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Finding the Optimal Solution
to the Problem of Conditional Optimization
on the Graph of the Set of Partial Permutations

An optimization problem on a combinatorial set of partial permutations with additional constraints is formulated in the paper. An
algorithm for solving this type of problem is considered, which consists of four steps. The algorithm lies in constructing a graph of
a set of partial permutations to find the optimal solution. An example of a practical implementation of the presented algorithm is

given.
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Introduction

From a practical point of view, a significant number
of applied problems are modeled by combinatorial
optimization problems, as evidenced by the vari-
ety of scientific works of both foreign and domestic
authors [1—8]. The problem of combinatorial op-
timization consists of finding the optimum of the
objective function on combinatorial sets. It should
be noted that quite often problems of this class are
difficult to compute and cumbersome, because a
full enumeration of options, as a solution meth-
od, is applicable only for problems of insignifi-
cant dimension. Therefore, there is an urgent need
to improve existing methods and develop new ap-
proaches and algorithms [9—13]. When immersed
in Euclidean space, combinatorial sets acquire a

number of interesting properties that allow consi-
dering various original approaches to solving and
increasing the efficiency of traditional combinato-
rial optimization methods [14—17].

Formulation of the Problem

Consider an arbitrary finite set 4 consisting
of n various elements, from which different
ones are selected k (n < k). An ordered set of
k different elements from a set A4 is called an
arrangement of » elements by and k is denoted
by 45 [12, 14, 17].

Then the optimization problem with additional
constraints will have the form:

Z(®, A"): max{®(a)|ac Ac A"}, (1)
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D={xeE' cR"|Gx<(>)b}, )

where A is a subset of the combinatorial set of par-
tial permutations 4"

Let us carry out a bijective mapping of the set 4
into space R’ by assigning a vector xeR" to each
element ae 4'. The image of a 4! set is denoted by
E; c R" [15, 17]. As aresult, we have a combinato-
rial optimization problem in the Euclidean setting:

Z(F,E*)y:max{F(a)| XeDc E'}, (3)
D={xeE cR"|Gx< ()b} 4)
where ®(a) = Fa) for ac A', xeE],
F(x)= Zn:cjxj. (5)
p=

The location polytope M(A,f) under (n>k)
is combinatorially equivalent to the partial
permutations polytope of k dimension M(P)
[17]. Then, X is a non-empty set in R", which
will be denoted as follows: X = vertM(Af),
M = convP, [14].

Algorithm for Solving

The algorithm for solving problem (3) — (5) con-
sists of the following steps.

Step I.Ordering the coefficients of the ob-
jective function in ascending order. If the objective
function coefficients are ordered in ascending or-
der by condition, then we leave them unchanged.
Otherwise, it is necessary to transform the coeffi-
cients of the objective function into new ones by
transposition of elements, taking into account the
condition of their ordering in non-decreasing or-
der:c¢/<c¢) <..<¢.

Table 1. The last elements at the points of the graph
of the set of partial permutations

Last Last Last
element a, element a, element a,
an—lan ana2 anal
a,.a, a, a, a, a,
aa, a, a,

We get the display:
X Xy e X, (6)
w' () w2 .. u(k)

where (x|, x},...,x}) — point set of partial permu-
tations, u(k) — the location of each element of a
certain point in the set of partial permutations.
Step 2. Constructing a table (r x s) that displays
the n-last elements of the set of partial permuta-
tions.
Because the, 4 = (a

Aul:N—>C:Au1:£

k
1> @,,..., @), and 4,, then

s=n;r=s-1. (7)

The number of the last elements is determined
by the positive coefficients of the objective function
€2 0. If there are no such coefficients, then half of
the largest coefficients by modulus are considered.

The number of subgraphs of the set of partial
permutations k is equal to:

k=rxs. ®)

Each subgraph consists of ¢, (i = 1,..., k) points
set of partial permutations:

q,= 4,/ k. )

S t e p 3. Building a subgraph ¢, (i = 1,..., k)
graph set of partial permutations.

It should be noted that each subgraph of the
graph of the set of partial permutations is con-
structed according to the decreasing values of the
objective function. Consequently, the first point of
the ordered subset of partial permutations will give
the largest value of the objective function (Fig. 1).

At each level of the subgraph of the set of partial
permutations, the calculation is carried out:

extr
Agi" =a;-x +ay -xz(S,2,>,<)bj,

(10)

The subgraph level is determined by lines, from
left to right.

S t e p 4. Finding the optimal solution on the
graph of the set of partial permutations. If condition
(10) is satisfied, then at a given level of a certain sub-
graph of the set of partial permutations, all its points
satisfy the checked constraint. According to step 3,
the first point ensures the maximization of the ob-
jective function; therefore, it is necessary to take into
account only the points of the highest levels.
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1-level
k-level
Fig. 1. Subgraph of a graph of a set
of partial permutations
n-level

If (10) is not satisfied, then this subgraph must
be excluded from further consideration.

