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A new projective exact penalty function method is proposed for the equivalent reduction of constrained 
optimization problems to unconstrained ones. In the method, the original objective function is extended to 
infeasible points by summing its value at the projection of an infeasible point on the feasible set with the 
distance to the set. The equivalence means that local and global minimums of the problems coincide. Nonconvex 
sets with multivalued projections are admitted, and the objective function may be lower semicontinuous. The 
particular case of convex problems is included. So the method does not assume the existence of the objective 
function outside the allowable area and does not require the selection of the penalty coefficient. 
Keywords: nonconvex constrained optimization, lower semicontinuous functions, closed constraint set, exact penalty 
function method, projection operation. 

Introduction. The classical approach to the exact reduction of a constrained optimization prob-
lem to an unconstrained one consists in adding to the objective function some nonsmooth penalty 
term for the violation of constraints [1—3]. The problem in this method consists in selecting the 
correct penalty scale. In the present paper, we propose a new projective exact penalty function 
method of equivalent reduction of constrained optimization problems to unconstrained ones. The 
equivalence means that local and global minimums of the problems and the corresponding objec-
tive function values at the minimums coincide. In the proposed method, the original objective 
function is extended to infeasible points by summing its value at the projection of an infeasible 
point on the feasible set with the distance to the projection. Nonconvex feasible sets with mul-
tivalued projections are admitted, and the objective function may be lower semicontinuous. The 
special case of convex problems is included. So the method does not assume the existence of the 
objective function outside the allowable area and does not require the selection of the penalty co-
efficient. The method was introduced in [4] and was motivated by the application of the smooth-
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ing method to constrained global optimization. Later, a similar method for convex problems was 
proposed and studied in [14]. Here we validate it for general convex and nonconvex constrained 
optimization problems.

Let it be necessary to solve the problem of conditional global optimization:

( ) min
nx C

f x
∈ ⊆

→


,   (1)

where ( )f x  is a lower semic ontinuous (lsc) function  defined on a closed set nC ⊆  ; n  is n-di-
mensional Euclidian space with norm ⋅ ; for , nx y ∈  define ( , )d x y x y= −  and the distance 

( )Cd x  from x  to C  as ( ) min ( , )C y Cd x d x y∈= . For example, the set C  may be given by some 
other lower semicontinuous function ( )g x , { : ( ) 0}nC x g x= ∈  .

Proposition 1 [5, Example 1.20] (A distance function and projections). For any nonempty, 
closed set nC ⊂  , the distance ( )Cd x  of a point x  from C  depends continuously on x, while the 
projection ( )C xπ , consisting of the points of C  nearest to x  is nonempty and compact. Whenever 

( )k k
Cy x∈π  and kx x→ , the sequence { }ky  is bounded and all its cluster points lie in ( )C xπ , i.e., 

the mapping ( )Cx x→π  is compact valued and upper semicontinuous.
Lemma 1 (A simple geometric lemma). Let xy  be a projection of point nx ∈  on a 

closed set nC ⊂  . Then the point xy  is the unique common projection on C  of all points 
(1 ) xx x yλ = −λ +λ , ( ]0,1λ∈ .

There are several ways to reduce constrained problem  to an equivalent nonsmooth uncon-
strained one.  

For example, if { | ( ) 0, 1, ..., ; ( ) 0, 1, ..., }j kC x g x j J h x k K= = = = , then in the exact penalty 
function method the Lipschitz function ( )f x  is replaced by 

( ) : ( ) ( max{0, ( )} ( ) )j kj kF x f x M g x h x= + +∑ ∑   

or by 

( ) : ( ) infy CF x f x M y x∈= + −

with a sufficiently large penalty parameter M  and then one considers the problem of uncondi-
tional optimization of ( )F x  [5, Proposition 9.68], [6, Theorem 18.2]. Note that here it is assumed 
that functions , ,j kf g h  are defined over the whole space n .

Convex nonsmooth exact penalty functions were introduced in [1—3], and have been re-
viewed and studied, for example, in works [7—9] and many others. Recent advances in the exact 
penalty function method and references can be found in [10—12]. In this approach, the problem 
lies in the correct choice of the penalty parameter M . 

The projective exact penalty function method. Consider the problem:

∈π ∈
= + →( ) R

( ) : min ( ) ( ) min nCy x C x
F x f y M d x ,  0M > .   (2)

The problem is well defined, since ( ) ( , )Cd x d x y=  for all ∈π ≠∅( )Cy x ; ( )f y  is lsc on C, 
π ⊂( )C x C is  a compact, so there exists ( )x Cy x∈π  such that ∈π =( )min ( ) ( )

Cy x xf y f y . Remark 
that function ∈πϕ = ( )( ) min ( )

Cy xx f y  is lower semicontinuous [13, Proposition 21] and function 
( )Cd x  is continuous, so function ( )F x  is lower semicontinuous.
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Theorem 1 (A general projective penalty function method). Let function f  be lower semicontin-
uous on a non-empty closed set C. Any 0M >  is admitted. Then problems (1) and (2) are equivalent, 
i.e., each local (global) minimum of one problem is a local (global) minimum of the another, and the 
optimal values of the problems in the corresponding minima coincide.

