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We assume that A1, As C R are closed intervals containing 0, ¢ is an increasing odd homeomorphism
with ¢ (R) = Rand T € (0,00). We will study the singular Dirichlet problem of the form

(o) + f(t,u,u’) = 0, u(0) = u(T) = 0,
and we will prove the existence of its smooth solution satisfying
u(t) € Ay, u'(t) € Ay for t € [0,T].

Here f satisfies the Carathéodory conditions on the set (0,T) x D and can have time singularities at t =
= 0,t = T and space singularities at v = 0,y = 0.

Lasa 3amxnenux inmepeanie Ay, Ay C R, axi micmamye 0, ma 3pocmaroio20 HENApHO20 20Me0MOPhi3-
My &, akuii 3a0060abHAe ymosu ¢ (R) = RiT € (0,00), 6usuero curneyaapry saoawy Jipixae uzanady

(@) + f(t,u,u') = 0, u(0) = u(T) =0,
[ 008€0€HO ICHYBAHHA 24A0K020 PO3B’A3KY, ULO 3A00BONAbHAE YMOBU

u(t) € Ay, u'(t) € Ay oaa t € [0,T].

Tym f 3adoeoavnse ymosu Kapameooopi na muoxcuni (0,T) X D i moxce mamu ocobausocmi 6 t =
= 0,t = T ma npocmoposi ocobausocmi e x = 0,y = 0.

1. Introduction. Let T € (0,00) and A, A2 C R be closed intervals containing 0. Assume that
¢ is an increasing odd homeomorphism with ¢ (R) = R. We will study the singular Dirichlet
problem of the form

(o)) + f(t,u,u’) = 0, u(0) = w(T) =0, (1.1)
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82 L. RACHUNKOVA, J. STRYJA

and prove the existence of a solution of problem (1.1) satisfying
u(t) € Ay, /' (t) € Ay for t €[0,7].

Denote A = A; x Ay and D = D; x Dy, where D; = A; \ {0},7 = 1,2.
We assume that

f satisfies the Carathéodory conditions on the set (0,77) x D
and that f can have time singularitiesatt = 0, t = T (1.2)

and space singularities at z = 0, y = 0.

Definition 1.1. A function f has a time singularity att = 0 (t = T) if there exists (x,y) € D
such that

£ T
/ F(t,z,y)ldt = oo / F(t,2,9)]dt = oo
0 T—¢

for any sufficiently small € > 0.

Definition 1.2. A function f has a space singularity at v = 0 (y = 0) if there exists a set
J C [0,T] with a positive Lebesgue measure such that the condition

limsup |f(t, z,y)| = oo <limsup|f(t,$,y)| = oo>
z—0 y—0

holds for a.e. t € J and somey € Dy (x € Dy).

Notation.

Let [a,b] C R.J C R, M C R2

We let meas A denote the Lebegue measure of A C R;

C'[a, b] the Banach space of functions continuous on [a, b] with the norm ||z||c = max{|z(t)|;
t € [a, 0]}

C*[a, b] the Banach space of functions having continuous first derivatives on [a, b] with the
norm [lallcr = [[llc + |['llcs

ACa, b the set of absolutely continuous functions on [a, b];

AC*[a, b] the set of functions having absolutely continuous derivatives on [a, b];

AC)oc(J) the set of functions z € AC|c, d] for each [c,d] C J;

Lla, b] the Banach space of functions Lebesgue integrable on [a, b] with the norm

b
]|, = / e (t) d;

Car([a, b] x M) the set of functions f : [a,b] x M — R satisfying the Carathéodory con-
ditions on [a,b] x M, i.e., f(-,x,y) : [a,b] — R is measurable for all (z,y) € M, f(t,-,-) :
M — Ris continuous for a.e., t € [a,b], and for each compact set L C M there is a function
mx € La,b] such that

|f(t,z,y)| < mx(t) forae. t € [a,b] and all (z,y) € K;
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DIRICHLET PROBLEM WITH &-LAPLACIAN AND MIXED SINGULARITIES 83

Car ((a,b) x M) the set of functions f € Car ([c,d] x M) for each [¢,d] C (a,b).

