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Àííîòàöèÿ. Ïðåäëîæåí ïîäõîä ê èññëåäîâàíèþ çàäà÷ îïòèìèçàöèè ïðî-
ñòðàíñòâåííûõ êîíôèãóðàöèé íà îñíîâå ôîðìèðîâàíèÿ êîíôèãóðàöèîííûõ
ïðîñòðàíñòâ ãåîìåòðè÷åñêèõ îáúåêòîâ. Â çàâèñèìîñòè îò âûáîðà îáîáùåííûõ
ïåðåìåííûõ èññëåäîâàíû ðàçëè÷íûå êëàññû ïðîñòðàíñòâåííûõ êîíôèãóðàöèé.
Ââåäåí êëàññ ôóíêöèé â êîíôèãóðàöèîííîì ïðîñòðàíñòâå ãåîìåòðè÷åñêèõ
îáúåêòîâ, ïîçâîëÿþùèé ïðåäëîæèòü íîâûå è ðàçâèòü ñóùåñòâóþùèå ïîäõîäû
äëÿ ôîðìàëèçàöèè çàäà÷ îïòèìèçàöèè ïðîñòðàíñòâåííûõ êîíôèãóðàöèé. Ðàñ-
ñìîòðåíà çàäà÷à ðàçìåùåíèÿ êðóãîâûõ îáúåêòîâ â îãðàíè÷åííîé îáëàñòè ïî
êðèòåðèþ ìèíèìèçàöèè ñóììàðíîé ïëîùàäè èõ ïîïàðíûõ ïåðåñå÷åíèé.

Êëþ÷åâûå ñëîâà: ãåîìåòðè÷åñêèé îáúåêò, êîíôèãóðàöèîííîå ïðîñòðàíñòâî,
îáîáùåííûå ïåðåìåííûå, îïòèìèçàöèÿ, ðàçìåùåíèå, ïîêðûòèå.

ÂÂÅÄÅÍÈÅ

Çàäà÷è îïòèìèçàöèè ïðîñòðàíñòâåííûõ êîíôèãóðàöèé ïîñòîÿííî ïðèâëåêàþò
èíòåðåñ ó÷åíûõ. Îñíîâíîå âíèìàíèå ïðè ýòîì óäåëÿåòñÿ ñôîðìèðîâàâøèìñÿ
êëàññàì îïòèìèçàöèîííûõ çàäà÷ óïàêîâêè [1–4], êîìïîíîâêè [5–8], ïîêðûòèÿ
[9–12] è ðàçáèåíèÿ [13, 14]. Âìåñòå ñ òåì ìíîãîîáðàçèå ïðàêòè÷åñêèõ ïîñòàíî-
âîê ïðèâîäèò ê íåîáõîäèìîñòè ðàññìîòðåíèÿ âñå áîëåå ñëîæíûõ ïðîñòðàíñòâåí-
íûõ êîíôèãóðàöèé, êîòîðûå íå ñîîòâåòñòâóþò êëàññè÷åñêèì ôîðìóëèðîâêàì.
Ñ îäíîé ñòîðîíû, ýòî ñâÿçàíî ñ íåîáõîäèìîñòüþ ó÷åòà ñïåöèôè÷åñêèõ îãðàíè-
÷åíèé ïîâåäåíèÿ, à ñ äðóãîé — ñ òåì, ÷òî ñëîæíûå ïðîñòðàíñòâåííûå êîíôè-
ãóðàöèè ïðåäïîëàãàþò, ÷òî îáúåêòû ìîãóò ïî-ðàçíîìó ðàñïîëàãàòüñÿ êàê îòíîñè-
òåëüíî îäèí äðóãîãî, òàê è ðàçëè÷íûõ ñîâîêóïíîñòåé îáúåêòîâ. Òàêèå ïðî-
ñòðàíñòâåííûå êîíôèãóðàöèè îäíîâðåìåííî äîëæíû ó÷èòûâàòü îñîáåííîñòè
çàäà÷ êîìïîíîâêè, óïàêîâêè è ïîêðûòèÿ äëÿ ðàçëè÷íûõ ãðóïï îáúåêòîâ, ôîð-
ìèðóþùèõ êîíôèãóðàöèþ. Ïîýòîìó â íàñòîÿùåå âðåìÿ íåâîçìîæíî ïðåäëî-
æèòü åäèíûé ïîäõîä ê èññëåäîâàíèþ çàäà÷ îïòèìèçàöèè ïðîñòðàíñòâåííûõ
êîíôèãóðàöèé è àêòóàëüíà ðàçðàáîòêà íîâûõ ìåòîäîâ èõ ðåøåíèÿ.

ÎÑÍÎÂÍÛÅ ÏÎÍßÒÈß È ÎÏÐÅÄÅËÅÍÈß

Ïîä êîíôèãóðàöèåé â ñîîòâåòñòâèè ñ [15] áóäåì ïîíèìàòü îòîáðàæåíèå � íå-
êîòîðîãî èñõîäíîãî ìíîæåñòâà � ýëåìåíòîâ ïðîèçâîëüíîé ïðèðîäû â àáñòðàê-
òíîå ìíîæåñòâî � îïðåäåëåííîé ñòðóêòóðû ïðè âûïîëíåíèè çàäàííîãî íàáîðà
îãðàíè÷åíèé �, ò.å. �: � �� .

Âûáåðåì â êà÷åñòâå � êîíå÷íîå ìíîæåñòâî ãåîìåòðè÷åñêèõ îáúåêòîâ. Ïîä

ãåîìåòðè÷åñêèì îáúåêòîì S â ïðîñòðàíñòâå R n áóäåì ïîíèìàòü ãåîìåòðè÷åñêîå

ìåñòî òî÷åê P R n� , óäîâëåòâîðÿþùèõ íåðàâåíñòâó f P( ) � 0. Ïðè ýòîì óðàâíå-

íèå f P( ) � 0 çàäàåò ãðàíèöó îáúåêòà S , êîòîðóþ îáîçíà÷èì fr S . Çàìåòèì, ÷òî
â êëàññè÷åñêèõ ðàáîòàõ îñíîâíîå âíèìàíèå óäåëÿåòñÿ, êàê ïðàâèëî, âîïðîñàì ïî-
ñòðîåíèÿ óðàâíåíèÿ ãðàíèöû fr S , ò.å. îïðåäåëåíèþ àíàëèòè÷åñêîãî âèäà ôóíê-
öèè f P( ). ßñíî, ÷òî óðàâíåíèå ãðàíèöû îïðåäåëÿåò ôîðìó îáúåêòà S . Ôóíäàìåí-
òàëüíûå èññëåäîâàíèÿ, ïîñâÿùåííûå ðåøåíèþ îáðàòíîé çàäà÷è àíàëèòè÷åñêîé
ãåîìåòðèè (îïðåäåëåíèþ óðàâíåíèÿ ãðàíèöû f P( ) � 0 ïî çàäàííîìó ãåîìåòðè-
÷åñêîìó îáúåêòó S), íàèáîëåå ïîëíî îñâåùåíû â [16].