Proof. Let *x C∈  be a global minimum of (1). Take an arbitrary Rnx ∈  and find ∈π ( )x Cy x  
such that ∈π= ( )( ) min ( )

Cx y xf y f y . Then * *( ) ( ) ( ) ( )xF x f y f x F x=  , thus *x  is a global mini-
mum of (2) with the same minimal value *( )f x .

Let **x  be a global minimum of (2). First let us show that **x C∈ , suppose the opposite, **x C∉ . 
By Proposition 1, there exists a compact projection set π ⊆**( )C x C and 

∈π
∈ **

**
( )

argmin ( )
Cy x

y f y . 
Consider points ** **(1 )x x yλ = −λ +λ , [0,1]λ∈ . By Lemma 1, in the Eucleadian space **( )C x yλπ = , 
i.e. projections of points xλ, (0,1]λ∈ , coincide with **y , the projection of **x  on C. Define function 

**( ) ( , )g d x yλλ = , [0,1]λ∈ . It holds 

λ λ λ∈π
= + = +**

** **
( )

( ) min ( ) ( ) ( ) ( , )
C

Cy x
F x f y M d x f y M d x y .

It holds **x C∈ , otherwise **( ) ( )F x F xλ < , ** ** **( , ) ( , )d x x d y xλ = λ  for any (0,1]λ∈ , a con-
tradiction. But for x C∈  it holds ( ) 0Cd x =  and ** **( ) ( ) ( ) ( )f x F x F x f x= = , hence **x  is a 
global minimum of (1).

Let *x  be a local minimum of (1). Then there exist a neighborhood *( )V x  of *x  such that 
*( ) ( )f x f x  for all *( )x V x C∈ ∩ . Let us show that *x  is a local minimum of ( )F x . Since 

π =* *( )C x x  and π ⋅( )C  is upper semicontinuous, then for *( )V x  there is an open vicinity *( )v x  of 
*x  such that π ⊆ *( ) ( )C x V x  for all *( )x v x∈ . Consider *( )x v x∈  and find ∈π ( )x Cy x  such that 

( ) ( , )C xd x d x y=  and 
∈π

=
( )

( ) inf ( )
C

x
y x

f y f y . Then for *( )x v x∈  it holds

∈π
= + = + *

( )
( ) inf ( ) ( ) ( ) ( , ) ( ) ( )

C
C x x x

y x
F x f y M d x f y M d x y f y f x  .

If **x  is a local minimum of (2), then, as was proven before, it is impossible that **x  does not 
belong to C, i. e. **x C∈ . But since on C  functions ( )F x  and ( )f x  coincide, then **x  is a local mini-
mum of (1).

Remark 1. Theorem 1 implies also that both problems (1) and (2) either have local (global) 
minima or do not have them.

Remark 2. The projective penalty function method is extendable to those metric spaces where 
statements of Proposition 1 and Lemma 1 hold.

3. The convex case. Let us consider problem (1) in the case of a convex constraint set C. 
If ( )f x  is convex on a convex set C, then ( )F x  in (2) is not necessarily convex on n . Ex-

ample: if ( )f x x= , 1{ R : 0}C x x= ∈  , 1M < , then ( ) min{ , }F x x Mx= . 
If C is a convex closed set, then function ( )Cd x  is continuous [5, Example 1.20], and the map-

ping ( )C xπ  is single valued and continuous on n  [5, Example 2.25]. If function f  is continuous 
(lower semicontinuous) on a convex closed set C, then function (2) is continuous (lower semi-
continuous) on n .

If the non-convex feasible set 1 ... mC C C= ∪ ∪  is the union of a finite number of convex sets 

1, ..., mC C , then the original problem (1) splits into m problems of form (1) with convex feasible sets 

iC , 1, ...,i m= , which can be reduced to equivalent unconstrained optimization problems of form (2).
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Theorem 2. (Lipschitz property of the penalty function). If function f  is Lipschitzian with 
constant L on a convex closed set C, then the function ( )F x  defined by equality (2) is also Lipschit-
zian with constant ( 2 )L M+  on the whole space n .

Proof. Let us take two points , nx y ∈ . Denote ,x y  the projections of the points ,x y 
on C. Due to the non-expanding property of the projecting operation onto a convex set 
C , it holds x y x y− −  [5, Corollary 12.20], and due to the quadrilateral inequality, 

x x y y x y x y− − − − + − , therefore

( ) ( ) ( ) ( )

( ) ( )

( ) ( 2 ) .