Definition 1.3. A function v : [0,T] — R with ¢(u') € AC[0,T] is a solution of problem
(1.1) if u satisfies (H(u' (1)) + f(t,u(t),v'(t)) = 0 for a.e. t € [0,T] and fulfils the boundary
conditions u(0) = u(T) = 0.

In some works dealing with singular problems (see e.g. [1] or [2]) a little different definition
of a solution is used. In particular, ¢(u’) need not belong to AC[0,T]. To avoid the misunder-
standing we call such functions w-solutions and define them as follows.

Definition 1.4. A function v € C[0,T) is a w-solution of problem (1.1) if there exists a finite
number of points t, € [0,T], v = 1,...,r, such that if we denote J = [0,T]\ {t,}},_,, then
d(u') € ACie(J), u satisfies (p(u' (1)) + f(t,u(t), ' (t)) = 0 fora.e t € [0,T) and fulfils the
boundary conditions u(0) = u(T) = 0.

In this paper we generalize the existence principle of [3] which was proved for problem (1.1)
where ¢(y) = y. Here we work with a general ¢ including the case ¢(y) = |y[P~2y for p > 1.
Combining this existence principle (Theorem 3.1) with the lower and upper functions method
we prove a new existence result (Theorem 4.1) for problem (1.1). Theorem 4.1 extends earlier
results by Agarwall, Lii and O’Regan [4], Jiang [5], Stan€k [6] and Wang, Gao [7].

2. Regular Dirichlet problem. Singular problems are usually studied by means of approxi-
mate regular problems. Therefore we recall here some results for the auxiliary regular problem

(o(u)) + g(t,u,u’) = 0, u(0) = w(T) = 0, (2.1)

where g € Car ([0,7] x R?).

The first one is the Fredholm type existence theorem well known for problem (2.1) with
o(y) = y, see. e.g. [3]. For readers’ convenience we will prove it here for problem (2.1) with a
general ¢.

Theorem 2.1 (Fredholm type existence theorem). Assume that there is a function h €
€ L[0,T] such that

lg(t,z,y)| < h(t) forae t € [0,T] andall xz,y € R. (2.2)

Then problem (2.1) has a solution.

Proof. Step 1. Solution of an auxiliary problem. Consider the auxiliary problem

(o(u))" = b(t), u(0) = u(T) =0, (2.3)

where b € L[0,T]. Then u is a solution of problem (2.3) if and only if u € C'[0, T satisfies the

equalities
u(t) = /gi)_l (qb(u’(O))-i—/b(T) dT) ds
0

0
and

T s
o~ | o/ (0)) + [ b(r)dr | ds = 0.
/ /
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84 L. RACHUNKOVA, J. STRYJA

We can check this by a direct computation.
Step 2. Definition of functional ~. For each ¢ € C[0,T] define

T
Yo R =R, ty(z ¢~ (@ + £(s)
i

Due to the assumption that ¢ is an increasing homeomorphism with ¢(R) = R, the function v,
is continuous, increasing, and ¢y(R) = R. Thus the equation ¢;(x) = 0 has exactly one root
x = v(¢) € R. Therefore, we can define the functional

7:C0,T] = R, ¢e(v(£)) = 0.

Step 3. Functional vy maps bounded sets to bounded sets. Assume that B C C[0,T] and
¢ € (0,00) and such that ||¢||c < cfor each ¢ € B. Further assume that there exists a sequence
{¢»} C Bsuch that

lim v (¢,) =00 or lim y({,) = —.
Let the former possibility occur. Then

0= lim vy, (y(€a)) > lim To~" (3 (l) — ¢) = oo,

n—oo

a contradiction. The latter possibility can be argued similarly. Thus v(B) is bounded.

Step 4. Functional v is continuous. Consider a sequence {/,} C C[0,7] and assume that
lim ¢, = ¢y in C[0,T].