Oäèí è òîò æå ãåîìåòðè÷åñêèé îáúåêò ìîæíî çàäàòü áåñ÷èñëåííûì ìíî-
æåñòâîì ñïîñîáîâ. Ïîýòîìó íà ïðàêòèêå ââîäÿòñÿ äîïîëíèòåëüíûå óñëîâèÿ, êî-
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òîðûì äîëæíà óäîâëåòâîðÿòü ôóíêöèÿ f P( ) â R n , íàïðèìåð ãëàäêîñòü, íîðìàëü-

íîñòü è äð. Â îáùåì ñëó÷àå óðàâíåíèå ãðàíèöû îáúåêòà ñîäåðæèò êîíñòàíòû
m � ( , , )m m1 � � , êîòîðûå õàðàêòåðèçóþò åãî òîïîëîãî-ìåòðè÷åñêèå ñâîéñòâà

(ðàçìåðû), ò.å. f P( , )m � 0, P R n� . Êîìïîíåíòû âåêòîðà m � ( , , )m m1 � � íàçî-

âåì ìåòðè÷åñêèìè ïàðàìåòðàìè ïðîñòðàíñòâåííîé ôîðìû îáúåêòà. Îáîçíà÷èì
S ( )m îáúåêò S , èìåþùèé ìåòðè÷åñêèå ïàðàìåòðû m . Â äàëüíåéøåì îãðàíè÷èì-

ñÿ ðàññìîòðåíèåì ãåîìåòðè÷åñêèõ îáúåêòîâ â ïðîñòðàíñòâàõ R 3 è R 2 , ïîëîæèâ

P x y z R� �( , , ) 3 è P x y R� �( , ) 2 ñîîòâåòñòâåííî.

Ïóñòü ôóíêöèÿ f P( , )m îïðåäåëåíà è íåïðåðûâíà ïî P R� 3 ïðè ëþáîì

m �D, ãäå D — ìíîæåñòâî äîïóñòèìûõ çíà÷åíèé ìåòðè÷åñêèõ ïàðàìåòðîâ m .

Ïîä ãåîìåòðè÷åñêèì îáúåêòîì S R
 3 áóäåì ïîíèìàòü òàêîå ãåîìåòðè÷åñêîå

ìåñòî òî÷åê P R� 3 , ÷òî äëÿ ëþáîãî ôèêñèðîâàííîãî m �D âûïîëíÿþòñÿ óñëîâèÿ

f P( , )m � 0, åñëè P S� fr ( )m ;

f P( , )m � 0, åñëè P S� int ( )m ;

f P( , )m � 0, åñëè P R cl S� 3 \ ( )m ,

ãäå int S è cl S — ñîîòâåòñòâåííî îïåðàöèè òîïîëîãè÷åñêîé âíóòðåííîñòè è
çàìûêàíèÿ îáúåêòà S .

Äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ðåàëüíûõ ìàòåðèàëüíûõ òåë â ïðî-

ñòðàíñòâàõ R 2 è R 3 âûäåëåí êëàññ òàê íàçûâàåìûõ �-îáúåêòîâ, ñâîéñòâà êîòî-

ðûõ äîñòàòî÷íî ïîëíî îïèñàíû â [17]. Îòìåòèì, ÷òî �-îáúåêòû èçìåðèìû ïî Ëå-
áåãó, ïðè÷åì ôóíêöèè f P( , )m , çàäàþùèå èõ ãðàíèöû, òàêæå èçìåðèìû è íå-

ïðåðûâíû ïî P R� 3 ïðè ëþáîì m �D . Äàëåå â êà÷åñòâå ãåîìåòðè÷åñêèõ

îáúåêòîâ ðàññìàòðèâàþòñÿ �-îáúåêòû ïðîñòðàíñòâà R 3 è ñèìâîë � îïóñêàåòñÿ.

Â ïðîñòðàíñòâå R 3 çàäàäèì ñèñòåìó êîîðäèíàò Oxyz, êîòîðóþ íàçîâåì íå-

ïîäâèæíîé, à äëÿ îáúåêòà S — ñîáñòâåííóþ (ïîäâèæíóþ) ñèñòåìó êîîðäèíàò,
íà÷àëî êîòîðîé íàçîâåì åãî ïîëþñîì. Äëÿ õàðàêòåðèñòèêè âçàèìíîãî ðàñïîëîæå-
íèÿ óêàçàííûõ ñèñòåì êîîðäèíàò ââåäåì òàê íàçûâàåìûå ïàðàìåòðû ðàçìåùåíèÿ
p � �( , , ) ( , )p p1 � � � � , ãäå � — âåêòîð êîîðäèíàò ïîëþñà îáúåêòà S â íåïîä-
âèæíîé ñèñòåìå êîîðäèíàò, à � — âåêòîð óãëîâûõ ïàðàìåòðîâ, îïðåäåëÿþùèõ
âçàèìíîå ðàñïîëîæåíèå îñåé ñîáñòâåííîé è íåïîäâèæíîé ñèñòåì êîîðäèíàò. Äëÿ

S R
 3 â îáùåì ñëó÷àå èìååì � � 6, p � �( , , ) ( , )p p1 � � � � , ãäå � � � �� ( , , ),1 2 3

� � ( , , )� � �1 2 3 . Îäíàêî â çàâèñèìîñòè îò ôîðìû îáúåêòà ÷èñëî åãî ïàðàìåòðîâ ðàç-
ìåùåíèÿ ìîæåò áûòü ìåíüøèì. Â ÷àñòíîñòè, � � 3 äëÿ öåíòðàëüíî ñèììåòðè÷íîãî
îáúåêòà (øàðà). Êðîìå òîãî, â ïîñòàíîâêå çàäà÷ ìîãóò áûòü ôèêñèðîâàíû íåêîòîðûå
ïàðàìåòðû ðàçìåùåíèÿ, íàïðèìåð ïðè ïðåîáðàçîâàíèÿõ òðàíñëÿöèè.

Ïîëîæåíèå îáúåêòà S îòíîñèòåëüíî íåïîäâèæíîé ñèñòåìû êîîðäèíàò Oxyz
çàäàåòñÿ óðàâíåíèåì îáùåãî ïîëîæåíèÿ, êîòîðîå èìååò âèä

F P f A P( , , , ) ( ( ), )m m� � �� 
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ÊÎÍÔÈÃÓÐÀÖÈÎÍÍÛÅ ÏÐÎÑÒÐÀÍÑÒÂÀ È ÎÁÎÁÙÅÍÍÛÅ
ÏÅÐÅÌÅÍÍÛÅ ÃÅÎÌÅÒÐÈ×ÅÑÊÈÕ ÎÁÚÅÊÒÎÂ

Äëÿ ôîðìàëèçàöèè çàäà÷ îïòèìèçàöèè ïðîñòðàíñòâåííûõ êîíôèãóðàöèé âîñ-
ïîëüçóåìñÿ êîíöåïöèåé ïîñòðîåíèÿ êîíôèãóðàöèîííûõ ïðîñòðàíñòâ ãåîìåòðè-
÷åñêèõ îáúåêòîâ, ïðåäëîæåííîé â [18, 19]. Â îáùåì ñëó÷àå êîíôèãóðàöèîííîå
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ïðîñòðàíñòâî îïðåäåëÿåòñÿ ñîâîêóïíîñòüþ îáîáùåííûõ ïåðåìåííûõ, çàäàþ-
ùèõ ðàñïîëîæåíèå â ïðîñòðàíñòâå íåêîòîðîé ñèñòåìû è åå ÷àñòåé êàê îòíîñè-
òåëüíî îäèí äðóãîãî, òàê è îòíîñèòåëüíî çàäàííîé ñèñòåìû îòñ÷åòà.

Ïóñòü óðàâíåíèå îáùåãî ïîëîæåíèÿ îáúåêòà S èìååò âèä (1). Ñôîðìèðóåì
åãî êîíôèãóðàöèîííîå ïðîñòðàíñòâî �( )S , âûáðàâ â êà÷åñòâå îáîáùåííûõ ïåðå-
ìåííûõ ìåòðè÷åñêèå ïàðàìåòðû m � ( , , )m m1 � � è ïàðàìåòðû ðàçìåùåíèÿ
p � �( , , ) ( , )p p1 � � � � . Òîãäà òî÷êå g m p� �( , , ) ( , )g g1 � � , � � �� � , êîíôèãó-
ðàöèîííîãî ïðîñòðàíñòâà �( )S áóäåò ñîîòâåòñòâîâàòü ïàðàìåòðèçîâàííûé ãåî-

ìåòðè÷åñêèé îáúåêò S R( )g 
 3 , òàêîé ÷òî

F P( , , )m p � 0, åñëè P S� fr ( )g ;

F P( , , )m p � 0, åñëè P S� int ( )g ;

F P( , , )m p � 0, åñëè P R S� 3 \ cl ( )g .