F x F y f x M x x f y M y y

f x f y M x x y y

L x y M x y x y L M x y

− = + − − − −

− + − − −

− + − + − + − 


 
 

If some admissible point 0x C∈  is known, the exact penalty function can be constructed as 
follows. Let x C∉  and ( )y x  be the nearest to x point from the set C lying on the segment con-
necting 0x  and x. Let us define the mapping

0 ,
, ,

( )
( ), ,x C
x x C

x
y x x C

∈⎧
π = ⎨ ∉⎩

 

and the penalty functions 
0 0, ,( ) ( )x C x Cr x x x= −π  and 

0 0, ,( ) : ( ( )) ( )x C x CF x f x Mr x= π + . Con-
sider the unconstrained optimization problem: 

0 0, , R
( ) : ( ( )) ( ) min nx C x C x

F x f x Mr x
∈

= π + → ,  0M > .   (3)

Theorem 3 (Non-Euclidian projection). Let C be a non-empty closed convex set. Then problems  
(1) and (3) are globally equivalent, i.e., the global minimum of one task is the global minimum of th e 
other. Moreover, any local minimum of problem (3) is a local minimum of problem (1). In the case 
when C is a convex closed set and 0x  is an interior point of C , any local minimum of problem (1) is a 
local minimum of problem (3).

Proof. If *x  is a global minimum of problem (1), *x C∈ , then for any ∈ nx   it holds

0 0 0

* *
, , ,( ) ( ( )) ( ) ( ( )) ( ) ( )x C x C x CF x f x Mr x f x f x F x= π + = π = .   (4)

Let **x  be a point of local (global) minimum of the function F , i.e., for some neighborhood 
⊂**( ) nV x   the point **x  is the global minimum of the function F  on the set **( )V x . Let us show 

that **x C∈ . Assume the contrar y, **x C∉ , then

0 0 0

** ** ** ** **
, , ,( ) ( ( )) ( ) ( ( ))x C x C x CF x f x M x x f x= π + −π > π .
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Denote 
0

** **
,(1 ) ( )x Cx x xλ = −λ +λπ . Let us consider a convex function ( ) ( )F xλψ λ = , 

[0,1]λ∈ . Obviously, 

0

0

0

** **
,

** ** **
,

** ** ** **
,

( ) ( ) (1 ) ( ) ( ( ))

( ) ( ( ) ( ( ))

( ) ( ( ) ( ( )) ( ), (0,1].

x C

x C

x C

F x F x F x

F x F x F x

F x F x f x F x

λψ λ = −λ +λ π

= −λ − π =

= −λ − π < λ∈

 
 

For all sufficiently small λ, we have **( )x V xλ ∈  and **( ) ( )F x F xλ < , i. e., we obtain a contradic-
tion that **x  is not a local minimum of the function F . In this way, **x C∈ . For all, **( )x V x C∈ ∩  
it holds 

0

** **
,( ) ( ( )) ( ) ( ) ( )x Cf x f x F x F x f x= π = = , i.e., the point **x  is also a local (global) 

minimum point for f  on C and ** **( ) ( )F x f x= .
If *x  is a local minimum of problem (1), i.e., in some neighborhood *( )V x  this point *x  is a 

global minimum on the set *( )V x C∩ . Since 0x  is an interior point of a convex closed set C , the 
mapping 

0 , ( )x C xπ  is continuous. Therefore, there is a smaller neighborhood * *( ) ( )W x V x⊆  such 
that for any *( )x W x∈  it holds 

0

*
, ( ) ( )x C x V xπ ∈ . Therefore, for any *( )x W x∈ , inequality (4) is 

true, which means that *x  is a local minimum of problem (3). The proof is complete.
Let → 1:f C   and the convex set ⊆ nC   in (1) has a representation  

{ | ( ) 0, 1, ..., ; ( ) 0, 1, ..., }j kC x g x j J h x k K= = = = , 

where functions jg  are continuous and convex, and kh  are linear. Denote ( )C xπ  the projection 
of point x on the set C . For a simple set C  given by linear constraints, the problem of searching 
projection ( )C xπ  is either solved analytically or reduced to a quadratic programming problem. 
We introduce a new penalty function

1 1( ) : ( ( )) ( max{0, ( )} ( ) )J K
C j kj kx f x M g x h x= =Φ = π + +∑ ∑ ,  0M > ,    (5)

and consider the problem of unconstrained optimization:

( ) min
nx

x
∈

Φ →


.   (6)

Note that in (5) function f  may not be defined outside the feasible domain C. 
Theorem 4. (A projective penalty function for a convex constraint set given by equalit ies and 

inequalities). Let function f  be lower semicontinuous on a non-empty close d convex set C. Then prob-
lems (1) and (5)—(6) are equivalent, i.e., each local (global) minimum of one problem is a local (global) 
minimum of the another, and the optimal values of the problems in the corresponding minima coincide.