By Step 3, the sequence {7 (¢,)} C R is bounded and hence we can choose a subsequence
such that lim ~ (¢;,) = xo € R. We get

0 =g, (v(k,))

T
/¢ Uy (G,) + Lo (8)) d,
0

which, for n — oo, yields
T
/¢ 1 :Eo —l—f[) ))d
0

Thus, with respect to Step 2, we have zyp = v (¢p). It follows that any convergent subsequence
of {v (¢,)} has the same limit -y ({). Since {7y (¢,,)} is bounded, we get v ({y) = lim = (£,).

Step 5. Definition of operator F. Define operators N' : C'[0,T] — C[0,T] and F :
Clo, 7] — C0,T] by

and

- / 6~ (YN () + (N (1)) (s))ds.
0
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DIRICHLET PROBLEM WITH &-LAPLACIAN AND MIXED SINGULARITIES 85

Step 1 and Step 2 yield that u is a solution of problem (2.1) if and only if u € C*[0, T satisfies

u(t) = /¢‘1(¢(U'(0)) + (N (u)(s))ds, ¢(u'(0)) = y(N (u)).
0

Therefore the operator equation u = F(u) is equivalent to problem (2.1). Thus it suffices to
prove that the operator F has a fixed point.

Step 6. Fixed point of operator F. Since the operators v and N are continuous, it follows
that F is continuous. Choose an arbitrary sequence {u,} C C'[0,7] and denote v,, = F (uy,)
for n € N. Then

(1) = 71 (YN () + N () (8), t € [0,T], neN.

By condition (2.2), there is a ¢; € (0,00) such that ||V (u,)||c < c¢1. This implies that the
sequences {v,} and {v],} are bounded on [0,7]. Consequently the sequence {v, } is equicon-
tinuous on [0, 7. Further, for ¢1, ¢y € [0,T],

to

|6 (vn (1)) = ¢ (v, (t2)) | = [N (un)) (t1) = N (un)) (t2)] < /h(S)dS :

t1

Thus the sequence {¢ (v},)} is bounded and equicontinuous on [0, 7']. Making use of the Arzela
— Ascoli theorem we can find subsequences {vg, } and {¢ (vfﬂn)} uniformly convergent on
[0, 7). Then {v}, } is also uniformly convergent on [0, 7] and so, {vy, } is convergent in C*[0, T.
We have proved that the operator F is compact on C'[0, 7. By the Schauder fixed theorem, F
has a fixed point, which is a solution of problem (2.1).

The theorem is proved.

In the investigation of the regular problem (2.1), the lower and upper functions method is
a profitable instrument, see. e.g. De Coster, Habets [8], Kiguradze, Shekhter [2] or Vasiljev,
Klokov [9]. Note that in some works lower and upper functions are called lower and upper
solutions.

Definition 2.1. A function o € C[0,T] is called an upper function of problem (2.1) if there
exists a finite set ¥ C (0,T") such that

#(0") € ACe([0,T]\ D), o'(t+) := lim o'(t) € R,

t—7+

o'(r—) := lim o'(t) € R foreacht € %,

t—T1—

{ (6(a’ () + g(t,0(t),0'(t)) < 0 forae te[0,T],
(2.4)

g(0) >0, o(T) >0, o(r—) > o'(r+) foreach T € .

If the inequalities in (2.4) are reversed, then o is called a lower function of problem (2.1).
The second auxiliary result is contained in the following theorem.
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86 L. RACHUNKOVA, J. STRYJA

Theorem 2.2 (Lower and upper functions method). Let o1 and o2 be a lower function and
an upper function of problem (2.1) and let o1(t) < o3(t) fort € [0,T]. Assume that there exists
a function h € L[0,T] such that

lg(t,xz,y)| < h(t) fora.e.t € [0,T]and all z € [01(t),02(t)], y € R.
Then problem (2.1) has a solution u such that
o1(t) < u(t) < o9(t) fort € [0,T). (2.5)