Ïóñòü � � �{ }S S n1, , — èñõîäíîå ìíîæåñòâî îáúåêòîâ S Ri 
 3 ,

i nn� �J { , , , }1 2 � . Ïî àíàëîãèè ñ ïðèâåäåííûìè ðàíåå ðàññóæäåíèÿìè ââåäåì

èõ ìåòðè÷åñêèå ïàðàìåòðû ôîðìû m
i i im m

i

� ( , , )
1

�
�

è ïàðàìåòðû ðàçìåùåíèÿ

p
i i i i ip p� �( , , ) ( , )

1
�

�
� � , i n�J , � � 6. Ñôîðìèðóåì êîíôèãóðàöèîííûå ïðî-

ñòðàíñòâà �( )S i îáúåêòîâ S i ñ îáîáùåííûìè ïåðåìåííûìè g m p
i i i� ( , ),

i n�J . Êàæäîé òî÷êå g
i

iS��( ) áóäåò ñîîòâåòñòâîâàòü ïàðàìåòðèçîâàíûé ãåî-

ìåòðè÷åñêèé îáúåêò S Ri
i( )g 
 3 , çàäàííûé ñâîèì óðàâíåíèåì îáùåãî ïîëîæå-

íèÿ F Pi
i i i( , , , )m � � � 0. Ïðè ýòîì

F Pi
i i( , , )m p � 0, åñëè P S i

i� fr ( )g ;

F Pi
i i( , , )m p � 0, åñëè P S i

i� int ( )g ;

F Pi
i i( , , )m p � 0, åñëè P R S i

i� 3 \ cl ( )g .

Ñôîðìèðóåì êîíôèãóðàöèîííîå ïðîñòðàíñòâî

� � � � �( ) ( ) ( ) ( )� � � �S S S n1 2 �

ñ îáîáùåííûìè ïåðåìåííûìè g g g� ( , , )1
�

n .

Îïðåäåëåíèå 1. Îòîáðàæåíèå �: ( )� � �� ìíîæåñòâà ãåîìåòðè÷åñêèõ îáú-

åêòîâ � � { }S S n1, ,� â êîíôèãóðàöèîííîå ïðîñòðàíñòâî � �( ), óäîâëåòâîðÿþùåå
îïðåäåëåííîìó íàáîðó îãðàíè÷åíèé �, çàäàåò ïðîñòðàíñòâåííóþ êîíôèãóðàöèþ
îáúåêòîâ S i , i n�J .

Òàêèì îáðàçîì, ïðîñòðàíñòâåííàÿ êîíôèãóðàöèÿ çàäàåò â ïðîñòðàíñòâå R 3

ìíîæåñòâî ïàðàìåòðèçîâàííûõ ãåîìåòðè÷åñêèõ îáúåêòîâ S Ri
i( )g 
 3 , i n�J ,

êîòîðûå â ñîâîêóïíîñòè ôîðìèðóþò ñëîæíûé îáúåêò îïðåäåëåííîé ñòðóêòóðû.
Â ñâÿçè ñ ýòèì îïðåäåëèì îòîáðàæåíèå � �:� � S , ñòàâÿùåå â ñîîòâåòñòâèå ìíî-
æåñòâó � � { }S S n1, ,� òàê íàçûâàåìûé ñëîæíûé îáúåêò S S S n� �� ( , , )1 � . Áó-
äåì ãîâîðèòü, ÷òî îòîáðàæåíèå � çàäàåò ñòðóêòóðó ñëîæíîãî îáúåêòà S � .

Î ÊËÀÑÑÅ 	-ÔÓÍÊÖÈÉ Â ÊÎÍÔÈÃÓÐÀÖÈÎÍÍÎÌ
ÏÐÎÑÒÐÀÍÑÒÂÅ ÃÅÎÌÅÒÐÈ×ÅÑÊÈÕ ÎÁÚÅÊÒÎÂ

Â êîíôèãóðàöèîííîì ïðîñòðàíñòâå � �( ) ñëîæíîìó îáúåêòó S S S n� �� ( , , )1 �

ñîîòâåòñòâóåò ïàðàìåòðèçîâàííûé îáúåêò S S Sn
� � �( ) ( , , ) ( ( ),g g g g� �1

1
1

� �

� , ( ))S n
n

g . Ïîñêîëüêó S S n1, ,� ÿâëÿþòñÿ �-îáúåêòàìè, ìíîæåñòâà

S R ii
i

n( ) ,g J
 �3 , èçìåðèìû ïî Ëåáåãó ïðè ëþáîì g
i

iS� �( ).

ISSN 1019-5262. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2019, òîì 55, ¹ 4 73



Îïðåäåëèì ôóíêöèþ

	 	 
� � �( ) ( , , ) ( ( , , ))g g g g g� �1 1
� �

n nS ,

ãäå 
( )S — ìåðà Ëåáåãà ìíîæåñòâà S .

Îïðåäåëåíèå 2. Ôóíêöèþ 	 � : )��� � R 1 íàçîâåì 	-ôóíêöèåé ïàðàìåòðèçî-

âàííîãî ãåîìåòðè÷åñêîãî îáúåêòà S � ( )g .
Äëÿ ôîðìàëèçàöèè 	-ôóíêöèè ââåäåì õàðàêòåðèñòè÷åñêóþ ôóíêöèþ

� �
�

�
( , )

, ( ),

, ( ).
P

P S

P S
g

g

g
�

�

�

�
�
�

1

0

åñëè

åñëè

Òîãäà
	 �� �( ) ( , )g g� ��� P dP.

Çàìåòèì, ÷òî åñëè P R� 2 , òî 	 �� �( ) ( , )g g� �� P dP.

Ðàññìîòðèì ñëåäóþùèå ñòðóêòóðû ñëîæíûõ îáúåêòîâ, èñïîëüçóåìûå â äàëü-
íåéøåì ïðè ôîðìàëèçàöèè ðàçëè÷íûõ êëàññîâ ïðîñòðàíñòâåííûõ êîíôèãóðàöèé.
Íà÷íåì ñ ïðîñòåéøåãî ñëó÷àÿ, ïîëîæèâ S S S S

i i n i� �� �( , , )1 � . Òîãäà

	 
 �� �i i
S P dPi

i( ) ( ( )) ( , )g g g� � ��� ,

ãäå
� �� i i

P P
P S

P S
S

i i
i

i
i

( , ) ( , )
, ( ),

, ( ),
g g

g

g
� � �

�

�1

0

åñëè

åñëè
�
�

èëè ñ ó÷åòîì óðàâíåíèÿ îáùåãî ïîëîæåíèÿ îáúåêòà

� �S
i

S
i i i

i i

i i
P P

F P

F
( , ) ( , , )

, ( , , ) ,

,
g m p

m p� � �1 0

0

åñëè

åñëè i
i iP( , , ) .m p �

�
�
� 0

ßñíî, ÷òî â ýòîì ñëó÷àå ôóíêöèÿ 	 � i
( )g íå çàâèñèò îò ïàðàìåòðîâ ðàçìåùåíèÿ.

