q =

∞
∫

−∞

dξ√
2π

exp

(

−ξ2

2

)

th2 [βh(ξ)] .

For the relaxation time a phenomenological Arrhenius-like expression is assumed

τ−1 ≈
∞
∫

−∞

dt [〈b(t)b(0)〉 + 〈b(0)b(t)〉] ∼ τ−1
0 · e−E/T , E ≈ 100 K.

A quantitative comparison of the obtained results with experiment was performed for the temper-
ature behavior of the ε′′(ν) peak only. It yielded

ε′′theor(νp) = 0.027T − 0.10;

ε′′exp(νp) = 0.04T − 0.57 (Rb0.7(ND4)0.3D2AsO) ;

ε′′exp(νp) = 0.11T − 3.411 (Rb0.6(ND4)0.4D2PO4) .

It is claimed that the proposed simple approach can be useful for the description of dielectric
properties of deuteron glasses. However, the relaxation theory of deuterated mixtures [71] based
on this model does not yield a correct frequency dependence of the dielectric permittivity.

The drawback of the above described calculations based on the Ising model with transverse
field and random longitudinal field is that they do not take into account the real structure of
the Rb1−x(NH4)xH2PO4 type compounds. Also, the interactions considered therein are long-range
ones (of the Sherrington-Kirkpatrick type), whereas in the real systems the major role is played
by the nearest neighbor interactions.

The first theory of the Rb1−x(NH4)xH2PO4 mixtures that takes into account its real structure
has been proposed in [72]. A pseudospin Hamiltonian was used to describe the energy levels of
protons near the PO4 groups; the critical lines Tc(x), TN(x) (an expansion over the order parameter
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1/N
N
∑

i=1

〈Si〉) and Tg(x) (an expansion over 1/N
N
∑

i=1

(〈Si〉)2) were found in the cluster approach. A

qualitative description of the experimentally observed phase diagram was obtained.
Later the cluster approach was used in [73, 74]. Thus, in [73] for the description of the

Rb1−x(NH4)xH2PO4 a pseudospin model was proposed that takes into account the configurational
energy of the cluster of hydrogen bonds near a PO4 group and a long-range interaction W

Hcl =
V

4
(S1S2 + S2S3 + S3S4 + S4S1) +

U

4
(S1S3 + S2S4) −

4
∑

i=1

(ϕcl,i + W 〈Si〉) Si .

Here ϕcl,i are the cluster fields that take into account the interactions of i-th hydrogen bond with
protons of the neighboring tetrahedra and are determined from the condition of the extremum of
the free energy for the mixture of different phases. The Hamiltonian parameters U , V are related
to the two lowest levels of the hydrogen cluster in RDP (ε′0, ε

′
1) and ADP (ε0, ε1) as

U = ε′1/2, V =
1

4
(ε′0 + 2ε′1) , U =

1

2
(ε0 + ε1)1 , V =

1

4
(ε0 + 2ε1) .

The free energy is presented as a sum of the energies of three phases

F = p+F (ε0 < 0, W = 0) + p0F (ε0 = 0, W = 0) + p−F (ε0 > 0, W 6= 0)

with the probabilities p+ for the ferroelectric phase, p− for the antiferroelectric phase, and p0 for
the neutral phase.

It is believed that the state of each tetrahedron is formed by the six ionic positions (Rb or NH4).
Two of these six positions are the closest; therefore, the ferroelectric (antiferroelectric) state of the
tetrahedron is formed if they are occupied with Rb (NH4). In other situations a neutral state is
formed. From the analysis of the free energy expansion over the parameters 〈S1〉+〈S3〉 ; 〈S1〉−〈S3〉
the regions of ferroelectric (0 < x < 0.2 at T = 0) and antiferroelectric (0.75 < x < 1 at T = 0)
phases on the phase diagram are found that are close to experimental.

This model was used to describe the diagram of the state in the proton glass region (0.2 <
x < 0.75 at T = 0) in [74]. Here the replica symmetric approximation was used in averaging
the system free energy with a parameter, being an analog of the Edwards-Anderson parameter
q = 〈SfαSfβ〉 (α, β are the replica numbers). Analytical expressions for the partition function
L(n, q) and temperature of the glass transition Tg(n) (when q = 0) are found for the number of
replicas n=2, 3, 4. For Tg(n) an expression is found for an arbitrary n. Hence, an expression Tg

was obtained
(

kTg

〈h2〉

)2

=
1

8

1 + 2 exp(−2〈ε(x)〉/kTg)

(1 + 2 exp(−〈ε(x)〉/kTg))
2 , Tg = lim

n→0
Tg(n).

Thus, no consistent approach to the description of all states of these compounds has been
presented in [73, 74].

An original approach to the description of thermodynamical properties of proton glasses has
been proposed in [75–77]. The model Hamiltonian contains terms responsible for the ferroelectric
ordering along the Z axis (Sz-components of the classical spin) and for the antiferroelectric ordering
(Sx-components). Restricting the consideration by the quadratic in the Hamiltonian terms at
averaging the system free energy over the concentrations by the replica method, in the replica
symmetric approximation, a system of equations was obtained for the parameters of ferroelectric p
and antiferroelectric ξ ordering, as well as parameters of the short-range ordering gz, gx (correlation
between the nearest dipole moments)

p = 〈〈Sz
i1〉〉c = 〈〈Sz

i2〉〉c , ξ = 〈〈Sx
i1〉〉c = −〈〈Sx

i2〉〉c ,

gz = 〈〈Sz
i1S

z
i2〉〉c , gx = 〈〈Sx

i1S
x
i2〉〉c .

Here 1, 2 are the sublattices of the site i; 〈. . .〉c means configurational averaging. The constructed
phase diagram for Rbn(NH4)1−nH2AsO4 qualitatively agrees with experiment. At high tempera-
tures (T > 210 K) p = 0, ξ = 0, whereas for gz,1, gx,1 there exist single solutions that correspond to
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the paraelectric region. The proton glass region is associated with the appearance of other solutions
for gz, gx at p = 0, ξ = 0 (at low temperatures the maximal number of solutions is equal to 5).
Fluctuations of the dipole moments are described by the averages amongst the dipole moments
of the nearest spins gz, gx. The self-correlations of the dipole moments of the 〈〈Sz

i1S
z
i1〉〉c type,

measured in EPR or NMR experiments as the Edwards-Anderson parameter, are not taken into
account in this approach. We believe that such correlations are more important than the corre-
lations between the neighboring tetrahedra. Fluctuations of the deformational internal field, that
can be estimated from the temperature dependence of the Edwards-Anderson parameter, are not
taken into account in this approach either.