Proof. Step 1. Construction of an auxiliary problem. For a.e. t € [0,T] and all z,y € R,
€ [0, 1], define

g““Q“”+“<“m2@mi1>+qﬁ@milifx<“ﬂm
g(t,x,y) = g(t,z,y) if o1(t) <z < oa(t),
g(t,o2(t),y) — wo <t, . i;;gi)(tl 1) = f;;g;i 1 if x> oa(t),

where

wilt,€) = sup {lg(t, 0:(t), X)) — g(t, a3t )] = |y — i) < €}, i=1,2.
We see that w; € Car ([0,7] x [0, 1]) is nonnegative, nondecreasing in its second variable, and
w;i(0,t) = 0 forae. t € [0,T],7 = 1,2. Further, g € Car([0,7] x R?) and there exists
h € L[0,T] such that

|§(t,z,y)| < h(t)forae.t € [0,T]and all z,y € R.
Thus, by Theorem 2.1, the problem
(6(w) +g(t,u,u') = 0, w(0) = w(T) =0,

has a solution u.

Step 2. Solution u of the auxiliary problem lies between o1 and o5. We will prove that esti-
mate (2.5) holds. Denote v(t) = u(t) — o2(t) for ¢ € [0,7] and assume, on the contrary, that
max{v(t) : t € [0,T]} = v(tp) > 0. Since u(0) = u(T) = 0 and 02(0) > 0, 02(T) > 0, we
have ¢y € (0,7). Moreover, Definition 2.1 implies that ¢, ¢ X, because v'(7—) < v'(7+) for
7 € X. So,we have ty € (0,7)\ ¥ and v'(t9) = 0. This guarantees the existence of t; € (to,T")
such that

v(t) > 0and |[v/(t)| <
v
fort € [to,t1] and [to,t1] N Y = @. Then

(D(u'(1)) = (d(o5(1)))" = —g(t,u(t), u'(t)) — (¢(05(t))) =

= —g(t.oa0 )+ (180 ) 42— (o)) >

> —g(t,o2(t), W/ (1)) + w2 (t, [V'(B)]) — (d(05(1)) =
> —g(t, o2(t), u' (1)) + g(t, 02(t), W' (1)) — g(t, 02(t), 05(t)) — (d(03(1)))" = 0
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for a.e. ¢t € [to,t1]. Hence,

t

0< /(¢(U’(S)))' — (@(03(s)))ds = p(u'(t)) — p(o3(t)), ¢ € [to, ta].

to

Therefore v' = w' — o}, > 0on (to, t1], which contradicts the assumption that v has its maximum
value at tp. The inequality o1 < wu(t) can be proved similarly. Thus w fulfils estimate (2.5) and
s0, u is a solution of problem (2.1).

The theorem is proved.

3. Existence principle for singular Dirichlet problem. We will use the following approach
in the investigation of singular problem (1.1):

we approximate problem (1.1) by a sequence of solvable regular problems;

we find a sequence {u,,} of approximate solutions;

we investigate convergence of a suitable subsequence {uy, }.

The type of this convergence determines the properties of its limit v and, among others,
determines whether w is a w-solution or a solution of the original singular problem (1.1).

There are many ways of constructing an approximate sequence of regular problems. The
main properties of such a sequence are given in the next theorem.

We will consider the sequence of regular problems

(¢(u/))/ + fn(tvu7 ul) =0, U(O) = U(T) =0, (3.1)

where f,, € Car ([0,7] x R?),n € N.