Ïîëîæèì �
i � �0 { , , }0 0� . Òîãäà, åñëè çàôèêñèðîâàòü ìåòðè÷åñêèå ïàðàìåòðû îáú-

åêòà S i , ïîëîæèâ m m
i i� � , òî ôóíêöèÿ 	 �

i
( )g ïðèìåò ïîñòîÿííîå çíà÷åíèå

	 
�
i

i
i

S dPi
i

S

( ) ( ( � , ))

( � , )

g m

m

� � ���0

0

.

Ïóñòü
S S S S S

ij ij n i j� �� �( , , )1 � � . (2)

Òîãäà

	 
 � �� � �ij i j
S S P P dPi

i
j

j i j( ) ( ( ) ( )) ( , ) ( , )g g g g g� � ���� .

Çàôèêñèðóåì îáîáùåííûå ïåðåìåííûå ãåîìåòðè÷åñêîãî îáúåêòà S i , ïîëî-

æèâ g g
i i� � . Òîãäà

	 
� ij
S Sij

i
j

j( ) ( ( � ) ( ))g g g� ��

� ���� ���� � �� � �i j j
P P dP P dPi j j( , � ) ( , ) ( , )g g g

�

,

ãäå � � S i
i( � )g .

Ïðåäñòàâèì ñòðóêòóðó ñëîæíîãî îáúåêòà â âèäå
�

� ��( , , )S S Sn
i

n

i1
1

�
�

. Èìååì

	 
 � �� � �� ��( ) ( ) ( , ) ( ,g g g g�
�

�
�
�

�

�
�
� � �

�
���

i

n

i
i iS P dP P

i1
)dP��� .
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Åñëè
�

� ��( , , )S S Sn
i

n

i1
1

�
�

, òî

	 
 � �� � �� ��( ) ( ) ( , ) (g g g�
�

�
�
�

�

�
�
� � � 
 


�
���

i

n

i
iS P dP

i
1

1 1 ( , ))P dPi

i

n

g

�
����

�

�
�
�

�

�
�
�

1

.

Ïðèìåíèì ïðèâåäåííûå ðàíåå ðåçóëüòàòû äëÿ ñëîæíîãî îáúåêòà, èìåþùåãî
ñòðóêòóðó

~ ( , , , )�0 0 1 0
1

S S S S Sn
i

n

i� � ��
�

. (3)

Èìååì

	 
 �� �~ ~( ) ( ) ( ) ( , )
0 0

0
0

1

g g g g�
�

�
�
�

�

�
�
� � �

�
��S S P dP

i

n

i
i

� � �

� 
 

�

�
�
�

�

�
�
� ���� �

�

� �� �
0

0

1

1 1( , ) ( ( , ))P P dP
i

i

i

n

g g

� 
 

�

�
�
�

�

�
�
���� �

�S

i

i

n

i
P dP

0
0

1 1

1( )

( ( , ))

g

g� � .

ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÛÕ ÊÎÍÔÈÃÓÐÀÖÈÉ

Â îáùåì ñëó÷àå ïðîñòðàíñòâåííàÿ êîíôèãóðàöèÿ ãåîìåòðè÷åñêèõ îáúåêòîâ
äîëæíà óäîâëåòâîðÿòü ñèñòåìå îãðàíè÷åíèé �, ó÷åò êîòîðûõ ïîçâîëÿåò âû-
äåëèòü ñîîòâåòñòâóþùèé êëàññ ïðîñòðàíñòâåííûõ êîíôèãóðàöèé. Óêàçàííûå
îãðàíè÷åíèÿ ïîëó÷åíû âñëåäñòâèå òîãî, ÷òî îáúåêòû, ôîðìèðóþùèå ïðî-
ñòðàíñòâåííóþ êîíôèãóðàöèþ, íàõîäÿòñÿ â ðàçëè÷íûõ îòíîøåíèÿõ êàê áèíàð-
íûõ, òàê è ìíîãîìåñòíûõ (n-àðíûõ).

Äëÿ ôîðìèðîâàíèÿ ñèñòåìû îãðàíè÷åíèé � çàäàäèì íà ìíîæåñòâå ãåîìåò-
ðè÷åñêèõ îáúåêòîâ áèíàðíûå îòíîøåíèÿ:

— íåïåðåñå÷åíèÿ { }* , ïîëàãàÿ    S S* , åñëè int int   � !S S� ;

— âêëþ÷åíèÿ { }� , ïîëàãàÿ    S S� , åñëè int S S  
  .
Ôîðìàëèçóåì îñíîâíûå îãðàíè÷åíèÿ, õàðàêòåðíûå ïðè ôîðìèðîâàíèè íàè-

áîëåå ðàñïðîñòðàíåííûõ ïðîñòðàíñòâåííûõ êîíôèãóðàöèé ðàçìåùåíèÿ ãåîìåò-
ðè÷åñêèõ îáúåêòîâ.

Îïðåäåëåíèå 3. Îòîáðàæåíèå � : ( )� � �� çàäàåò êîíôèãóðàöèþ óïàêîâêè,

åñëè S Si
i

j
j( )* ( )g g " �i j n, J , i j� .

Ñèñòåìà îãðàíè÷åíèé � â êîíôèãóðàöèÿõ óïàêîâêè ïîðîæäàåòñÿ óñëîâèÿìè
âçàèìíîãî íåïåðåñå÷åíèÿ îáúåêòîâ. Ïðè ýòîì èñïîëüçóåì 	-ôóíêöèþ ñëîæíîãî
îáúåêòà, èìåþùåãî ñòðóêòóðó âèäà (2). Ïîñêîëüêó îáúåêòû int S i è int S j
íå äîëæíû èìåòü îáùèõ òî÷åê, òî

	 � ij
i j i jn( ) , , ,g J� � �0 . (4)

Çàìå÷àíèå 1. Äëÿ ôîðìàëèçàöèè óñëîâèé íåïåðåñå÷åíèÿ â ðàáîòàõ [17,
20–22] ïðåäëîæåí ìàòåìàòè÷åñêèé àïïàðàò #-ôóíêöèé è êâàçè-#-ôóíêöèé, ïîëó-
÷åí èõ àíàëèòè÷åñêèé âèä äëÿ áàçîâûõ 2D è 3D îáúåêòîâ. Îäíàêî âûðàæåíèÿ
#-ôóíêöèé äëÿ îáúåêòîâ ñëîæíîé ôîðìû ïðè ïåðåìåííûõ ìåòðè÷åñêèõ è
óãëîâûõ ïàðàìåòðàõ íå îïðåäåëåíû. Ïðåäëîæåííûé â íàñòîÿùåé ðàáîòå ïîä-
õîä ïîçâîëÿåò ïî-íîâîìó ðåøàòü äàííóþ ïðîáëåìó.

Îáîçíà÷èì �( )S 0 êîíôèãóðàöèîííîå ïðîñòðàíñòâî îáúåêòà S 0 ñ îáîáùåí-

íûìè ïåðåìåííûìè g m p
0 0 0� ( , ), à � �0

0 1 0� �{ }S S S Sn, , ,� � . Ñôîðìèðóåì

êîíôèãóðàöèîííîå ïðîñòðàíñòâî

� � � � �( ) ( ) ( ) ( ).0
0 1� � � �S S S n�
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Îïðåäåëåíèå 4. Îòîáðàæåíèå � : ( )� � �0 0� çàäàåò êîíôèãóðàöèþ ïîêðû-

òèÿ, åñëè
�

� ��( ( ), , ( )) ( )S S Sn
n

1
1

0
0

g g g .