Hence, a theoretical description of thermodynamic and dielectric properties of hydrogen bonded
compounds of the Rb1−x(NH4)xH2PO4 type which can undergo a transition into the proton glass
state, that would take into account the structural peculiarities and different types of interactions,
is still a complicated and unsolved problem in statistical physics. Particularly it concerns a micro-
scopic description of the dynamical properties of these mixtures. The temperature curves of the real
and imaginary parts of the longitudinal and transverse dielectric permittivities at different frequen-
cies have to be described. Of particular interest the possibility is to explore the low-temperature
curves of the imaginary parts of dielectric permittivity at low frequencies.

In [78–81] a theory of static characteristics of model proton glasses with an arbitrary range
of competing interactions has been proposed. In [82, 83] a similar approach has been used for
the description of some thermodynamic characteristics and transverse dielectric permittivity of
hydrogen bonded Rb1−x(ND4)xD2PO4 and Rb1−x(NH4)xH2AsO4 compounds, in which an essen-
tial role in the formation of energy levels is played by the proton short-range correlations. The
goal of the present paper is to calculate the thermodynamic characteristics, the longitudinal and
transverse dielectric permittivities of these compounds at different temperatures, concentrations,
and frequencies, as well as to determine their phase diagrams.

2. Thermodynamic properties of the Rb1−x (NH4)x H2PO4 type compounds

It is well known, that for description of thermodynamic characteristics and dielectric properties
(in a certain frequency range) of these crystals within the pseudospin-phonon model, the ionic
variables can be excluded in the static approximation ([84, 85]). The system description is then
performed within the framework of a pseudospin model with renormalized moments of hydrogen
bonds ~df,α (α = + for RDP, α = − for ADP)

~d1α = (dx
α, 0, dz

α), ~d3α = (−dx
α, 0, dz

α), ~d2α = (0,−dy
α, dz

α), ~d4α = (0, dy
α, dz

α),

~P A(B)
α =

∑

f∈A(B)

~df,αη
A(B)
f,α ; η

A(B)
f,α = 〈Sf,α〉A(B) . (2.1)

Here we introduced an effective dipole moment of a tetrahedron ~Pα; 〈. . .〉 is the conventional Gibbs’
thermodynamic average; summation f = A(B) is carried out over the bonds, on which the protons
order close to the given tetrahedron A(B). For RDP the tetrahedron polarization can have two
opposite values along the c axis, when two protons are ordered close to the upper edge of the
tetrahedron (ηf = η) and close to the lower one (ηf = −η)

ηf = η ⇒ ~P
A(B)
+ = (0, 0, 2dz

+η), ηf = −η ⇒ ~P
A(B)
+ = (0, 0,−2dz

+η). (2.2)

For ADP–NH4H2PO4 the primitive cell is twice as large as for RDP, and in addition to “A”,
“B” tetrahedra it contains “A′”, “B′” tetrahedra. Since their polarizations are opposite to those
of “A”, “B”, the total cell polarization is zero:

−ηA
1,− = −ηA

2,− = ηA
3,− = ηA

4,− = η; ~P A
− = −~P A′

− = (−dx
−η; +dy

−η; 0),

−ηB
1,− = ηB

2,− = ηB
3,− = −ηB

4,− = η; ~P B
− = −~P B′

− = (−dx
−η,−dy

−η, 0).
(2.3)
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For an ADP-NH4H2PO4 crystal the change of sign of η
A(B)
f,− at transition to the “A′”, “B′” tetra-

hedra can be taken into account as (here ~n the RDP primitive cell vector; ~kz
∗ is the vector at the

Brillouin zone boundary directed along Z)

η
A(B)
nf,− = ei~n~kz

∗ · ηA(B)
f,− . (2.4)

Hence, in the cases of both ADP and RDP we use a primitive cell with “A” and “B” tetrahedra.
Hamiltonian of a mixed Rb1−x(NH4)xH2PO4 system can be written as

H({h}) = −
∑

n,f

(

〈~dnf 〉c ·
[

~E + ~Gn

])

Snf +
∑

n

[HA(n) + HB(n)]

− 1

2

∑

n,f

∑

n′,f ′

Jnf,n′f ′SnfSn′f ′ , (2.5)

HA(n) =
Vn

4
(Sn1Sn2 + Sn2Sn3 + Sn3Sn4 + Sn4Sn1)

+
Un

4
(Sn1Sn3 + Sn2Sn4) +

Φn

16
Sn1Sn2Sn3Sn4 .

Here Snf = ±1 are spin operators describing the position of a proton on the f = 1, 2, 3, 4 hydrogen

bond in the ~n cell at the R tetrahedron; ~E is an external uniform electric field; ~Gn is an internal
random deformational field; Jnf,n′f ′ is the long-range interaction between protons; HA(n), HB(n)
are the configurational energies of the “A”, “B” tetrahedra. In this work we take into account two
configurational states of a tetrahedron (α = +,−):

Vα = −1

8
w1α, Uα =

1

8
(w1α − 2εα) , Φα =

1

8
(w1α + 2εα − 4wα) , α = +,−. (2.6)

In the state +, the energy states of a tetrahedron are analogous to those in a pure RDP crystal
with the ground state level εs+

ε+ = εa+ − εs+ , w+ = ε1+ − εs+ , w1+ = εo+ − εs+ . (2.7)

In the state – (ADP) we use the same relations for Vα, Uα, Φα but with different values of εα,
wα, w1α.

In the case of a mixed Rb1−x(NH4)xH2PO4 crystal, ionic positions are occupied by Rb with the
probability c+ = 1 − x and by NH4 with the probability c− = x. Hence, the distribution function
of a strongly random energy parameter εα (and similarly for wα, w1α) can be qualitatively written
as

p(σ) = (1 − x)δ(σ − ε+) + xδ(σ − ε−) = c+δ(σ − ε+) + c−δ(σ − ε−). (2.8)

A state of the dipole moment on the bond ~df,ααf
is determined by the states α, αf of two

tetrahedra connected by this bond. In the mean field approximation over the bonds, the averaged

over configurations moment of a tetrahedron
〈

~P B
〉

c
reads

〈

~P
〉

c
≈

4
∑

f=1

〈

~df

〉

c
η̄f ,

〈

~df

〉

c
=

∑

α

∑

β

cαcβ
~df,αβ , η̄f =〈〈Sf〉〉c . (2.9)

In the present work we consider only two realizations of the sets of averaged over configurations
values of η̄f = η̄; −η̄B

1,− = η̄B
2,− = η̄B

3,− = −η̄B
4,− = η̄, which correspond to ferroelectric and

antiferroelectric ordering. This permits us to use the primitive cell of RDP with 2 tetrahedra and
4 hydrogen bonds. The mean free energy per primitive cell 〈F〉 can then be written as

− β 〈F〉 = −
4

∑

f=1,∈A

〈

F
(0)
f

〉

c
+

〈

F
[0]
A

〉

c
+

〈

F
[0]
B

〉

c

− β

4
∑

f=1,∈A

ϕ̄L,f

〈

F
(1)
f

〉

c
+

β

2

4
∑

f,f ′=1,∈A

〈

Jf,f ′(~k∗)
〉

c

〈

F
(1)
f

〉

c

〈

F
(1)
f ′

〉

c
, (2.10)
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where ~k∗ = ~0∗ for ferroelectric ordering
〈

F
(1)
f

〉

c
=

〈

F (1)
〉

c
, ~k∗ = ~kz

∗ for antiferroelectric ordering

−
〈

F
(1)
1

〉

c
=

〈

F
(1)
2

〉

c
=

〈

F
(1)
3

〉

c
= −

〈

F
(1)
4

〉

c
=

〈

F (1)
〉

c
. We use the following notations for

the averages over different random fields of the single-particle F
(0)
f and cluster F

[0000]
1234 generating

functions

〈

F
(0)
f

〉

c
=

〈

F (0)(ζf)
〉

c
=

〈

F (0) (κf + σ + gx + gy + gz)
〉

σ,~g

=

∫

. . .