Theorem 3.1 (Existence principle for singular problem). Let (1.2) hold. Lete,, > 0,7, > 0
forn € Nand let lim ¢, = 0, lim n, = 0. Assume that
n—oo

n—oo

1 1 2
falt,z,y) = f(t,x,y) foraet e | =T — ] , for each n > T
n mn

and for each (xz,y) € A1 X A, x| > en, |y| = nn, (2
there exists a bounded set Q0 C C*[a, b] such that
foreachn > % the regular problem (3.1) has a solution (3.3)
up € Qand (un(t),ul, (t)) € Ay x Ay fort € [0,T].
Then there exist u € C[0,T) and a subsequence {uy} C {u,} such that
klirrolo u(t) = u(t) uniformly on [0, T]. (3.4)
Further assume that there is a finite set S = {s1,...,s,} C (0,T) such that
on each interval [a,b] C (0,T)\ S the sequence {$(ul,)} is equicontinuous. (3.5)
Thenu € CY((0,7)\ S) and
lim uy(t) = 4/(t) locally uniformly on (0,T) \ S. (3.6)

k—o0
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88 L. RACHUNKOVA, J. STRYJA

Assume, in addition, that the set S has the form
S={se(0,T): u(s) =0ord(s) = 0oru'(s) does not exist}. (3.7)

Then ¢(u') € AC)oc((0,T)\ S) and u is a w-solution of problem (1.1).
T
Denote s) = 0 and s,41 = T. If there exist n € <07 2) s A0y 0y ALy 1y - -« 5 Aut1, fhutl €
€ {-1,1}, ko € Nand+ € L[0,T] such that

Ailfio (, up(t), wp (1) signug(t) = (t) forae t € (si—n,s)N(0,T),
i fr (8, up(t), w (t)) signu (t) > ¥(t) forae t € (si,si+n)N(0,7T), (3.8)
forall i € {0,...v+1}, ke N, k > ko,
then ¢(u') € ACI0,T) and u is a solution of problem (1.1). Moreover, (u(t),u'(t)) € A x Ay
fort € 10,7
Proof. By (3.3) there exist » > 0 and a sequence {uy,} of solutions of (3.1) such that

2
||un||ct < rforeachn € N, n > T (3.9)

Therefore the sequence {u,} is bounded in C[0,7] and equicontinuous on [0, 7]. By Arzela-
Ascoli theorem we can choose a subsequence {u} such that

Elim l|we — ullc =0, uw e C[0,T]. (3.10)

Now assume also (3.5) and choose an interval [a,b] C (0,7") \ S arbitrarily. Then {¢(u})} is
equicontinuous on [a, b]. By (3.9) the sequence {u;} is bounded in Cfa,b]. Since ¢ is home-
omorphism, the sequence {¢(uj)} is bounded in C|a,b] too. Arzela— Ascoli theorem implies
that we can choose a subsequence {¢(uy)} C {¢(ur)} such that

lim ¢(u(t)) = ¢(u'(t)) uniformly on [a, ]

k—o00

and consequently we get

klljgo uj,(t) = /() uniformly on [a, b].

By virtue of (3.10), the sequence {uy } satisfies (3.4). Using the diagonalization method we can
choose such {uy} that (3.6) holds, as well. Therefore v € C1((0,7) \ S).

By (3.4), u satisfies u(0) = u(T") = 0.

Let (3.7) be true. Define sets

Vi={te(0,T): f(t-,-) : D — Risnotcontinuous},

Vo = {t € (0,T) : the equality in (3.2) is not satisfied },

and let
U=(0,T)\(SuViuW).
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We see that

meas(SUVI UVp) = 0. (3.11)
Choose an arbitrary t € U. Then there exists k; € N, such that foreach k¥ € N, k > k;, we have

1 1
t € |:va_ ]C:| ) ‘uk(t” > €k, ‘ugg(t” > Nk,

and
Fe(tsup(t), up,(£) = f(t un(t), up, (1))
Since ¢ is an arbitrary element of U, by (3.4), (3.6) and (3.11) we get

khiﬂlo fr(t,up(t), up(t)) = f(t,u(t),u'(t)) a.e. on [0,T]. (3.12)

Now choose an arbitrary interval [a,b] C (0,7") \ S and integrate the equality

—(o(u' (1)) = fe(t,u(t),u'(t)) forae. t € [0,T]. (3.13)
We get
—o(ul(t)) + ¢(up(a)) = /fk(s, uk(s), uy(s))ds for each t € [a,b]. (3.14)

Moreover there exists k* € N, e* > 0, n* > 0, such that foreach k € N, k > k*,
| fe(t, up(t), up(t))] < m(t) forae. t € [a,b],

where

m(t) = sup {[f(t,z,y)| : " < |z| <7, 0" < y[ <7} € Lfa, b].