Ïðè ýòîì îáúåêò S 0 íàçûâàþò îáëàñòüþ ïîêðûòèÿ, à îáúåêòû S S n1, ,� —

ïîêðûâàþùèìè. Êàê ïðàâèëî, ñèñòåìà êîîðäèíàò îáëàñòè ïîêðûòèÿ ñîâìåùà-

åòñÿ ñ íåïîäâèæíîé ñèñòåìîé êîîðäèíàò, à ïàðàìåòðû ðàçìåùåíèÿ

p
0

1
0 0 0 0� �( , , ) { , , }p p� �

�
.

Äëÿ ôîðìàëèçàöèè óñëîâèÿ ïîêðûòèÿ îïðåäåëèì ñëåäóþùóþ 	-ôóíêöèþ:

	 
 �� �~ ~( ) ( ) ( ) ( , )
0 00

0

1

g g g g�
�

�
�
�

�

�
�
� �

�
���S S P dP

i

n

i
i

� � �

� 
 

�

�
�
�

�

�
�
� ���� �

�

� �� �0

0

1

1 1( , ) ( ( , ))P P dP
i

i

i

n

g g

� 
 

�

�
�
�

�

�
�
�

�
���� 1 1

1
0

0

( ( , ))

( )

� � i
P dPi

i

n

S

g

g

.

Â êëàññå �-îáúåêòîâ ïîêðûòèå îáëàñòè S 0 ïîêðûâàþùèìè ìíîæåñòâàìè

S S n1, ,� èìååò ìåñòî òîãäà è òîëüêî òîãäà, êîãäà 	 
�~ ( ) ( ( ))
0 0

0
g g� S , ãäå


 � �( ( )) ( , )

( , )

S dP P dP

S

0
0 0

0
0

0
g g

m

� ���� ���
0

.

Çàôèêñèðóåì ìåòðè÷åñêèå ïàðàìåòðû îáëàñòè ïîêðûòèÿ S 0 , ïîëîæèâ

m m
0 0� � è ïóñòü � ( � , )g m

0 0� 0 . Òîãäà


 � �( ( � )) ( , � )

( � , )

S dP P dP

S

0
0 0

0
0

0
g g

m

� ���� ���
0

.

Îïðåäåëåíèå 5. Îòîáðàæåíèå �: ( )� � �0 0� çàäàåò êîíôèãóðàöèþ ìàêñè-

ìàëüíîãî ïîêðûòèÿ, åñëè ôóíêöèÿ 	 �~ ( )
0

g äîñòèãàåò ñâîåãî ìàêñèìàëüíîãî çíà-

÷åíèÿ íà ìíîæåñòâå âñåõ äîïóñòèìûõ çíà÷åíèé îáîáùåííûõ ïåðåìåííûõ, óäîâ-

ëåòâîðÿþùèõ çàäàííîìó íàáîðó îãðàíè÷åíèé �, ò.å.

	 �~ ( ) max, ( )
0

g g� �� � . (5)

Áàçîâàÿ çàäà÷à îïòèìèçàöèè (5) ñîîòâåòñòâóåò ñëó÷àþ � � !.

Ïîòðåáóåì, ÷òîáû ïîêðûâàþùèå îáúåêòû S ii n, �J , ïðèíàäëåæàëè îáëàñòè

ïîêðûòèÿ S 0 , ò.å. ñôîðìèðóåì ñèñòåìó îãðàíè÷åíèé � , ôîðìàëèçóþùèõ áèíàð-

íîå îòíîøåíèå âêëþ÷åíèÿ S S i0 � , i n�J . Èìååì

	 �0

0 0
i

i( � , )g g � , i n�J , (6)

ãäå � ( � , )g m
0 0� 0 .

Òàêèì îáðàçîì, íåëèíåéíàÿ çàäà÷à îïòèìèçàöèè (5), (6) ÿâëÿåòñÿ ìàòåìàòè-

÷åñêîé ìîäåëüþ çàäà÷è ìàêñèìàëüíîãî ïîêðûòèÿ îáëàñòè S 0 ñîâîêóïíîñòüþ ïî-

êðûâàþùèõ îáúåêòîâ S Si $ 0 , i n�J , ïðèíàäëåæàùèõ îáëàñòè ïîêðûòèÿ.

Ïîòðåáóåì, ÷òîáû ïîêðûâàþùèå îáúåêòû S i , i n�J , ïîïàðíî íå ïåðåñåêà-

ëèñü, ò.å. ñôîðìèðóåì ñèñòåìó îãðàíè÷åíèé �, ôîðìàëèçóþùèõ óñëîâèÿ S Si j* ,

i j n, �J , i j� . Ïîëó÷èì çàäà÷ó ìàêñèìèçàöèè ôóíêöèè 	 �~ ( )
0

g ïðè âûïîëíåíèè

ñèñòåìû îãðàíè÷åíèé-ðàâåíñòâ (4), ðåøåíèå êîòîðîé ïîçâîëÿåò îïðåäåëèòü ïðî-

ñòðàíñòâåííóþ êîíôèãóðàöèþ óïàêîâêè, îáåñïå÷èâàþùóþ ìàêñèìàëüíîå ïî-

êðûòèå îáëàñòè.
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ÎÁ ÎÄÍÎÉ ÇÀÄÀ×Å ÌÀÊÑÈÌÀËÜÍÎÃÎ ÏÎÊÐÛÒÈß
Â ÊËÀÑÑÅ ÊÐÓÃÎÂÛÕ ÎÁÚÅÊÒÎÂ

Ïðîèëëþñòðèðóåì ïðèëîæåíèå ïðèâåäåííûõ ðàíåå ðåçóëüòàòîâ ïðè ôîðìàëè-
çàöèè è ðåøåíèè ñëåäóþùåé çàäà÷è. Ðàññìîòðèì ìíîæåñòâî ãåîìåòðè÷åñêèõ

îáúåêòîâ �0
0 1� { }S S S n, , ,� , ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ êðóãè. Ïîëþñ

êðóãà âûáåðåì â òî÷êå åãî ñèììåòðèè. Òîãäà, ïîëàãàÿ p
i

i ix y� ( , ), m
i ir� ,

óðàâíåíèå åãî îáùåãî ïîëîæåíèÿ â íåïîäâèæíîé ñèñòåìå êîîðäèíàò Oxy ìîæ-

íî çàäàòü â âèäå ( ) ( )x x y y ri i i
 � 
 
 �2 2 2 0.

Ñôîðìèðóåì êîíôèãóðàöèîííîå ïðîñòðàíñòâî êðóãà �( )S i , âûáèðàÿ â êà-

÷åñòâå åãî îáîáùåííûõ ïåðåìåííûõ g m p
i i i

i i ir x y� �( , ) ( , , ). Òîãäà êîíôèãó-

ðàöèîííîå ïðîñòðàíñòâî � � � � �( ) ( ) ( ) ( )0
0 1� � � �S S S n� ñ îáîáùåííûìè ïå-

ðåìåííûìè
g g g g m p m p m p� � �( , , , ) ( , , , , , , )0 1 0 0 1 1

� �
n n n

� ( , , , , , , , , , )r x y r x y r x yn n n0 0 0 1 1 1 �

áóäåò çàäàâàòü â R 2 ïðîñòðàíñòâåííóþ êîíôèãóðàöèþ ðàçìåùåíèÿ.
Äëÿ êîíêðåòèçàöèè çàäà÷è ñôîðìèðóåì ñèñòåìó îãðàíè÷åíèé � . Ïîòðåáóåì,

÷òîáû êðóãè S i , i n�J , ïðèíàäëåæàëè êðóãó S 0 , ò.å. âûïîëíÿëîñü óñëîâèå
S Si $ 0 , i n�J . Â êà÷åñòâå êðèòåðèÿ îïòèìèçàöèè âûáåðåì ñóììàðíóþ ïëîùàäü
ïîïàðíûõ ïåðåñå÷åíèé êðóãîâ S i , i n�J , êîòîðóþ òðåáóåòñÿ ìèíèìèçèðîâàòü.
Òàêàÿ ïîñòàíîâêà èìååò áîëüøîå êîëè÷åñòâî ïðàêòè÷åñêèõ ïðèëîæåíèé â ñèñòå-
ìàõ íàáëþäåíèÿ è êîíòðîëÿ.

