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Weakly nonlinear boundary-value problems for Fredholm integral equations with degenerate kernel in
Banach spaces are considered. We obtain necessary and sufficient conditions for finding solutions of these
problems and construct converging iterative procedures of determination of solutions of these boundary-
value problems.

PosrisgHyTo crabkoHeiHIMHI KpaiioBi 3agayi I iHTerpajbHUX piBHSHL Ppenronbma 3 BUPOIKEHUM
aIpoM y 06aHaxoBUX IpocTopax. Omep:kaHO HEOOXIMHI Ta IOCTaTHI YMOBM iCHYBaHHS PO3B’SI3KiB TaKUX
3a]a4, a TAKOX IMOOyIoBaHO 30iKHI iTepalliiiHi MpOLELypr IJIs 3HAXOMKEHHS pO3B’ S3KiB 3a3HAUEHUX
3aaad4.

This paper is a continuation of the research on the conditions of solvability and the construction
of solutions of weakly nonlinear integral Fredholm equations with a degenerate kernel in Banach
spaces that were started in [1].

Constructive methods for the analysis of weakly nonlinear boundary-value problems for the
systems of functional-differential and other equations traditionally occupy one of the important
places in the qualitative theory of differential equations and continue the development of methods
of perturbation theory, in particular, the methods of Lyapunov — Poincare small parameter [2, 3].

These methods were successfully developed in [4, 5] and applied in the study of weakly
nonlinear boundary-value problems for systems of ordinary differential equations [6] and the
construction of bounded solutions of weakly nonlinear differential equations [7] in Banach
spaces.

In finite-dimensional Euclidean spaces, weakly nonlinear integral-differential equations and
Fredholm integral equations with a nondegenerate kernel, which are not always solvable, were
studied in [8, 9].

The specific nature of the study of boundary-value problems for systems of integral equations
in Banach spaces lies in the fact that their linear part is an operator that does not have an
inverse [10], which considerably complicates the study of boundary-value problems for such
equations. Therefore, the problem of studying the conditions of existence and constructing the
general solutions of weakly nonlinear boundary-value problems for not always solvable integral
Fredholm equations with a degenerate kernel in Banach spaces is topical.
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Statement of the problem. We consider a weakly nonlinear boundary-value problem

b b

(Lz)(t) :== 2z(t) — M (t) /N(s)z(s)ds = f(t)+ 5/K(t, s)Z(z(s,¢€), s, €)ds, (1)
() = a+eJ(z2(€),€), 2)

where the operator-valued functions M (¢) and N(t) are defined on the finite interval Z = [a, b],

act from the Banach space B into the same space, are strongly continuous with the norms

[||M]||| = sup||M(t)||ls = My < oo u |||N]||| = sup||N(t)||s = No < oo; the operator-valued
teT teT

function K (t, s) is defined in the square Z x Z and acts from the Banach space B into the same

space with respect to each variable, is strongly continuous with respect to each variable with

the norm ||| K||| = sup||K(t,s)||lB = Ko < o0; Z(2(t,€),t,¢) is nonlinear z bounded operator
tez

function, J(z(+,€),¢) is nonlinear z vector-functional that in the neighborhood of the generating
solution ||z — zp|| < ¢ have a strongly continuous Frechet derivative with respect to z and are
continuous for the set of variables z, t, ¢, ¢ and ¢, that are rather small constants; Z(0,¢,0) = 0,
z!(0,t,0) =0, J(0,0) =0, J.(0,0) = 0; f(t) is a vector-valued function in the Banach space
C(Z,B) that are continuous vector functions on the interval Z; « is an element of the Banach
space By: a € B;.

Along with the problem (1), (2) we consider the linear generating boundary-value problem

b
2olt) — M(t) / N(s)20(s)ds = £(1), 3)
EZO() = Q, (4)

which is obtained from (1), (2) for ¢ = 0.