Since m € L|a, b] we can apply the Lebesgue convergence theorem on [a, b] and get f(-, u(-),
u'(+)) € L[a,b]. Moreover,

b b
klirglo Tr(s,up(s), up(s))ds = /f(s,u(s),u'(s))ds,
which, by (3.14), yields
- (t)) + (v (a)) = /f(s,u(s),u'(s))ds foreach t € [a,]. (3.15)

Since [a, b] is an arbitrary interval in (0,7") \ S, we get that ¢p(u') € AC1e((0,T)\ S) and u is a
w-solution of (1.1).

. T
Now assume also that there exist n € (0, 2), A0y 40y ALy 1y« - oy Audy i1 € {—=1,1},

ko € Nand ¢ € L|[0,T] such that (3.8) holds. Since u is a w-solution of (1.1), it remains to
prove that ¢(u') € AC[0,T].
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90 L. RACHUNKOVA, J. STRYJA

Choose i € {0,...,v + 1} and denote (¢;,d;) = (s;i —n,s;) N (0,T). For k € N and for a.e.
t € (¢,d;) \ S we denote

hie(t) = Aifi (b, un(t), ug,(£)) sign g (£) + [ (1)),

h(t) = Aif(t u(t), u'(t)) sign ' (2) + [ (1))

Due to (3.7) we have «/(t) # 0. Further, hy € L[¢;, d;] and according to (3.6) and (3.12) we

have
lim hy(t) = h(t) for a.e. t € [¢;,d;].

k—o00

If we multiply (3.13) by sign u}(¢) and then integrate over [c;, d;] we get, for k > ko,

d;
(s, uk(s), ui(s)) signup(s)ds| < ¢(Jup(di)]) + d(|ug(ci)l)-

Ci

By (3.9) we get that the sequence {¢(u},)} is bounded. By (3.8)

d; d; d;
/|hk(s)|ds = /hk(s)ds < /fk(s,uk(s),u%(s))signuz(s)ds +

d; d;
+ [ slds < (@) + el + [ Tots)ids < e

Fatou lemma implies that b € L[c;, d;] and f(-,u(-),u'(-)) € Lic;, d;].

If (¢;,d;) = (si,si +n)N(0,T) we argue similarly.

Since f(-,u(-),u'(-)) € Lla,b] for each [a,b] C (0,T)\ S, we get f(-,u(-),u'(-)) € L[0,T]
and the equality in (3.15) is fulfilled for each ¢t € [0,7] and ¢(u') € AC|0,T]. We have proved
that w is a solution of (1.1).

By (3.3) and (3.4) we have (u(t),u'(t)) € A; x Ay fort € [0,T].

4. Application of existence principle. Existence principle in Theorem 3.1 is applicable to
singular problems where their nonlinearity f(¢,z,y) can have singularities in all its variables
t,z,y. If f has no singularity at y = 0, then we can put n, = 0 for k& € N in Theorem 3.1.
Moreover, due to the proof of Theorem 3.1, the set S in (3.7) consists only of the zeros of u.
This will be accounted for in the next theorem where we will assume that

f € Car ((0,T) x D) can change its sign, D = (0,00) x R, @1
f has mixed singularitiesatt = 0, t =T, = = 0. '

Theorem 4.1. Let (4.1) hold. Let o1 and oo be a lower function and an upper function of
problem (1.1) and let

0< Jl(t) < UQ(t)fOI”t (S (O,T).
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Assume that there exist a1, a3 € [0,T], a1 < az, b € (0,00), a nonnegative function h € L[0,T],
and a function w € C|0, 00) fulfilling

[e.o]

/wCZ) =00, w(s) > bfors e [0,00) (4.2)
0

and
[tz y)signy < w(|o(y)])(A(t) + |yl)

forae. t € [0,az] and all x € [01(t),02(t)], y € R,

[tz y)signy > —w(|d(y)])(h(t) + [y])
fora.e t € [a1,T] and all x € [01(t),02(t)], y € R.
Then problem (1.1) has a solution satisfying estimate (2.5).