∫

dσR (σ, 2q) ρt(gx)ρt(gy)ρz(gz)dgxdgydgzF
(0)(κf+σ+gx+gy+gz) , (2.11)

〈

F
[0]
A

〉

c
=

〈

F
[0000]
1234

〉

c
=

〈

F [0000](ξ1|ξ2|ξ3|ξ4||R)
〉

c

=

∫

. . .

∫ 4
∏

f=1

dσfR (σf , q)ρ(gx)ρ(gy)ρ(gz)dgxdgydgz

×
〈

F [0000] (κcl,1 + σ1 + g1| . . . |κcl,4 + σ4 + g4||R)
〉

{σ},~g,R
. (2.12)

Here we introduce notations for the average values of cluster ϕ̄f and long-range ϕ̄L,f fields, and

κf = hf + ϕ̄L,f + 2ϕ̄f , κcl,f = hf + ϕ̄L,f + ϕ̄f , hf =
(〈

~df

〉

c
· ~E

)

,

g1 = gz − gx , g2 = gz + gy , g3 = gz + gx , g4 = gz − gy . (2.13)

Averaging is performed over random cluster fields with dispersion q and over random deformational
fields with dispersion 〈G2〉c for transverse and longitudinal field components

R (σ, q) =
e−

1

2

σ2

q

√
2πq

, ρ (σ) =
e
− 1

2

σ2

〈G2〉c

√

2π〈G2〉c
, 〈G2〉c = 4x(1 − x)QG . (2.14)

The expressions for the single-particle function F
(0)
f and its derivatives F

(n)
f are as follows

F
(0)
f = ln [2ch (βζf)] , F

(n)
f = ∂n/∂(βζf)

nF
(0)
f , F

(1)
f = th (βζf) ,

F
(2)
f = 1 −

(

F
(1)
f

)2

, F
(3)
f = −2F

(1)
f F

(2)
f , F

(4)
f = −2F

(2)
f

[

1 − 3
(

F
(1)
f

)2
]

. (2.15)

The cluster function F
[0000]
1234 and its derivatives F

[n1n2n3n4]
1234 read

F [0000](ξ1|ξ2|ξ3|ξ4||R) = ln [0.5 · L(ξ1, ξ2, ξ3, ξ4||Rα)] ,

F
[n1n2n3n4]
1234 =

∂n1

∂(βξ1)n1

· · · ∂n4

∂(βξ1)n4

F
[0000]
1234 ,

F
[1,1]
11 = F [2000](ξ1|ξ2|ξ3|ξ4||R) = 1 − M

[1]
1 M

[1]
1 ,

F
[1,1]
12 = F [1100](ξ1|ξ2|ξ3|ξ4||R) = M

[1,1]
12 − M

[1]
1 M

[1]
2 ,

F
[1,1]
13 = F [1010](ξ1|ξ2|ξ3|ξ4||R) = M

[1,1]
13 − M

[1]
1 M

[1]
3 ,

F
[1,1]
14 = F [1001](ξ1|ξ2|ξ3|ξ4||R) = M

[1,1]
14 − M

[1]
1 M

[1]
4 ,

F
[21]
ff ′ = −2F

[1]
f F

[11]
ff ′ , F

[21]
ff ′ = −2F

[11]
ff ′ F

[1]
f ′ ,

F
[22]
ff ′ = −2F

[1,1]
ff ′

[

M
[1,1]
ff ′ − M

[1]
f M

[1]
f ′

]

,

M
[1]
1 = L

[1000]
1234

/

L
[0000]
1234 , . . .M

[1]
4 = L

[0001]
1234

/

L
[0000]
1234 ,

M
[1,1]
11 = L

[2000]
1234

/

L
[0000]
1234 ≡ 1, . . . , M

[1,1]
14 = L

[1001]
1234

/

L
[0000]
1234 , (2.16)
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0.5L
[0000]
1234 = 0.5L(ξ1, ξ2, ξ3, ξ4||Rα)=2aαch(βξ1−βξ3)ch(βξ2−βξ4)

+ ch(βξ1 + βξ2 + βξ3 + βξ4) + dαch(βξ1 − βξ2 + βξ3 − βξ4)

+2bα [ch(βξ1+βξ3)ch(βξ2−βξ4)+ch(βξ1−βξ3)ch(βξ2+βξ4)] , (2.17)

aα = exp(−βεα), bα = exp(−βwα), dα = exp(−βw1α).

Here the partition function 0.5L ({ξ} ||Rα) is calculated with the cluster Hamiltonian

HA({ξ} ; S1, S2, S3, S4||R) = HA({0} ; S1, S2, S3, S4||R) −
4

∑

f=1

ξfSf ,

HA({0} ; S1, S2, S3, S4||R) =
Vα

4
(S1S2 + S2S3 + S3S4 + S4S1) +

Uα

4
(S1S3 + S2S4)

+
Φα

16
S1S2S3S4 . (2.18)

We shall use the same model dependence of the average eigenvalues of the long-range interaction
matrix as for the dipole moment of a hydrogen bond:

〈

νµ(~k∗)
〉

c
= ν̄µ(~k∗) =

∑

α

∑

β

cαcβνµ,αβ(~k∗) ≈ c2
+νµ,++(~k∗) + c2

−νµ,−−(~k∗) + 2c+c−νµ,00(~k∗).