Äëÿ ôîðìàëèçàöèè ïîñòàâëåííîé çàäà÷è âîñïîëüçóåìñÿ ïðèâåäåííûìè
ðàíåå ðåçóëüòàòàìè. Ïðåäïîëîæèì, ÷òî ðàäèóñû êðóãîâ èçâåñòíû è, íå òåðÿÿ îá-
ùíîñòè, ïîëîæèì r r r rn0 1 2� � � �� . Ðàññìîòðèì ïðîñòðàíñòâåííóþ êîíôèãó-
ðàöèþ, ñòðóêòóðà êîòîðîé çàäàåòñÿ âûðàæåíèåì (3).

Ïîñòðîèì 	-ôóíêöèþ ñëîæíîãî îáúåêòà, ñòðóêòóðà êîòîðîãî çàäàåòñÿ âûðà-
æåíèåì (2). Âîñïîëüçóåìñÿ èçâåñòíûìè âûðàæåíèÿìè äëÿ îïðåäåëåíèÿ ïëîùàäè
ïåðåñå÷åíèÿ äâóõ êðóãîâ. Èìååì
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Â ðåçóëüòàòå èìååì çàäà÷ó îïòèìèçàöèè

	 � ( ) ming � (7)

ïðè âûïîëíåíèè ñèñòåìû îãðàíè÷åíèé (4).
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Çàìå÷àíèå 2. Äëÿ êëàññà áàçîâûõ îáúåêòîâ ïðîñòðàíñòâà R 2 èçâåñòíû âûðà-
æåíèÿ, ôîðìàëèçóþùèå óñëîâèÿ ïîïàðíîãî íåïåðåñå÷åíèÿ ñ ïîìîùüþ Ô-ôóíê-
öèé, ïðè÷åì äëÿ êðóãîâ ýòè îãðàíè÷åíèÿ èìåþò ïðîñòîé âèä

( ) ( ) , , ,x x y y r r i j i jj i j i j i n
 � 
 
 
 � � �2 2 0 J . (8)

Ïîýòîìó â äàííîì ñëó÷àå óñëîâèÿ (4) öåëåñîîáðàçíî çàìåíèòü ñèñòåìîé íåðà-
âåíñòâ (8).

Çàäà÷è (7), (8) è (7), (4) îòíîñÿòñÿ ê êëàññó çàäà÷ íåäèôôåðåíöèðóåìîé îïòè-
ìèçàöèè, äëÿ ðåøåíèÿ êîòîðûõ ýôôåêòèâíû r-àëãîðèòìû [23] è èõ ñîâðåìåííûå
ìîäèôèêàöèè [24, 25]. Øèðîêèé îïûò ïðèëîæåíèÿ óêàçàííîãî êëàññà àëãîðèòìîâ
ïðè ðåøåíèè íåïðåðûâíûõ çàäà÷ îïòèìàëüíîãî ðàçáèåíèÿ ìíîæåñòâ îïèñàí
â [13, 14, 26–28]. Èíòåðåñíûå ðåçóëüòàòû ïîëó÷åíû ïðè ïîëó÷åíèè íèæíèõ îöå-
íîê â çàäà÷àõ ïîèñêà îïòèìàëüíîé êîíôèãóðàöèè áàëàíñîâîé óïàêîâêè [29, 30].

Äàííûå çàäà÷è ÿâëÿþòñÿ ìíîãîýêñòðåìàëüíûìè. Ïîýòîìó âîçíèêàåò íåîáõî-
äèìîñòü â ðàçðàáîòêå ìåòîäîâ íàïðàâëåííîãî ïåðåáîðà ëîêàëüíûõ ýêñòðåìóìîâ.
Â ÷àñòíîñòè, â çàäà÷àõ óïàêîâêè è êîìïîíîâêè äëÿ ïåðåáîðà ëîêàëüíî-îïòè-
ìàëüíûõ ïðîñòðàíñòâåííûõ êîíôèãóðàöèé èñïîëüçóåòñÿ ìåòîä ñóæàþùèõñÿ
îêðåñòíîñòåé [31], îáîáùåíèåì êîòîðîãî ÿâëÿåòñÿ ìåòîä ïîñëåäîâàòåëüíîãî ñòà-
òèñòè÷åñêîãî àíàëèçà âàðèàíòîâ [17]. Ýòîò ìåòîä ïîñòðîåí íà îáùåé ñõåìå ìåòî-
äîâ ïîñëåäîâàòåëüíîãî àíàëèçà Â.Ñ. Ìèõàëåâè÷à [32] è èñïîëüçóåò äëÿ îòñåâà
íåïåðñïåêòèâíûõ âàðèàíòîâ ñòàòèñòè÷åñêèå ñâîéñòâà ôóíêöèé ïðè ðàíäîìèçà-
öèè èñõîäíîé çàäà÷è îïòèìèçàöèè.

Ïðîãðàììíàÿ ðåàëèçàöèÿ ðåçóëüòàòîâ îñíîâàíà íà ñèñòåìíîì àíàëèçå è ðàçðàáîò-
êå èíôîðìàöèîííî-àíàëèòè÷åñêèõ ìîäåëåé çàäà÷ îïòèìèçàöèè ïðîñòðàíñòâåííûõ
êîíôèãóðàöèé ñ èñïîëüçîâàíèåì îáúåêòíî-îðèåíòèðîâàííîãî ïîäõîäà [33, 34].

ÇÀÊËÞ×ÅÍÈÅ

Ðàññìîòðåííûé â íàñòîÿùåé ñòàòüå ïîäõîä ê ôîðìàëèçàöèè çàäà÷ îïòèìèçà-
öèè ïðîñòðàíñòâåííûõ êîíôèãóðàöèé ñóùåñòâåííî ðàñøèðÿåò êðóã ðåøàåìûõ
çàäà÷, èìåþùèõ âàæíîå ïðàêòè÷åñêîå ïðèëîæåíèå. Ââåäåíèå íîâîãî êëàññà
ôóíêöèé, çàâèñÿùèõ îò îáîáùåííûõ ïåðåìåííûõ êîíôèãóðàöèîííîãî ïðîñòðà-
íñòâà ãåîìåòðè÷åñêèõ îáúåêòîâ, ïîçâîëèëî ïðåäëîæèòü íîâûå ìàòåìàòè÷åñêèå
ìîäåëè çàäà÷ óïàêîâêè, êîìïîíîâêè è ïîêðûòèÿ. Áîëåå òîãî, ïîÿâèëàñü âîç-
ìîæíîñòü ôîðìèðîâàòü ïðîñòðàíñòâåííûå êîíôèãóðàöèè, îäíîâðåìåííî ó÷è-
òûâàþùèå äëÿ ðàçëè÷íûõ ãðóïï îáúåêòîâ ñïåöèôè÷åñêèå îãðàíè÷åíèÿ, ïðèñó-
ùèå êàæäîé óêàçàííîé çàäà÷å.