The problem is to find the necessary and sufficient conditions for the existence of the solutions
of the weakly nonlinear boundary-value problem (1), (2). We seek solutions in the class of vector-
valued functions z(t,¢), that are continuous with respect to the variable ¢ and with respect to
the parameter ¢, and turning at € = 0 into the generating solution of the linear boundary-value

problem (3), (4).
b

Auxiliary information. Suppose that a bounded linear operator D = Ig — / N(s)M(s) ds,

D: B — B is generalized invertible. Then [11, 12] there is a bounded projectgr Pnpy: B —
— N(D), that projects a Banach space B onto the null space N(D) of D operator, a bounded
projector Py, : B — Yp, that projects a Banach space B on the subspace Yp = B & R(D) and
D~ is a bounded generalized inverse operator to the operator D [4, 5, 13].

The class of bounded linear generalized invertible operators that act from the Banach space
B to the Banach space B will be denoted as GI(B, B). It is obvious that the operator belonging
to GI(B, B) is normally solvable [14].

It is shown in [15] that if the operator D € GI(B, B), then, under the condition

b
M (t)Py,, /N(s)f(s)ds =0
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and only under it, the operator gather (3) is solvable and has a family of solutions

20(t) = M(t)Py(pyc+ (L f)(1), (5)

where c is an arbitrary element of the Banach space B,

b
(L~ F)(t) = £(t) + M(1)D™ / N(s)f(s)ds

is a bounded generalized inverse operator to the integral operator L [10].
Substituting the solution (5) of the inhomogeneous operator gather (3) into the boundary
condition (4), we obtain the operator gather

b
Qc+Lf(-) +LM(-)D™ /N(s)f(s)ds = a,

where Q = (M (-)Py(p): B — By is a bounded linear operator.

Let the operator Q € GI(B,B;). Denote Py(g): B — N(Q) is the bounded projector of
the Banach space B to the null space N(Q) of the operator @, Py, : By — Y is the bounded
projector of the Banach space B; onto the subspace Yy = By © R(Q), Q~ is a bounded
generalized inverse operator to the operator ().

Theorem 1 [15]. Let the operators D € GI(B,B) and Q € GI(B,B;).

Then the corresponding (3), (4) homogeneous (f(t) = 0, o = 0) boundary-value problem
has the family of solutions s

z(t) = M(t)c,

where M (t) = M(t)PnpyPn(q), ¢ is an arbitrary element of the Banach space B.
The nonhomogeneous boundary-value problem (3), (4) is solvable for those and only those
f(t) € C(Z,B) and o € By, that satisfy the system of conditions

b
M(t)PyD/ N(s)f(s)ds =0,

Py, [a - tf)—emyp- | b N(s)f(s)ds] 0 ©
and it has the family of solutions
20(t) = M(t)e + (GF)(t) + M()Py(pn)Q e, @)
where
(GH®) = [£) = MEP )@ 1)) +
b
+M(2) [Tn ~ Pp)Q M) D™ [ N(s)f(s)ds (8)

is a generalized Green operator of the corresponding (3), (4) semi-homogeneous (o = 0)
boundary-value problem.
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It is necessary to note that the first of the conditions (6) will always be satisfied if the condition
b

Py, / N(s)f(s)ds = 0 is satisfied.
To solve the problem, we need the information about the solvability conditions and the

representation of the solutions of the operator gathers with linear operator By that is an operator
matrix

where B;: B — B and By: B — B, are linear bounded generalized invertible operators [11].
In this case [11, 12] there are bounded projectors Py(p,): B — N(B1) and Py(p,): B —
— N(B) to the null spaces of the operators B; and B, and also the bounded projectors
Pyg, : B =Yg, and Pyp,: B1 — Yp, to the subspaces Yz, = BOR(B;) and Yp, = B1OR(B>),
respectively, and also bounded generalized inverse operators B; and B, .
Then, using [16] for the system of operator equations

B b
Boc — [Bjc: [bj, b eB, b e B, ©)

the following theorem is true.
Theorem 2 [17]. Let By € GI(B,B) and By € GI(B,B;). Then the system of operator
gathers (9) is solvable for those and only those col [by, ba] that satisfy the condition

b
Py, {bj -0,
under which it has a family of solutions
. _ (b
C = PN(BO)C + BO bg s

Ig — Bl'PN(B2)Bf —BlBg

0 PYBQ
= IxB, © R(Bo), Pn(By) = Pn(B:)Pn(By) is a bounded projector onto the null space N(By)
of the operator By, ¢ is an arbitrary element of the Banach space B,

By = [Pn,)Br By

where Py, = ] is a bounded projector onto the subspace Yp, =

is a bounded generalized inverse operator to the operator By.