(2.19)

For these values of ~k∗ the long-range interaction matrix J̄f,f ′ =
〈

Jf,f ′

(

~k∗

)〉

c
and the unitary

transformation matrix Û = {uµf} read

Û = Û+ =
1

2









1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1









; ˆ̄J =
〈

Ĵ
〉

=









J̄11 J̄12 J̄13 J̄12

J̄12 J̄11 J̄12 J̄13

J̄13 J̄12 J̄11 J̄12

J̄12 J̄13 J̄12 J̄11









;

ˆ̄ν = Û ˆ̄JÛ =









ν̄1 0 0 0
0 ν̄2 0 0
0 0 ν̄3 0
0 0 0 ν̄4









. (2.20)

ν̄1 = J̄11 + 2J̄12 + J̄13 , ν̄2 = ν̄4 = J̄11 − J̄13 , ν̄3 = J̄11 − 2J̄12 + J̄13 . (2.21)

From the condition of the free energy extremum we find an expression for the average η̄f =
〈〈Sf〉〉c, reduced Edwards-Anderson parameter QEA,f , and an equation for unknown quantities
ϕ̄L,f , ϕ̄f , qf

η̄f =
〈

F
(1)
f

〉

c
, QEA,f = qEA,f − η̄2

f , qEA,f = 1−
〈

F
(2)
f

〉

c
,

〈

F
(1)
f

〉

c
=

〈

F
[1000]
f

〉

c
,

〈

F
(2)
f

〉

c
=

〈

F
[2000]
f

〉

c
, ϕ̄L,f =

4
∑

f1

J̄ff1
(~k∗)η̄f1

. (2.22)

In the absence of external field and for the ferroelectric ordering we obtain the following expressions
for the free energy, for the average η̄ = η̄f , reduced Edwards-Anderson parameter QEA = QEA,f

and for equations for ϕ̄L, ϕ̄, q

η̄ = η̄f , ϕ̄ = ϕ̄f , ϕ̄L = ϕ̄L ,f , q = qf ,

−β 〈FF 〉c = −4
〈

F (0)
〉

c
+ 2 〈FA〉c − 4βϕ̄L

〈

F (1)
〉

c
+ 2βν̄1(~0∗)

〈

F (1)
〉2

c
,

η̄ =
〈

F (1)
〉

c
, QEA = qEA − η̄2 , qEA,f = 1 −

〈

F (2)
〉

c
,

〈

F (1)
〉

c
=

〈

F [1000]
〉

c
,

〈

F (2)
〉

c
=

〈

F [2000]
〉

c
, ϕ̄L = ν̄1(~0∗)η̄. (2.23)
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In the case of an antiferroelectric ordering in the absence of external field, the free energy, for
the average η̄ = −η̄1 = η̄2, reduced Edwards-Anderson parameter QEA = QEA,f and equations for
ϕ̄L, ϕ̄, q read

η̄ = −η̄1(4) = η2(3), ϕ̄ = −ϕ̄1(4) = ϕ̄2(3), ϕ̄L = −ϕ̄L,1(4) = ϕ̄L,2(3), q = qf ,

−β 〈FAF 〉c = −4
〈

F (0)
〉

c
+ 2 〈FA〉c − 4βϕ̄L

〈

F (1)
〉

c
+ 2βν2(~k

z
∗)

〈

F (1)
〉2

c
,

η̄ =
〈

F (1)
〉

c
= −

〈

F
(1)
1

〉

c
, QEA = qEA − η̄2, qEA,f = 1 −

〈

F (2)
〉

c
,

〈

F (1)
〉

c
=

〈

F [0100]
〉

c
,

〈

F (2)
〉

c
=

〈

F [0200]
〉

c
, ϕ̄L = ν̄2(~k

z
∗)η̄. (2.24)

As numerical calculations for the free energy show, the antiferroelectric state is realized in the
region close to the x = 1−c → 1 limit; the ferroelectric state is realized in the region 1−x = c → 1,
and a proton glass state (ϕ̄ = ϕ̄L = 0, q > 0) takes place at intermediate compositions.

The static susceptibility of the system reads (ve is the cell volume)

χab = − 1

Tve

∑

f,f ′

〈da
f 〉c〈db

f ′〉c · η̄′
ff ′ = − 1

Tve

∑

µ

d̃a
µd̃b

µ · η̃′
µ ,

η̄′
ff ′ =

∂η̄f

∂(βhf ′)
, d̃a

µ =
∑

f

uµf 〈da
f 〉c , η̃′

µ =
∑

f,f ′

uµfuµf ′ η̄′
ff ′ . (2.25)

Here we used the fact that after the unitary transformation with Û , the matrix of η̃′
µµ′ = δµµ′ η̃′

µ

correlators is diagonal for ferroelectric and antiferroelectric orderings, and

η̃′
1 = η̄′

11 + η̄′
12 + η̄′

13 + η̄′
14 , η̃′

2 = η̄′
11 + η̄′

12 − η̄′
13 − η̄′

14 ,

η̃′
3 = η̄′

11 − η̄′
12 + η̄′

13 − η̄′
14 , η̃′

4 = η̄′
11 − η̄′

12 − η̄′
13 + η̄′

14. (2.26)

In this work we shall explore temperature and composition dependences of the longitudinal
ε33(T ) and transverse ε11(T ) permittivity of the system

εaa(T ) = ε0
aa + 4πχaa(T ), ε0

aa = 1 + 4πχ0
aa, (a = 1, 2, 3),

χ33(T ) = −4
1

Tve
(〈dz〉c)2 η̃′

1(T ), χaa(T ) = − 1

Tve
(〈da〉c)2 (η̃′

2(T ) + η̃′
4(T )) , a = 1, 2. (2.27)

In order to find the quantities η̃′
µ occurring in the expression for the susceptibility, we differen-

tiate η̄f and equation (2.22) for ϕ̄L,f , ϕ̄f , qf with respect to the fields βhf ′ and obtain equations for
η̄′

ff ′ , ϕ̄′
ff ′ , and q′ff ′

[

1 −
〈

F̂ (2)
〉

c
β ˆ̄J(~0)

]

ˆ̄η′ =
〈

F̂ (2)
〉

c

[

1 + 2β ˆ̄ϕ′
]

+
1

2

〈

F̂ (2)
〉

c
β22q̂′,

[

2
〈

F̂ (2)
〉

c
−

〈

F̂ [11]
〉

c

]

β ˆ̄ϕ′ +
1

2

[

2
〈

F̂ (3)
〉

c
−

〈

F̂ [12]
〉

c

]

β2q̂′

=
[

−
〈

F̂ (2)
〉

c
+

〈

F̂ [11]
〉

c

] [

1 + β ˆ̄J(~0)ˆ̄η′
]

,

[

2
〈

F̂ (3)
〉

c
−

〈

F̂ [21]
〉

c

]

β ˆ̄ϕ′ +
1

2

[

2
〈

F̂ (4)
〉

c
−

〈

F̂ [22]
〉

c

]

β2q̂′

=
[

−
〈

F̂ (2)
〉

c
+

〈

F̂ [21]
〉

c

] [

1 + β ˆ̄J(~0)ˆ̄η′
]

. (2.28)

We multiply these equations by the unitary matrix Û (2.20) from the left, rendering all the matrices
in equations (2.28) diagonal or antidiagonal.