Remark 4.1. Lower and upper functions of problem (1.1) are understood in the sense of
Definition 2.1.

The proof of Theorem 4.1 is based on Theorem 3.1 where the existence of a bounded set
Q C C'0,T) is needed. Therefore we first prove an apriori estimate.

Lemma 4.1. Let aj,a2 € [0,T], a1 < a9, 19,k € (0,00). Further, let hy € L[0,T] be
nonnegative and let w be positive and fulfil the condition

fcg) . “3)

Then there exists r > 0 such that for each function u satisfying

¢(u) € AC[0,T], |lullc < ro,
(D(u'(1))) signu'(t) = —rw(|p(u'(t)])(ho(t) + |u'(t)]) for a.e. t € [0, as], (4.4)

(o(u'())) sign/(t) < rw(|o(' (1)) (ho(t) + [u'(¢)]) for a.e. t € [a1,T],
the estimate ||u'||c < r is valid.

Proof. Choose an arbitrary u satisfying condition (4.4). By the Mean Value Theorem we

can find £ € (ay, az) such that

27’0
W' (§)] < =: Co.
as — aq

Put v(t) = ¢(u/(t)) for t € [0,T]. Then |[v(€)| < ¢(co) and signu/(t) = signo(t) for ¢t € [0,T].
Condition (4.3) implies that there exists p € (¢(cp), 00) such that

p
d
/ WZ) > k(||ho||z + 2ro). (4.5)
é(co)
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Assume that max{|v(t)| : ¢t € [0,{]} = |v(a)| > p. Then o < ¢ and there exists 5 € (o, ¢]
such that [v(5)| = ¢(co), [v(t)] > @(co) for t € [a, 5]. By the inequality in (4.4), which holds on
[0, as], we get
V() signo(t)
w(v(®))

Integrating this inequality over [«, §] and using the substitution s = |v'(¢)|, we have

[v(a) g s
/ (/ho( )dt+/u’(t)dt) . (4.6)

Since |v(t)| = |o(u/(t))] > ¢(co) for t € [a, 3], we see that «’ does not change its sign on [«, (]

and hence
B B8
/\u’(t)\dt _ /u’(t)dt < 2.

«

< k(ho + |/ (t)]) for ae. t € [, ).

So, inequality (4.6) leads to

p p lvee)l p
S S
—_— — < h 2
| 5 < [ 25 = il +2m),
(o) é(co)

which contradicts inequality (4.5). Therefore |v(«)| < p and we have proved

|p(u(t))] < pfort € [0,€].

The estimate
[p(u(t))] < pfort € [€,T]

can be proved similarly using the inequality in (4.4) which holds on [ay, T].
Hence, we get ||v/||c < 7, if we putr = ¢~ 1(p).
The lemma is proved.

2
Proof Theorem 4.1. Choose an arbitrary n € N, n > T and denote

A, = [0,1> 0 (T—l,T],
n n

An1 = {t e A, : O'1<t) = O’Q(t)},
Ap, ={t € Ay o1(t) < o2(t)}.

Define
0'1(75) if z< Ul(t),
alt,z) =< x it o1(t) <z <,
0 if x> rg,
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forallt € [0,T],z € Rand ro = max {||o1]|c,||o2]|c},

if <,
By) = { voom e
rsigny if  |y| >,
where r» > max {||c}||c, ||o5||c} is a constant by Lemma 4.1 for xk = 1 + %,
(¢(o5(1))) if 2> oa(t),
) = 4 = @)BEO) +(0a0) - DGO
gn(t, ) oo —o10) it o1(t) <z < oat),
(¢(U/1(t))/ if z<o;

forae.t € A,, andallxz € R, and
(f(t,alt,z),B(y)) if te€[0,T]\A,,

(p(o1 (1)) it teA,,
(t,z) if teA,,

fn (t7 xZ, y) = -

—9n

forae.t € [0,7]and all z,y € R.
Then f,, € Car ([0,7] x R?), and f, satisfies the inequalities

futtagysigny < (143 ) (0 D(hl®) + 1)