Main result. Using the generalized Green operator (8) of the linear semi-homogeneous
boundary-value problem, we seek the existence conditions for the solutions z = z(¢,¢) of the
boundary-value problem (1), (2) that are defined in the class of vector functions: z(-,¢) € C(Z,B),
z(t,-) € C(0,¢0] and turn for € = 0 to one of the generating solutions zy(, c)

Performing in (1), (2) the change of the variable

z(t,e) = zo(t, c) + x(t, )

for the deviation z(¢,¢) from the generating solution, we obtain the boundary-value problem

b b
x(t) — M(t)/N(s)x(s)ds = 5/K(t, $)Z(z0(s,c) + x(s,€),s,€) ds, (10)

a
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lx(-) = eJ (20, ¢) + z(-,€), ). (11)

We find the necessary condition of the existence of solutions z(t,¢) of the boundary-value
problem (1), (2), which for € = 0 become one of the generating solutions zy(t,c) € C(Z,B) of
the generating boundary-value problem (3), (4).

Suppose that the boundary-value problem (1), (2) has a solution z(¢,¢), then by Theorem 1,
the system of solvability conditions must be valid

Py, /ab N(s) [f(t) + 5/ab K(s,7)Z(z(7,¢),T, s)dT] ds =0,

Pyg | +ed(2(-€),e) = £f(:) —

b b
_ EM(-)D_/ N(s) [f(s) + 5/ K(s,7)Z(z(1,¢e),T, 5)d7’] ds] =0,
which, taking into account (6) and ¢ # 0, take the form

Py, [/ab N(s) /ab K(s,7)Z(2(1,¢),T, E)dT] ds =0,
o 12)
Py, [J(Z('75)76) —KM(-)D/G N(s)/a K(s,T)Z(z(T,a),T,s)des] =0.

Taking into account the continuity of the operator-valued functions Z(z,t¢,¢) and J(z(-,€),¢)
with respect to the totality of the variables z, t, e, passing to the limit at ¢ — 0 in the
system (12), we obtain the necessary condition of the existence of solutions of the boundary-
value problem (1), (2)

Py, UabN(s) /abms, N Z(z0(r, c),T,o>dT} ds = 0,

F(c) =

Py,

b b
J(zo(',c),O)—EM(-)D/ N(S)/ K(s,7)Z(20(7,¢),7,0)dTds| = 0.

Thus, the theorem is valid for the boundary-value problem (1), (2).

Theorem 3. Suppose that with respect to the above conditions, the boundary-value
problem (1), (2) has the solution z(t,e), continuous on ¢ € [0,e9], which converts at ¢ = 0
to some generating solution z(t, c) of the form (7) obtained at ¢ = cy. Then the element ¢y € B,
satisfies the system of gathers

b b
Py, / N(s) / K(s,7)Z((20(7, co)), 7, €)drds = 0,
Fley) = ¢ ‘ (13)
0

Py,

b b
J(zo(-,co))—ZM(-)D_/ N(s)/ K(5,7)Z(20(5, o)), 7, €)dr ds | = 0.

By analogy with weakly nonlinear problems for ordinary differential gathers [2, 4, 5], the
system of gathers (13) will be called a system of equations for generating constants.

ISSN 1562-3076. Heniniiini koaueannus, 2018, m. 21, Ne 3



352 V. F. ZHURAVLEV

Therefore, if the system of equations (13) has a solution ¢ = ¢y € B, then the element ¢
determines the generating solution z(¢, cp) to which the solution z(¢, ¢) of the original nonlinear
boundary-value problem (1), (2) can correspond. If the system of equations (13) does not have
solutions, then the boundary-value problem (1), (2) does not have the desired solution. Thus,
the necessary condition of the existence of a solution of the boundary-value problem (1), (2) is
satisfied by choosing the constant ¢ in the generating solution (7), as the real root of the system
of equations (13).