Let us explore the symmetry of the matrices in these equations in the case of antiferroelectric
ordering (in the case of ferroelectric ordering all minus signs are changed to plus signs), as well as
the form of the matrices after the unitary transformation

〈F̂ (2n)〉c = 〈F (2n)〉c · Î , ˆ̃F (2n) = Û+ · 〈F (2n)〉c · Û ≡ 〈F̂ (2n)〉c , (2.29)
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〈F̂ (2n+1)〉c = 〈F (2n+1)〉c









1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1









; ˆ̃F (2n+1) = 〈F (2n+1)〉c









0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0









;

ˆ̄ϕ′=









ϕ̄′
11 ϕ̄′

12 ϕ̄′
13 ϕ̄′

14

ϕ̄′
12 ϕ̄′

11 ϕ̄′
14 ϕ̄′

13

ϕ̄′
13 ϕ̄′

14 ϕ̄′
11 ϕ̄′

12

ϕ̄′
14 ϕ̄′

13 ϕ̄′
12 ϕ̄′

11









; ˜̂ϕ′= Û ˆ̄ϕ′Û =









ϕ̃′
1 0 0 0

0 ϕ̃′
2 0 0

0 0 ϕ̃′
3 0

0 0 0 ϕ̃′
4









; (2.30)

ϕ̃′
1 = ϕ̄′

11 + ϕ̄′
12 + ϕ̄′

13 + ϕ̄′
14; ϕ̃′

2 = ϕ̄′
11 + ϕ̄′

12 − ϕ̄′
13 − ϕ̄′

14;

ϕ̃′
3 = ϕ̄′

11 − ϕ̄′
12 + ϕ̄′

13 − ϕ̄′
14; ϕ̃′

4 = ϕ̄′
11 − ϕ̄′

12 − ϕ̄′
13 + ϕ̄′

14;

q̂′ =









q′11 −q′12 −q′13 q′14
q′12 −q′11 −q′14 q′13
q′13 −q′14 −q′11 q′12
q′14 −q′13 −q′12 q′11









; ˜̂q′ =









0 0 0 q̃′4
0 0 q̃′3 0
0 q̃′2 0 0
q̃′1 0 0 0









; (2.31)

q̃′1 = q′11 − q′12 − q′13 + q′14, q̃′2 = q′11 − q′12 + q′13 − q′14,

q̃′3 = q′11 + q′12 − q′13 − q′14, q̃′4 = q′11 + q′12 + q′13 + q′14.

The averaged matrices of the second derivatives 〈F̂ [11]〉c; 〈F̂ [22]〉c for the antiferroelectric phase

are of the same symmetry as the matrix ˆ̄ϕ′, and the eigenvalues of these matrices F̃
[11]
µ ; F̃

[22]
µ are

written as linear combinations similar to ϕ̃′
µ. Symmetry of the matrix 〈F̂ [21]〉c is the same as

of q̂′; after the unitary transformation it becomes analogous to the antidiagonal matrix
˜̂
q′ with

the corresponding elements F̃
[21]
µ . The matrix 〈F̂ [12]〉c is transposed to 〈F̂ [21]〉c. After the unitary

transformation and exclusion of the parameters ϕ̃′
µ, q̃′µ we obtain expressions for the correlators

η̃′
µ, entering the expression for the system susceptibility.

η̃′
µ = −

[

Dµ/Bµ − βν̄µ(~0)
]−1

−→
ProtonGlassState −

[

2/F̃ [11]
µ −

(

1 − 〈F (1)〉c
)−1

− βν̄µ(~0)

]−1

, (2.32)

Dµ =
[

2〈F (2)〉c − F̃ [11]
µ

] [

2〈F (4)〉c − F̃ [22]
µ

]

−
[

2〈F (3)〉c − F̃ [12]
µ

] [

2〈F (3)〉c − F̃ [21]
µ

]

,

Bµ = F̄ (2) · F̃ [11]
µ

[

2〈F (4)〉c − F̃ [22]
µ

]

+ 〈F (2)〉cF̃ [12]
µ F̃ [21]

µ − 2
[

〈F (3)〉c
]2

F̃ [11]
µ .

In the case of the ferroelectric ordering the matrices ˆ̄η′, ˆ̄ϕ′, q̂′,
〈

F̂ [nn′]
〉

c
have the same sym-

metry. As a result, we obtain the same expression for η̃′
µ, except that for the eigenvalues F̃

[12]
µ we

have to use the linear combination like for ϕ̃′
µ.

Let us note that dynamic susceptibility χaa(ν, T ) of the system is expressed via the dynamic
eigenvalues η̃′

µ(ν) as in the static case (2.27) after the replacement η̃′
µ → η̃′

µ(ν). The expressions
for η̃′

µ(ν) are derived in [82].

3. Discussion

3.1. Optimal sets of model parameters

Using the obtained in previous sections expressions, let us evaluate the dielectric and thermal
characteristics of the Rb1−x(ND4)xD2PO4 and Rb1−x(NH4)xH2AsO4 compounds and compare
them with the corresponding experimental data. Values of the theory parameters should provide
the best possible fit to the experiment.
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Table 1. Parameters for Rb1−x(ND4)xD2PO4 .

tetrahedron εα wα ν1,αα(0) ν2,αα(kz) ν2,αα(0)
state K K K K K

+(Ferro) 160 1100 22.76 25 20
0(Glass) – – –44 40 –60

–(Antiferro) –140 750 –40 67.44 –20

tetrahedron dz
α(G), 10−18 dz

α(F ), 10−18 dx
α(G), 10−18 dx

α(F ), 10−18

state esu·cm esu·cm esu·cm esu·cm
+(Ferro) 0.95 0.95 3.25 3.25
0(Glass) 1.7 0.9 3.55 1.0

–(Antiferro) 1.65 1.65 3.15 1.0

tetrahedron χ0
33 χ0

11 ve

√

〈G2〉, τz
0,α, s τx

0,α, s
state 10−21cm K 10−14 10−14

+(Ferro) 0.8 0.8 0.209 – 2.0 3
0(Glass) 0.6 0.7 – 24.5 0.55 6

–(Antiferro) 0.34 0.58 0.211 – 6.0 3

The found sets of the model parameters for the mixtures Rb1−x(ND4)xD2PO4 (Tc(x = 0) =
235 K, TN(x = 1) = 242 K), Rb1−x(NH4)xH2AsO4 (Tc(x = 0) = 110 K, TN(x = 1) = 216 K) are
presented in tables 1–4, respectively. The dashes in the tables mean that the given tetrahedron is
averaged over two states only (without the neutral state 0 (Glass)).