In the case of one-sided fulfillment of (10), i.e.,
satisfies Ag;™ or Ag;."i", it is necessary to consider

the points of the subgraph of the level set of par-
tial permutations an order of magnitude lower and
carry out calculations based on formula (10).

Next, consider an example, for the solution of
which the considered algorithm will be used.

Example

It is necessary to find the maximum value of the
function F(x)=—4x,—0.5x,+3x,+11x, on set of par-
tial permutations 4;, where 4 = (1, 2, 3, 4, 5, 6),
and subject to the following linear constraints:

g, =2x,—3x, +4x, +6x, 27,

g, =8x, +3x, —5x; +2x, <19,

g, =6x, —4x, +7x, +5x, <31.

GO

GO0
00

Decision:

Since the coefficients of the objective function
are ordered in ascending order, there is no need to
consider the mapping (6).

Let’s build a graph of a set of partial permuta-
tions. For this, we will form table 1.

Building a table (r x s) (table 1).

Since, Ag‘, where A= (1, 2, 3, 4, 5, 6) , then tak-
ing into account (7) we have:

s=n==6;
r=s—1=6-1=25.

Since,¢,=>0andc,=1>0.

Then table 2 in its structure will display the last
two elements at the points of the graph of the set of
partial permutations.

The number of esubgraphs of the set of partial
permutations k (8):

k=rxs=>5x6=30

Table 2. The last two elements at the points of the graph of the set of partial permutations

Last element
1 2 3 4 5 6
56 65 64 63 62 61
46 45 54 53 52 51
36 35 34 43 42 41
26 25 24 23 32 31
16 15 14 13 12 21
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el
B

Fig. 2. The first subgraph of the set of partial permutations,
which has the last two elements at points 56

Each subgraph consists of ¢, (i = 1,..., k) points
set of partial permutations (9):

g, =A /1 k=360/30=12.

Building a subgraph ¢, (i = 1,..., k) graph set of
partial permutations.

Consider the first subgraph of the form 56
(Fig. 2).

We check the fulfillment of the first constraint
on the first subgraph 56 using (10):

g, =2x,—3x,T4x,+6x,>7.
Then, for the entire branch 56:

Ag, =2x,—3x,,
Ag(x,,x,,5,6)>7—4-5-6-6,
Ag > —49.

Since, g, > 7, then we will assume that g —max.
Consider the points at which Ag—max and
Ag,—min, where

Ag,=2x,—3x,.
Finding Ag"™ (4,1,5,6):
Ag"™ =2-4-3.1=5,ie.,

Ag™ =52>-49, therefore the bound Ag, > 7 per-
formed.
Finding Ag™ (1,4,5,6):

Aglmin =2.1-3-4= —10, i.e.,
Ag™ (1,4,5,6) = =10 > 49,

Accordingly, it Ag, > 7 is carried out for all other
points of subgraph 56.

Then, the point (1, 2, 5, 6) of the set of partial
permutations at which the maximum value of the
objective function is reached on branch 56 will sa-
tisfy the 1-st constraint: /™ (1, 2, 5, 6) = 76.

We check the execution of the second constraint
on the entire branch 56:

g,=8x,+3x,— 5x,+2x,<19.
Then for the entire branch 56 the following
should be done:
Ag,=8x +3x,,
Ag,(x,,x,,5,6)<19+5-5-2-6,
,<—32.

Finding Agy™ (1,2,5,6):
AgM™ =8.1+3-2=12,i.e.,
Agy™(1,2,5,6)=12<32.

Since, g, < 19, i.e., we can assume that g,—>min.
Then you need to find

Ag;nax :84_}_33:41,16,

Agy™(4,3,5,6) =41> 32, inequality is not
satisfied.
By how many, the restriction g, < 19 is met, that
is, the points at which this restriction is met. at.

extr

Consider Ag;
subgraph

For  I-st level:  Ag;*(1,4,5,6)=20<32,
Agy™"(1,2,5,6) =12 < 32, all other points satisfy the
2-nd inequality.

For 2-nd: Agy™(3,2,5,6)=30<32,
Ag¥™(2,3,5,6) = 25 < 32, all other points satisfy the
2-nd inequality.

For 3-rd: Agy™(4,3,5,6)=41>32,
Ag" (4,1,5,6) = 35> 19, accordingly, this inequali-
ty does not hold for all other points of this level.

After checking the 2-nd constraint, subgraph 56
will look like (Fig. 3).