(4.7)
fora.e. t € [0,a2] and all z € [01(t), 02(t)], y € R,
uttsgysiny = = (145 ) (D00 + b
(4.8)
forae.t € [a1,T]and all z € [o1(t),02(t)], v € R,
where ho(t) = h(t) + [(¢(a](2)))'| + [(¢(ch(t)))’]. Consider the problem
() + falt,u,u') =0, u(0) = u(T) = 0. (4.9)

We see that o1 and o9 are also lower and upper functions to problem (4.9). Moreover there
exists h,, € L]0, 7] such that

| fa(t,2,9)| < hy(t) forace. t € [0,T7.

2
Hence, for eachn € N, n > T Theorem 2.2 gives a solution u,, of problem (4.9) satisfying

(2.5). Moreover u,, fulfils conditions (4.4) with x = 1+ % Therefore, by Lemma 4.1, ||u;,||c <
<.
Define
Q={zeC0,T): o1 <z <0oo0n0,T], ||2||c <r}.
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1 1
Put A; = [0,7¢], A2 = [-nr,7],en = max{al <> , 01 (T— >}, 1, = 0forn € N. Then
n n
conditions (3.2) and (3.3) are fulfilled and, by Theorem 3.1, we can find a subsequence {uy} C
C {uy,} uniformly converging on [0, 7] to a function u € C[0,T].
Choose [a,b] C (0,7). Then there exists kg € N such that for k& > ko we have [a,b] C
1 1
- [k:’T — k:} and
| (8, up(t), up(t))] < h(t) fora.e. t € [a,b],
where
h(t) = sup{|f(t, 2, y)| = v <@ < 02(t), |yl <7},

and 7, = min{o(t) : t € [a,b]} > 0. Since h € La,b], we see that the sequence {¢(u},)} is
equicontinuous on [a, b]. Since f has not singularities at y, the set S C (0,7) consists only of
the zeros of . Since w is positive on (0,7"), S is empty and we see that conditions (3.5) and (3.7)
hold. Hence, by Theorem 3.1, ¢(u’) € ACo.((0,7)) and u is a w-solution of problem (1.1).
1
Denote wy = max{w(s) : s € [0,¢(r)]} and ¢ (t) = — <1 + b) wo(ho(t) +1).

Inequality (4.7) implies that

—fie(t, up (1), up,(2)) sign g, () > ¥(t)

fora.e.t € [0,az2] and all £ > ko, and similarly inequality (4.8) gives

Fr(t un(t), up(t)) signug (t) > ()

forae.t € [a1,T] and all k > k.

So,if weputv = 0, up = —1,s90 = 0,51 = T, Ay = 1,7 = min{as, T — a1}, we get
inequalities (3.8). Therefore, by Theorem 3.1, ¢(v') € AC[0,T] and w is a solution of problem
(1.1).

The theorem is proved.

1 1
Example 4.1. Let o, f € [1,00),a € R, b € < 7\@)’ ce (0,0),d € (b — 2b>. Consider
problem (1.1) where ¢(y) = y and
HT —t)
x

fltay) = (L= =47 +a) (@ —bt(T =)y + ey’ —d+

fora.e. t € [0,7] and all z,y € R. The first term of f has time singularities at ¢t = 0,¢ = T and
the last term of f has a space singularity at z = 0.
Let us put

Ul(t) = bt(T—t), O'Q(t) =T > j:f <1 +b) y

SH

T T
w(s) = (s Dle+D), a =g, a2 =5
If we choose a sufficiently large positive constant K and put h(t) = K, we can check that
all conditions of Theorem 4.1 are fulfilled. Therefore our problem has a solution « satisfying

estimate (2.5).
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