Table 2. Parameters for Rb1−x(NH4)xH2AsO4 .

tetrahedron εα wα ν1,αα(0) ν2,αα(kz) ν2,αα(0)
state K K K K K

+(Ferro) 60 500 9.83 5 5
0(Glass) – – –15 22 –25

–(Antiferro) –100 470 –80 75.19 5

tetrahedron dz
α(G), 10−18 dz

α(F ), 10−18 dx
α(G), 10−18 dx

α(F ), 10−18

state esu ·cm esu·cm esu·cm esu·cm
+(Ferro) 0.88 0.59 2.55 2.55
0(Glass) 1.2 0.59 3.2 3.2

–(Antiferro) 1.35 1.35 3.15 1.0

tetrahedron χ0
33 χ0

11 ve

√

〈G2〉, τz
0,α, s τx

0,α, s
state 10−21cm K 10−14 10−14

+(Ferro) 0.5 0.7 0.2236 – 60 7
0(Glass) 0.45 1.1 – 10 60 7

–(Antiferro) 0.3 0.7 0.2275 – 60 7

3.2. Spontaneous polarization

The calculated temperature curves of spontaneous polarization for Rb1−x(ND4)xD2PO4 and
Rb1−x(NH4)xH2AsO4 compounds along with the available experimental data are shown in figure 2.
The calculated dependences Ps(T ) well describe the experimental data at x = 0. With increasing
x the theory predicts a decrease of spontaneous polarization, until it completely vanishes at the
concentration corresponding to the transition into the glass phase composition region. The temper-
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Figure 2. Temperature behavior of spontaneous polarization of a tetrahedron P z

s = P z/ve in
the ferroelectric region of the phase diagram for Rb1−x(ND4)xD2PO4 (a) at x: 0.0 – 1; 0.1 – 2;
0.2 – 3; for Rb1−x(NH4)xH2AsO4 (b) at x: 0.0 – 1, [18], [86], × [87]; 0.08 – 2; 0.13 – 3.

atures, at which the spontaneous polarization arises in the ferroelectric phase, or the spontaneous
sublattice polarization arises in the antiferroelectric phase, at different x yield the Tc(x) or TN(x)
dependences, respectively.

Let us note that at small x the saturation polarization is almost independent of x (curves 1
and 2 for all compounds), even though the order parameter η̄(x, T ) at small T decreases with
x. As seen from equation (2.9) the polarization is determined by the product 〈dz〉c η̄. For all
explored compounds the following relation is obeyed dz

−(F ) > dz
+(F ), and the average 〈dz〉 increases

with x, whereas the low-temperature polarization of a tetrahedron is almost independent of x.
With increasing x the parameter η̄ rapidly decreases at low T , which leads to a rapid decrease of
saturation polarization.

3.3. Molar specific heat

The experimental points for the proton contribution ∆Cp to the specific heat of the considered
systems should be determined by subtracting the lattice contribution from the measured specific
heat; the lattice contribution in the phase transition region is approximated by a linear dependence.
The proposed theory, as seen in figures 3–4, properly describes the temperature dependence of pro-
ton contribution to the molar specific heat of the Rb1−x(ND4)xD2PO4 and Rb1−x(NH4)xH2AsO4

compounds at x = 0 and x = 1. At compositions other than x = 0 or x = 1 the theory pre-
dicts a decrease of the jump of specific heat at Tc and TN and its vanishing at x in the proton
glass composition region. To answer the question about the validity of the proposed theory for the
Rb1−x(NH4)xH2PO4 type systems, further experimental investigation of the temperature depen-
dences of specific heat of these crystals in a wide composition range are required.

3.4. The reduced Edwards-Anderson parameter

The reduced Edwards-Anderson parameter QEA(T ) of the Rb1−x(NH4)xH2PO4 type com-
pounds is different from zero at all temperatures and concentrations x, except for x = 0 and
x = 1 (figure 5). Let us note that the temperature and composition dependences of QEA(T ) are
similar for all compounds. The parameter QEA(T ) has a rounded peak at transition from the
high-temperature paraelectrical phase to the ferroelectric phase, whereas it rapidly falls to zero at
transition to the antiferroelectric phase. The parameter QEA(T ) is the largest in the proton glass
phase composition region and increases with decreasing temperature. For Rb1−x(ND4)xD2PO4 at
x = 0.22 the theoretical curve 3 (figure 5 (b)) satisfactorily describes the experimental data of [39].
At the same time, at x = 0.44 our calculations agree with the data of [68], but the obtained values
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Figure 3. Temperature behavior of the proton contribution ∆Cp to the specific heat of
Rb1−x(ND4)xD2PO4 in the ferroelectric (a) region of the phase diagram at x: 0.0 – 1; 0.1 –
2; 0.2 – 3; 0.24 – 4; and in the antiferroelectric (b) region at x: 1.0 – 1, ◦ [88], 1’[85]; 0.85 – 2;
0.7 – 3; 0.62 – 4.
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Figure 4. Temperature behavior of the proton contribution ∆Cp to the specific heat of
Rb1−x(NH4)xH2AsO4 in the ferroelectric (a) region of the phase diagram at x: 0.0 – 1, [86],
� [87]; 0.08 – 2; 0.13 – 3; 0.2 – 4; and in the antiferroelectric (b) region at x: 1.0 – 1, ◦ [89]; 0.75
– 2; 0.6 – 3; 0.45 – 4.

are lower than those of [39] both for x = 0.44 and x = 0.22. We believe that this can be explained
by an incorrectly determined composition x of the samples in [39]. Unfortunately, no experimental
data for QEA(T ) were available for Rb1−x(NH4)xH2AsO4.

3.5. Longitudinal dielectric permittivity

The temperature dependence of transverse permittivity for the Rb1−x(ND4)xD2PO4 and
Rb1−x(NH4)xH2AsO4 compounds was explored in previous papers [82, 83].

In figures 6, 7 we show the temperature curves of the longitudinal static permittivity of ε′33(T, 0)
(ε′33(T, 0) = ε33(T )) of the Rb1−x(ND4)xD2PO4 and Rb1−x(NH4)xH2AsO4 compounds at different
x along with the experimental data for ε′33(T, ν) at low frequencies.

An essential difference between these quantities arises only in the proton glass composition
region and at temperatures below the maximum of ε′33(T, ν). Here ε′33(T, ν) even at small ν always
tends to ε0

33, whereas the theoretical static permittivity ε′33(T, 0) at T → 0 tends to a certain finite
value, larger than ε0

33. At high temperatures the static and dynamic permittivities practically coin-
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Figure 5. The temperature dependence of the reduced Edwards-Anderson parameter QEA for
Rb1−x(ND4)xD2PO4 at different x: 0.1 – 1; 0.2 – 2; 0.22 – 3, [39]; 0.44 – 4, [39], [68];
0.62 – 5; 0.7 – 6; 0.85 – 7; for Rb1−x(NH4)xH2AsO4 at different x: 0.08 – 1; 0.13 – 2; 0.35 –
3; 0.6 – 4.
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Figure 6. The temperature dependence of the longitudinal permittivity ε′

33(T, ν) of
Rb1−x(ND4)xD2PO4 at different x: 0.0 – 1; 0.1 – 2; 0.2 – 3; 0.5 – 4, ◦[9] (10 kHz), [10]
(10 GHz); 0.7 – 5; 0.85 – 6; 1.0 – 7, 7’ [85], � [90].

cide; this permits us to talk about qualitative agreement or disagreement between the theoretical
curves for ε′33(T, 0) and experimental points for ε′33(T, ν 6= 0).