Â îáùåì ñëó÷àå çàäà÷è îïòèìèçàöèè ïðîñòðàíñòâåííûõ êîíôèãóðàöèé èìå-
þò ÿðêî âûðàæåííûé êîìáèíàòîðíûé õàðàêòåð [35, 36], ÷òî ïîçâîëÿåò äîïîëíè-
òåëüíî èñïîëüçîâàòü ñâîéñòâà êîìáèíàòîðíûõ îáúåêòîâ [37] ïðè èõ àíàëèçå. Ðàñ-
ñìàòðèâàÿ îáîáùåííûå ïàðàìåòðû êîíôèãóðàöèîííûõ ïðîñòðàíñòâ äëÿ õàðàêòå-
ðèñòèêè êîìáèíàòîðíûõ îáúåêòîâ, äåëàåì âûâîä î ïåðñïåêòèâíîñòè ïðèìåíåíèÿ
òåîðèè åâêëèäîâîé êîìáèíàòîðíîé îïòèìèçàöèè [38–41].

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

1. Fasano G. A modeling-based approach for non-standard packing problems. Optimized Packings with

Applications. 2015. Vol. 105. P. 67–85. DOI: https://doi.org/10.1007/978-3-319-18899-7_4.

2. Wascher G., Hausner H., Schumann H. An improved typology of cutting and packing

problems. European Journal of Operational Research. 2007. Vol. 183. P. 1109–1130. DOI:

https://doi.org/10.1016/j.ejor.2005.12.047.

3. Fadel G.M., Wiecek M.M. Packing optimization of free-form objects in engineering design.

Optimized Packings with Applications. 2015. Vol. 105. P. 37–66.

4. Stoyan Yu., Pankratov A., Romanova T. Placement problems for irregular objects: Mathematical

modeling, optimization and applications. Optimization Methods and Applications. 2017. P. 521–558.

DOI: https://doi.org/10.1007/978-3-319-68640-0_25.

5. Drira A., Pierreval H., Hajri-Gabouj S. Facility layout problems: A survey. Annual Reviews in

Control. 2007. Vol. 31, N 2. P. 255–267. DOI: https://doi.org/10.1016/j.arcontrol.2007.04.001.

78 ISSN 1019-5262. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2019, òîì 55, ¹ 4



6. Bortfeldt A., Wascher G. Constraints in container loading: A state-of-the-art review. European

Journal of Operational Research. 2013. Vol. 229, N 1. P. 1–20. DOI: https://doi.org/10.1016/

j.ejor.2012.12.006.

7. Stoyan Yu.G., Semkin V.V., Chugay A.M. Optimization of 3D objects layout into a multiply

connected domain with account for shortest distances. Cybernetics and Systems Analysis. 2014.

Vol. 50, N 3. P. 374–385. DOI: https://doi.org/10.1007/s10559-014-9626-4.

8. Tian T., Zhu W., Lim A., Wei L. The multiple container loading problem with preference. European

Journal of Operational Research. 2016. Vol. 248, N 1. P. 84–94.

9. Stoyan Yu.G., Patsuk V.M. Covering a convex 3D polytope by a minimal number of congruent

spheres. International Journal of Computer Mathematics. 2014. Vol. 91, N 9. P. 2010–2020. DOI:

https://doi.org/10.1080/00207160.2013.865726.

10. Yakovlev S.V. On a class of problems on covering of a bounded set. Acta Mathematica Hungarica.

1989. Vol. 53, N 3. P. 253–262. DOI: https://doi.org/10.1007/BF01953365.

11. Shekhovtsov S.B., Yakovlev S.V. Formalization and solution of one class of covering problem in

design of control and monitoring systems. Avtomatika i Telemekhanica. 1989. Vol. 50, N 5.

P. 705–710. URL: http://mi.mathnet.ru/eng/at6296.

12. Kiseleva E.M., Lozovskaya L.I., Timoshenko E.V. Solution of continuous problems of optimal

covering with spheres using optimal set-partition theory. Cybernetics and Systems Analysis. 2009.

Vol. 45, N 3. P. 421–437. DOI: https://doi.org/10.1007/s10559-009-9113-5.

13. Ê³ñåëüîâà Î.Ì. Ñòàíîâëåííÿ òà ðîçâèòîê òåîð³¿ îïòèìàëüíîãî ðîçáèòòÿ ìíîæèí. Òåîðåòè÷í³ ³

ïðàêòè÷í³ çàñòîñóâàííÿ. Äí³ïðî: Ë³ðà, 2018. 532 ñ.

14. Êèñåëåâà Å. Ì., Êîðÿøêèíà Ë. Ñ. Ìîäåëè è ìåòîäû ðåøåíèÿ íåïðåðûâíûõ çàäà÷ îïòèìàëüíîãî ðàç-

áèåíèÿ ìíîæåñòâ: ëèíåéíûå, íåëèíåéíûå, äèíàìè÷åñêèå çàäà÷è. Êèåâ: Íàóê. äóìêà, 2013. 604 ñ.

15. Berge C. Principes de combinatoire. Paris: Dunod, 1968. 146 p.

16. Ðâà÷åâ Â.Ë. Òåîðèÿ R-ôóíêöèé è íåêîòîðûå åå ïðèëîæåíèÿ. Êèåâ: Íàóê. äóìêà, 1982. 552 ñ.

17. Ñòîÿí Þ.Ã., ßêîâëåâ Ñ.Â. Ìàòåìàòè÷åñêèå ìîäåëè è îïòèìèçàöèîííûå ìåòîäû ãåîìåòðè÷åñ-

êîãî ïðîåêòèðîâàíèÿ. Êèåâ: Íàóê. äóìêà, 1986. 268 ñ.

18. Stoyan Y.G., Yakovlev S.V. Configuration space of geometric objects. Cybernetics and Systems

Analysis. 2018. Vol. 54, N 5. P. 716–726. DOI: https://doi.org/10.1007/s10559-018-0073-5.

19. Yakovlev S.V. On some classes of spatial configurations of geometric objects and their

formalization. Journal of Automation and Information Sciences. 2018. Vol. 50, N 9. P. 38–50.

DOI: https://doi.org/10.1615/JAutomatInfScien.v50.i9.30.

20. Stoyan Y., Gil M., Terno J., Romanova T., Schithauer G. Ô-function for complex 2D objects. 4OR Quarterly

Journal of the Belgian, French and Italian. Operations Research Societies. 2004. Vol. 2, N 1. P. 69–84.

21. Stoyan Yu., Scheithauer G., Romanova T. Mathematical modeling of interaction of primary

geometric 3D objects. Cybernetics and Systems Analysis. 2005. Vol. 41, N 3. P. 332–342. DOI:

https://doi.org/10.1007/s10559-005-0067-y.

22. Stoyan Yu., Romanova T., Pankratov A., Chugay A. Optimized object packings using

quasi-phi-functions. Optimized Packings with Applications. 2015. Vol. 105. P. 265–293. DOI:

https://doi.org/10.1007/978-3-319-18899-7_13.

23. Øîð Í.Ç. Ìåòîäû ìèíèìèçàöèè íåäèôôåðåíöèðóåìûõ ôóíêöèé è èõ ïðèëîæåíèÿ. Êèåâ:

Íàóê. äóìêà, 1979. 200 ñ.

24. Stetsyuk P.I. Shor’s r-algorithms: Theory and practice. Springer Optimization and its Applications.

2017. Vol. 130. P. 239–250.

25. Stetsyuk P.I. Theory and software implementations of Shor’s r-algorithms. Cybernetics and Systems

Analysis. 2017. Vol. 53, N 5. P. 692–703. DOI: https://doi.org/10.1007/s10559-017-9971-1.

26. Êèñåëåâà Å.Ì., Øîð Í.Ç. Íåïðåðûâíûå çàäà÷è îïòèìàëüíîãî ðàçáèåíèÿ ìíîæåñòâ: òåîðèÿ, àë-

ãîðèòìû, ïðèëîæåíèÿ. Êèåâ: Íàóê. äóìêà, 2005. 564 ñ.