We check the fulfillment of the third additional
constraint using the points of the subgraph, ac-
cording to Fig. 3:

8, =6x — 4x,+ 7x,+ 4x,<31,

=a, - X, +a,-x, each level a
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Ag, =bx —4x,,
Ag,(x,,x,5,6)<31-7-5-5-6,
,<—34.

How much, Ag, < 31, i.e., we can assume that
g,—min. Since the constraint is not met, it is ne-
cessary to find Ags™

extr __ . .
Agy =ay X +ay, Xy

Ag™™(1,4,5,6)=6-1-4-4=-10

Agi™ =—-10,  Agi™ =-10>-34, inequality is
not satisfied;

Agy™(3,1,5,6)=6-3-4-1=14,

Agi™(3,1,5,6)=6-3—4-1=14, Agy"™ =14, the
inequality is not satisfied. Hence, on the subgraph
(Fig. 3) there are no points of the set of partial
permutations that would satisfy the constraint g, .

It can be concluded that there are no points that
would satisfy all the constraints.

All subgraphs of the set of partial permutations
constructed according to Table 2 are checked in
a similar way. Using the software that implements
the solution algorithm, an optimal solution was ob-
tained:

F_(1,5,3,4)=46.5.

max

It should be noted that when finding the optimal
solution, 13 subgraphs out of 30 were considered,
as well as 126 points out of a possible 360, taking
into account the verification of three constraints.

Conclusion

The article considers the problem of conditional
optimization on a combinatorial set of partial per-
mutations, presents an algorithm for its solution.
Interpretation of the elements of the set of arrange-
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3HAXO/JKEHHS OIITUMAJIBHOTI'O PO3B’A3KY
3AJAYT YMOBHOI OIITUMI3AILIIL HA T'PA®I MHOXKWHU PO3MIIIEHB

Beryn. ChopmynboBaHO oNTUMI3alIiiiHY 3a1a4y Ha KOMOIHATOPHI MHOXXWHI pO3MillleHb 3 TOAaTKOBUMU OOMEKEHHSIMMU.
PosrisiHyTo aaroput™ po3B’si3aHHSI JAHOTO TUITY 3a/ay, SIKM CKJIAJAEThCS 3 YOTUPHOX KPOKIB. AJITOPUTM PO3B’sI3aHHS
noJisira€ 'y nmooynoBi rpady MHOXWHU pO3MillleHb ISl 3HAXOJKEHHSI ONTUMMAaJbHOTO po3B’si3Ky. HaBeneHo mpukian
MpPaKTUYHOI peatizallii mpeIcTaBIeHOro aJropuTMmy.

MeTta cTaTTi — IpeACcTaBISHHS METOAY pO3B’si3aHHS 3aJadi YMOBHOI ONTHUMI3alii Ha rpadi MHOXUHU PO3MillleHb i
JIEMOHCTpaLLisl TPaKTUYHOTO MPUKJIAAY peati3aliii.

Metoau. MeTtoa po3B’si3aHHsI KOMOiHATOPHOI 3aa4i 3 10AaTKOBUMU OOMEXXeHHIMHU Ha rpadi.

Pesynsratu. CchopMyab0BaHO MOIEb 3aa4i YMOBHOI ONTUMI3allii HAa MHOXWHI po3MillieHb. OnepxKaHo JiHiitHy popMy
HiTbOBOT (DYHKIIIT LIJISIXOM iHTepIpeTallii eJIeMEHTIB MHOXUHU PO3MIllIEHb SIK TOYOK €BKJIiIOBOroO MpocTopy. Po3risiHyTo
KOMOiHATOPHMIT MHOTOIPaHHUK PO3MillleHb, JIsl IKOrO iCHYE rpad MHOXWHU pO3MillleHb. 3alporoOHOBAHO aJITOPUTM
pO3B’si3aHHs JAaHOI 3a/1a4i Ta MPOJEMOHCTPOBAHO MOTO MPaKTUYHE 3aCTOCYBAHHSI.

BuchHoBku. 3anpomnoHOBaHMI aJrOpUTM PO3B’sI3aHHS 3aJadi YMOBHOI ONTMMI3allii mnependadae MpeacTaBiIeHHs
JOMYCTUMOI MHOXUHM PO3MillleHb y BUIJISAL rpada, 110 H03BOJISIE 3HAYHO CKOPOTUTH IUISAX MOLIYKY ONTHUMAaJbHOTO
PO3B’SI3KY, PO 110 CBIAYUTb PO3MJISTHYTUI Y CTATTi MPaKTUYHUI TTPUKIIA.

Karouosi caosa: 3adaua ymosHoi onmumizayii, onmumaibHuii po3e’sa30K, epag, nidepagh, MHOJICUHA PO3MiujeHb, Uinbo8a
QyHKUin, oOmednceHHs.
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