In figure 6 we show the temperature dependence of the longitudinal permittivity ε′33(T, ν) of
Rb1−x(ND4)xD2PO4 at different x. At x = 0.0 (1), 0.1 (2), 0.2 (3) (ferroelectric composition
region) no experimental data were available. The experimental points for x = 0.5 ◦ [9] (10 kHz),
∆ [10] (10 GHz) correspond to the glass phase composition region (static curve 4). At x = 0.7 (5),
x = 0.85 (6), x = 1.0 (7) we have the antiferroelectric ordering region. Let us note that for x = 1.0
the agreement with experiment for ε33(T ) (curve 7’) would be slightly better if a different set of
the model parameter values was used [85].

In figure 7 the calculated longitudinal static permittivity ε33(T ) for Rb1−x(NH4)xH2AsO4 is
compared with the experimental data for ε′33(T, ν 6= 0) for different compositions x at low fre-
quencies ν. In the ferroelectric phase composition region (x = 0; 0.08; 0.13) the static theory
correctly describes the parts of the curves above Tc(x) as well as the position of the maximum of
ε′33(T, ν → 0), but their values in the vicinity of the peak are much larger than experimental ones.
This peak can be smeared out and lowered down, if we take into account macroscopic fluctuations
of concentration x as well as the piezoelectric effect. In the proton glass composition region the
theory and experiment coincide quantitatively at temperatures above the peak of ε′33(T, ν). At
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Figure 7. The temperature dependence of the longitudinal permittivity ε′

33(T, ν) of
Rb1−x(NH4)xH2AsO4 at different x: 0.0 – 1, [91], . [92]; 0.08 – 2, [17] (1 MHz); 0.13
– 3, [17] (1 MHz); 0.35 – 4, ◦ [15] (1 Hz, 30 KHz); 0.75 – 5; 1.0 – 6, [93]. The dashed lines
correspond to the theoretical curves for x = 0.35, ν=1 Hz, 30 kHz.

x = 0.0, 1.0, considering the dispersion of experiment points, we can talk about a quantitative
agreement of theoretical results with experimental points.
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Figure 8. The temperature dependences of real ε′33(T, ν) (a) and imaginary ε′′33(T, ν) (b) parts
of longitudinal permittivity for Rb1−x(ND4)xD2PO4 at x = 0.5 and at different frequencies:
6 MHz – 1, 1’ [9]; 1 GHz – 2, 2’, [9]; 8 GHz – 3, 3’, × [10]; 10 GHz – 4, 4’, [10];
36 GHz – 5, 5’, [10]; 52 GHz – 6, 6’, [10]; 150 GHz – 7, 7’, [10].

At low temperatures the experimental ε′33(T, ν) rapidly decreases, because it is measured at
non-zero frequencies. This decrease is qualitatively correctly described by the calculated real part
of the dynamic permittivity ε′33(T, ν) in the glass phase composition region, as shown in figure 8 for
Rb1−x(ND4)xD2PO4 at x = 0.5 and in figure 7 (dashed lines) for Rb1−x(NH4)xH2AsO4 x = 0.35
(at ν=1 Hz, 30 kHz).

In the glass phase composition region the maximum of ε′′33(T, ν) (approximately coincides with
the low-temperature inflection point of ε′33(T, ν)) corresponds to the temperature, at which the
relaxation time is close to the field period. For Rb1−x(ND4)xD2PO4 at x = 0.5 the calculated real
and imaginary parts of ε33(T, ν) at different frequencies satisfactorily describe the experimental
data. The theory yields a faster decrease than the experiment for ε′33(T, ν) and a narrower and
higher peak for ε′′33(T, ν). We attribute this drawback to the imperfect procedure of configurational
averaging of the susceptibility. In the case of Rb1−x(NH4)xH2AsO4 the calculated imaginary part
of ε33(T, ν) has a very narrow and high peak. This discrepancy can be possibly caused by the
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tunneling effects, essential in undeuterated compounds, which are not taken into account in our
calculations performed within the Glauber dynamics approach.

At high temperatures the frequency dependence of the complex permittivity ε(T, ν) is close
to the Debye type (figure 9). At low temperatures the Debye-type behavior disappears. In the
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Figure 9. The frequency dependence of real ε′33(T, ν) and imaginary ε′′33(T, ν) parts of longi-
tudinal permittivity (a) for Rb1−x(ND4)xD2PO4 at x = 0.5 at different temperatures: 40 K,
62.9 K ◦ [9], 87 K � [9], 150 K, 250 K, and also the Cole-Cole curves (b) for these temperatures.

imaginary part of the permittivity a clear two-peak structure of the dielectric spectrum is observed.
In the antiferroelectric phase the low-frequency peak is less pronounced.

We also calculated ε′aa(T, ν), ε′′aa(T, ν) (a = 1, 3) in the regions of ferroelectric and antiferroelec-
tric ordering. At low frequencies and at temperatures near and above Tc(x) ε′aa(T, ν) practically
coincides with the static permittivity εaa(T ). At low temperatures ε′′33(T, ν) has a peak (corre-
spondingly, ε′33(T, ν) has a bend ) (see figure 10 for x = 0.2).
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Figure 10. The temperature dependence of longitudinal ε′11(T, ν) and transverse permittivities
ε′33(T, ν) for Rb1−x(ND4)xD2PO4 compound for x = 0.2 at 1 MHz.

With lowering x the temperature position of this peak in ε′′aa(T, ν) practically does not change,
but its height rapidly decreases. We failed to find this peak numerically at x < 0.15. A similar
peak is detected in the antiferroelectric phase region at 0.65 < x < 0.70. Let us note that for the
same frequency ε′′11(T, ν) < ε′′33(T, ν) for all concentrations x, what agrees with the experimental
data.

It should be noted that both for the transverse and longitudinal permittivities the best de-
scription of experimental data is obtained in the regions of the so-called “pure” phases, that is
x → 0, x → 1, and the glass phase region at x ∼ 0.5 for Rb1−x(ND4)xD2PO4 and x ∼ 0.35 for
Rb1−x(NH4)xH2AsO4.
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The proposed here approach can be used to describe of the dynamic characteristics of
Rb1−x(ND4)xD2PO4 compounds and to evaluate the qualitative behavior of the permittivities
of Rb1−x(NH4)xH2AsO4.