27. Kiseleva E.M., Koriashkina L.S. Theory of continuous optimal set partitioning problems as a universal

mathematical formalism for constructing Voronoi diagrams and their generalizations. Cybernetics and

Systems Analysis. 2015. Vol. 51, N 3. P. 325–335. DOI: https://doi.org/10.1007/s10559-015-9725-x.

28. Kiseleva E.M., Prytomanova O.M., Zhuravel S.V. Algorithm for solving a continuous problem of

optimal partitioning with neurolinguistic identification of functions in target functional. Journal of

Automation and Information Sciences. 2018. Vol 50, N 3. P. 102–112.

29. Stoyan Y., Romanova T., Pankratov A., Kovalenko A., Stetsyuk P. Balance layout problems:

Mathematical modeling and nonlinear optimization. Springer Optimization and its Applications.

2016. Vol. 114. P. 369–400. DOI: https://doi.org/10.1007/s10559-015-9746-5.

30. Stoyan Yu.G., Sokolovskii V.Z., Yakovlev S.V. Method of balancing rotating discretely distributed

masses. Energomashinostroenie. 1982. N 2. P. 4-5.

ISSN 1019-5262. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2019, òîì 55, ¹ 4 79



31. Ñòîÿí Þ.Ã., Ñîêîëîâñêèé Â.Ç. Ðåøåíèå íåêîòîðûõ ìíîãîýêñòðåìàëüíûõ çàäà÷ ìåòîäîì ñóæà-

þùèõñÿ îêðåñòíîñòåé. Êèåâ: Íàóê. äóìêà, 1980. 205 ñ.

32. Ìèõàëåâè÷ Â.Ñ. Ïîñëåäîâàòåëüíûå àëãîðèòìû îïòèìèçàöèè è èõ ïðèìåíåíèå. Êèáåðíåòèêà.

1965. ¹ 1. Ñ. 45–56, ¹ 2 Ñ. 85–88.

33. Yakovlev S., Kartashov O., Korobchynskyi K. The informational analytical technologies of synthesis

of optimal spatial configuration. Proc. IEEE 13th International Scientific and Technical Conference

on Computer Sciences and Information Technologies, CSIT’2018. 2018. P. 374–377.

34. Yakovlev S., Kartashov O. System analysis and classification of spatial configurations. Proc. IEEE

1st International Conference on System Analysis and Intelligent Computing, SAIC’2018. 2018.

P. 1–6. DOI: https://doi.org/10.1109/SAIC.2018.8516760.

35. ßêîâëåâ Ñ.Â. Î êîìáèíàòîðíîé ñòðóêòóðå çàäà÷ îïòèìàëüíîãî ðàçìåùåíèÿ ãåîìåòðè÷åñêèõ

îáúåêòîâ. Äîêë. ÍÀÍ Óêðàèíû. 2017. ¹ 9. Ñ. 63–68. URL: http://nbuv.gov.ua/UJRN/dnanu_2017_9_7.

36. Yakovlev S.V. The method of artificial dilation in problems of optimal packing of geometric objects.

Cybernetics and Systems Analysis. 2017. Vol. 53, N 5. P. 725–731. DOI: https://doi.org/10.1007/

s10559-017-9974-y.

37. Hulianytskyi L., Riasna I. Formalization and classification of combinatorial optimization problems.

Springer Optimization and Its Applications. 2017. Vol. 130. P. 239–250. DOI: https://doi.org/

10.1007/978-3-319-68640-0_11.

38. Ñòîÿí Þ.Ã., ßêîâëåâ Ñ.Â., Ïè÷óãèíà Î.Ñ. Åâêëèäîâû êîìáèíàòîðíûå êîíôèãóðàöèè. Õàðü-

êîâ: Êîíñòàíòà, 2017. 404 ñ.

39. Yakovlev S. Convex extensions in combinatorial optimization and their applications. Springer

Optimization and its Applications. 2017. Vol. 130. P. 567–584. DOI: https://doi.org/10.1007/978-3-

319-68640-0_27.

40. Pichugina O.S., Yakovlev S.V. Continuous representations and functional extensions in

combinatorial optimization. Cybernetics and Systems Analysis. 2016. Vol. 52. N 6. P. 921–930.

DOI: https://doi.org/10.1007/s10559-016-9894-2.

41. Yakovlev S.V., Pichugina O.S. Properties of combinatorial optimization problems over

polyhedral-spherical sets. Cybernetics and Systems Analysis. 2018. Vol. 54. N 1. P. 111–123. DOI:

https://doi.org/10.1007/s10559-018-0011-6.

Íàä³éøëà äî ðåäàêö³¿ 18.01.2019

Ñ.Â. ßêîâëºâ
ÔÎÐÌÀË²ÇÀÖ²ß ÇÀÄÀ× ÎÏÒÈÌ²ÇÀÖ²¯ ÏÐÎÑÒÎÐÎÂÈÕ ÊÎÍÔ²ÃÓÐÀÖ²É
Ç ÂÈÊÎÐÈÑÒÀÍÍßÌ ÑÏÅÖ²ÀËÜÍÎÃÎ ÊËÀÑÓ ÔÓÍÊÖ²É

Àíîòàö³ÿ. Çàïðîïîíîâàíî ï³äõ³ä äî äîñë³äæåííÿ çàäà÷ îïòèì³çàö³¿ ïðîñòî-
ðîâèõ êîíô³ãóðàö³é íà îñíîâ³ ôîðìóâàííÿ êîíô³ãóðàö³éíèõ ïðîñòîð³â ãåî-
ìåòðè÷íèõ îá’ºêò³â. Çàëåæíî â³ä âèáîðó óçàãàëüíåíèõ çì³ííèõ äîñë³äæåíî
ð³çí³ êëàñè ïðîñòîðîâèõ êîíô³ãóðàö³é. Óâåäåíî êëàñ ôóíêö³é â êîíô³ãó-
ðàö³éíîìó ïðîñòîð³ ãåîìåòðè÷íèõ îá’ºêò³â, ùî äîçâîëÿº çàïðîïîíóâàòè íîâ³
³ ðîçâèíóòè íàÿâí³ ï³äõîäè äî ôîðìàë³çàö³¿ çàäà÷ îïòèì³çàö³¿ ïðîñòîðîâèõ
êîíô³ãóðàö³é. Ðîçãëÿíóòî çàäà÷ó ðîçì³ùåííÿ êðóãîâèõ îá’ºêò³â â îáìåæåí³é
îáëàñò³ çà êðèòåð³ºì ì³í³ì³çàö³¿ ñóìàðíî¿ ïëîù³ ¿õí³õ ïîïàðíèõ ïåðåòèí³â.

Êëþ÷îâ³ ñëîâà: ãåîìåòðè÷íèé îá’ºêò, êîíô³ãóðàö³éíèé ïðîñò³ð, óçàãàëüíåí³
çì³íí³, îïòèì³çàö³ÿ, ðîçì³ùåííÿ, ïîêðèòòÿ.

S.V. Yakovlev
FORMALIZATION OF SPATIAL CONFIGURATION OPTIMIZATION PROBLEMS
WITH A SPECIAL FUNCTION CLASS

Abstract. An approach to the study of optimization problems of spatial
configurations based on the formation of configuration spaces of geometric
objects is proposed. Depending on the choice of generalized variables, various
classes of spatial configurations are investigated. A class of functions in the
configuration space of geometric objects is introduced, which allows us to
propose new and develop available approaches for the formalization of
optimization problems for spatial configurations. The problem of placing circular
objects in a limited area by the criterion of minimizing the total area of their
pairwise intersections is considered.

Keywords: geometric object, configuration space, generalized variables,
optimization, placement, coverage.
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