Proof. Let *x C∈  be a local minimum of problem (1), i.e., for some neighborhood *
1 ( )V x  of 

the point *x , it is also a global minimum point of ( )f x  on the set *
1 ( )V x C∩ . Obviously, for any 

*
1 ( )x V x∈ , due to the non-stretching property of the projection operator π ⋅( )С  onto a convex set 

[5, Corollary 12.20], it is satisfied *
1( ) ( )C x V xπ ∈  and, thus,

* *( ) ( ( )) ( max{0, ( )} ( ) ) ( ( )) ( ) ( )C j k Cx f x M g x h x f x f x xΦ = π + + π = Φ∑ ∑   ,

i. e. *x  is a local minimum of the function Φ. 
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Let **x  be a local minimum point of function Φ, i.e., for some neighborhood ⊂**( ) nV x   
point **x  is the global minimum of the function Φ on the set **( )V x . Let’s show that **x C∈ . 
Assume the contrary, **x C∉ , then

** ** **
1 1

** **( ) ( ( )) ( max{0, ( )} ( ) ) ( ( ))J K
C j k Cj kx f x M g x h x f x= =Φ = π + + > π∑ ∑ .

Denote, ** **(1 ) ( )Cx x xλ = −λ +λπ . By Lemma 1, it holds **( )C x xλπ = . Let us consider a con-
vex function 

( ) 1 1

**
1 1

( ) ( ) ( ) ( max{0, ( )} ( ) )

( ( )) ( max{0, ( )} ( ) ), [0,1].

J K
C j kj k

J K
C j kj k

x f x M g x h x

f x M g x h x

λ λ = =

= =

ψ λ = Φ = π + + =∑ ∑λ λ

= π + + λ∈∑ ∑λ λ
  

Obviously, 

** **

** ** **

** ** ** **

( ) ( ) (1 ) ( ) ( ( ))

( ) ( ( ) ( ( ))

( ) ( ( ) ( ( )) ( ), (0,1].

C

C

C

x x x

x x x

x x f x x

λψ λ = Φ −λ Φ +λΦ π

= Φ −λ Φ −Φ π =

= Φ −λ Φ − π < Φ λ∈

 
 

For all sufficiently small λ, we have **( )x V xλ ∈  and **( ) ( )x xλΦ < Φ , i.e., we obtain a 
contradiction with that **x  is a local minimum of the function F . In this way, **x C∈ . For all 

**( )x V x C∈ ∩ , it holds ** **( ) ( ( )) ( ) ( ) ( )Cf x f x x x f x= π = Φ Φ = , i.e., the point **x  is also a lo-
cal minimum point for f  on C  and ** **( ) ( )x f xΦ = . The proof of the coincidence of global minima 
is carried out in a similar way. 
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НОВА ПРОЕКТИВНА ТОЧНА ШТРАФНА ФУНКЦІЯ 
ДЛЯ ЗАГАЛЬНОЇ УМОВНОЇ ОПТИМІЗАЦІЇ

Класичний підхід до точного зведення задачі умовної оптимізації до задачі без обмежень полягає в дода-
ванні до цільової функції деякого негладкого штрафного члена за порушення обмежень [Eremin (1966, 
1967), Zangwill (1967)]. Проблема цього методу полягає у виборі правильного штрафного множника. У цій 
роботі ми пропонуємо нову проективну точну штрафну функцію для еквівалентного зведення задач опти-
мізації з обмеженнями до задач без обмежень. Еквівалентність означає, що локальні і глобальні мінімуми 
задач і значення цільової функції на відповідних мінімумах збігаються. У запропонованому методі вихідна 
цільова функція поширюється на недопустимі точки шляхом підсумовування її значення в проекції недо-
пустимої точки на допустиму множину та відстані до множини. Допускаються багатозначні проекції, а 
цільова функція може бути напівнеперервною знизу. Розглядається окремий випадок опуклих задач. Та-
ким чином, метод не передбачає існування цільової функції за межами допустимої області та не вимагає 
підбору штрафного коефіцієнта. Метод був запропонований у роботі [Норкін (2020)] (і пізніше вивчений 
у [Galavan et al. (2021)]) був мотивований застосуванням методу згладжування для умовної глобальної 
оптимізації. В даній статті ми обґрунтовуємо його для загальних опуклих і неопуклих задач оптимізації з 
обмеженнями.

Ключові слова: неопукла умовна оптимізація, напівнеперервні знизу функції, замкнена допустима множи-
на, метод точних штрафних функцій, операція проекції.