3.6. Phase diagrams

The phase diagrams of the Rb1−x(NH4)xH2PO4 system are constructed, using the calculated
physical characteristics of the crystals. The following regions are present in these diagrams: HP
(high-temperature region of paraelectric phase), LP (low-temperature region of paraelectric phase),
F ( ferroelectric phase), AF (antiferroelectric phase) (figures 11, 12).
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Figure 11. The phase diagram of the Rb1−x(ND4)xD2PO4 mixture. / – [7], ◦ – [9], – [12],
. – [13], � – [49]. The solid lines are the Tc, TN, and Tg transitions obtained from the maxima
of ε33(T ) and ε11(T ). The dashed lines are the Tg lines obtained from the maxima of ε′′33(T, ν)
and ε′′11(T, ν) at frequency 1MHz.
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Figure 12. The phase diagram of the Rb1−x(NH4)xH2AsO4 mixture. , , . – [17], � – [18];
◦ – [94], , – [95]. The solid lines are the Tc, TN, and Tg transitions obtained from the
maxima of ε33(T ) and ε11(T ). The dashed lines are the Tg lines obtained from the maxima of
ε′′33(T, ν) and ε′′11(T, ν) at frequency 30 kHz.

Typical peculiarities of the phase diagrams of the considered compounds will be discussed by
the example of Rb1−x(ND4)xD2PO4 (figure 11). At high temperatures the system is in paraelectric
phase. It region is designated like the HP, because here the reduced Edwards-Anderson parameter
QEA is small but different from zero and decreases with increasing temperature. For x < 0.2 and
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x > 0.65 a spontaneous polarization or sublattice spontaneous polarization arise at T < Tc(x) and
T < TN(x), respectively. As a result, the system goes to the ferroelectric or antiferroelectric state.
Here the reduced Edwards-Anderson parameter QEA can be significant (figure 5) in vicinities of
Tc(x), TN(x) and in ferroelectric phase for x close to glass phase composition region. In the central
composition region we designate the low-temperature region of paraelectric phase. This region lies
below the maxima of the static permittivities ε11(T ) and ε33(T ) (the solid lines in figures 11,
12) and attributes large value of QEA. The dashed lines (Tg,11(x, ν) and Tg,33(x, ν)) correspond
to the low-temperature peaks of ε′′11(T, ν) and ε′′33(T, ν) at ν = 1 MHz for Rb1−x(ND4)xD2PO4

(the so-called freezing lines).These lines continue in the regions x < 0.2 and x > 0.65, where
the paraelectric (or the proton glass) phase possibly coexists with ferroelectric or antiferroelectric
phases, respectively. Numerical calculations show that Tg,11(x, ν) → 0 and Tg,33(x, ν) → 0 at
ν → 0, so within the framework of our theory the averaged relaxation times for longitudinal and
transverse permittivity have an Arrhenius-like temperature behavior that is T0 = 0 (Vogel-Fulcher
temperature). It should be noted that the approximation for the averaged relaxation times based
on the experimental data ([10]) gives the value T0 ≈ 32 K for x = 0.5. The experimental points of
[49] presented in this phase diagram were obtained by NMR studies.

The phase diagram of Rb1−x(NH4)xH2AsO4 is strongly asymmetric (figure 12), and the proton
glass composition region exists at x = (0.2; 0.45). The freezing lines Tg,11(x, ν) and Tg,33(x, ν)
(dashed lines) correspond to the maxima of ε′′11(ν = 30 kHz,T) and ε′′33(ν = 30 kHz,T). The
approximation on the basis of experimental data ([17]) gives the value T0 ≈30 K for x=0.36.
According to the experimental data [18, 94] Tg,11(x, ν) is observed in the ferroelectric phase down
to x = 0.01. Also Tg,11(x, ν) → 0 with decreasing x. The calculations yield the freezing line down to
x ∼ 0.15. Overall, the calculated phase diagram correctly describes the available experimental lines,
even though some discrepancies are present. Thus, at the accepted values of the theory parameters
the glass phase composition region is somewhat wider x ∼ [0.18; 0.46] than the experimental one
x ∼ [0.22; 0.42]. This difference can be related with an incorrectly determined concentration x in
experimental samples.

4. Conclusions

In the framework of the four-particle cluster approximation for the short-range interactions
and the mean field approximation for the long-range interactions, we explored the free energy, a
system of equations for variation parameters, expression for spontaneous polarization, Edwards-
Anderson parameter, molar specific heat, longitudinal and transverse dielectric permittivities of the
Rb1−x(ND4)xD2PO4 and Rb1−x(NH4)xH2AsO4 compounds for all compositions x. The theoretical
results are compared with experimental data.

In the ferroelectric phase composition region, the spontaneous polarization decreases with in-
creasing x and vanishes at the transition to the glass phase region. The molar specific heat of
the Rb1−x(NH4)xH2PO4 type compounds in the regions of the ferroelectric and antiferroelectric
phases has jumps, which vanish at the transition to the proton glass phase composition region.
The Edwards-Anderson parameter is different from zero at all compositions 0 < x < 1 and tem-
peratures, which is explained by the internal random deformational fields

For the Rb1−x(ND4)xD2PO4 mixture the proposed theory satisfactorily describes the temper-
ature curves of the real and imaginary parts of the longitudinal and transverse permittivities in
the regions of “pure” phases (x ∼ 1, 0.5, 0). At the same time, for Rb1−x(NH4)xH2AsO4 at low
temperatures in the glass phase composition region the theory incorrectly describes the shape of
the imaginary part of the permittivity curves ε′′aa(T, ν) (the theoretical peak is too narrow and too
high). This is partially caused by the neglected within the Glauber approach tunneling of protons,
which plays an essential role in the dynamic processes in these systems at low temperatures. It is
established that in this model the dynamics in the proton glass composition region is of the Debye
relaxation type only at high temperatures. In our model the temperature curves of the averaged
relaxation times for longitudinal and transverse permittivities for proton-glass composition region
at T → 0 are close to the Arrhenius law. The phase diagrams constructed using the calculated
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dielectric characteristics are close to the experimental ones.

The absence of reliable experimental data for the physical characteristics of the
Rb1−x(NH4)xH2PO4 type proton glasses in a wide composition range poses huge difficulties in
verifying the validity of the proposed theory. Possible further improvements of the theory of pro-
ton glasses also require reliable experimental data for the temperature dependences of all the
calculated characteristics of these crystals in a wide composition range.
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Термодинамiка, дiелектрична проникнiсть i фазовi дiаграми

протонних стекол типу Rb1−x(NH4)xH2PO4

С.I. Сороков, Р.Р. Левицький, А.С. Вдович

Iнститут фiзики конденсованих систем НАН України, 79011 Львiв, вул. Свєнцiцького, 1

Кластерна псевдоспiнова модель протонних стекол, яка враховує енергетичнi рiвнi протонiв бiля

тетраедрiв PO4, далекосяжну взаємодiю мiж водневими зв’язками i внутрiшнє хаотичне деформа-
цiйне поле застосовується для дослiдження термодинамiчних характеристик та поздовжньої i попе-
речної дiелектричних проникностей Rb1−x(ND4)xD2PO4 та Rb1−x(NH4)xH2AsO4 сполук. Виконано

огляд експериментальних i теоретичних робiт присвячених кристалам типу Rb1−x(NH4)xH2PO4.

Ключовi слова: протонне скло, дiелектрична проникнiсть
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