To prove the sufficiency, using the conditions on the nonlinear operator-valued functions
Z(z,t,e) and J(z,¢), we single out the linear parts with respect to x and terms of order zero
with respect to €. As a result, we obtain expansions

Z(z0(t,co) +x(t,e),t,e) = Zo(t,co) + T(t)x(t,e) + R(x(t,e),t,¢),
J(z0(-yc0) +2(-,€),¢) = Jo(-, c0) + lrz(-,€) + Ri(z(+,€), €),
where
Zo(t,co) = Z(20(t, c0),t,0) € C(Z,B),

Jo(+, co) = Jo(20(+,0),0) € By;

Z(z,t
T(t) =T(t co) = 92%4,0) (g’z .0) ( )GC(I,B),
z=z(t,co
g = 97(20) . £:C(I,B) - By;
0z z=z(-,c0)

R(z(t,e),t, ) is nonlinear vector-valued function, R;(x(-,¢),¢) is nonlinear vector-valued functi-
onal.

Considering the nonlinearities in the boundary-value problem (10), (11) as inhomogeneities
and applying theorem 1 to it, we obtain the following expression for the representation of its
solution x(t,¢):

x(t,e) = M(t)c+ z(t, ).
In this case, the unknown vector ¢ = ¢(¢) € B; is determined from the solvability conditions of
the type (12)

Pry [ N6 [ K6, {Zolre0) + T2 +

+R(z(T,€),T,¢) }dr ds =0,

PYQ Jg(', CO) + €1$(~,€) + Rl(x('v[':)vg) -

(14)

b b
—eM(-)D—/ N(s)/ K(SJ){Zo(ﬂCoH

+T(1)z(r,e) + R(z(T,€), T, 5)}d7’ds] = 0.

\
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The unknown vector function z(t, ) is defined by the formula
T(t,e) =¢ ( /K ){Zo(s,co) +T(s)x(s,¢€) —i—R(w(s,s),s,s)}ds) (t)+

+ M(t)Q™ [Jo(, o) + ax(-, ) + Ra(z(-,€),€)],

where the operator G acts on the vector function
Sp(ta 8) = /K(t7 8){20(87 CO) + T(S)JZ(S, E) + R(.’L’(S, 6)7 S, 8)}d8

by the rule (8). .
Substituting the expression x (¢, ) in (14) for M (¢)c+z(t, €) and isolating the terms containing
the constant ¢, taking (13) into account, we obtain the operator equation

r b b
PYD/ N(s)/ K(s,7)R(x(r,¢),z(T,¢€), 7, ¢)dT ds,

BoC:* 73

— OM()D- / )/abK(s,T>R(x(T,g),;z(T,g),T,e)dfds

where

By = Py, [&]\7( ) — OM (- / /K s,7)T(T)M(T )deS]

R(z(s,e),z(s,€),8,6) :=T(s)Z(s,¢) + R(x(s,¢€), s,€),

Ri(z(-,¢),z(-,e),e) == Z(-,€) + Ri(z(,€),€).
The operator By acts from the Banach space B to the direct product of the Banach spaces B
and By, By: B — B x B;.
Using the fact that the vector constant ¢y € B;j satisfies the system of equations for the
generating constants (13), to find a continuous in ¢ solution of z(-,¢) € C(Z,B), z(¢,0) =0 of
the weakly nonlinear boundary-value problem (1), (2), go to the equivalent operator system

x(t,e) = M(t)e(e) + z(t, e),
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Z(r,e), T, €)drds,

b
5) / K (s, 1) R(z(r.2),

e),z(-,¢e),e) — ,
b b
_ 0M()D- / N(s) / K (s, )R

Z(t,e) = 6( /K )[Zo(s,co) +T(s)x(s,e) + R(x(s,€), s,¢)] ds) (t)+

b
PYD/N

Py, (15)

Ry(z(,

T,€),Z(T,€), T, €)dT ds]

+ M(t)Q™ [Jo(, o) + ax(-,€) + Ra(z(-,€),€)],

Let B; € GI(B,B) and B; € GI(B, B;). Then, by Theorem 2, because of normal solvability,
the second equation of the operator system (15) is solvable if and only if its right-hand side satisfies
the condition

- b b -
PYD/ N 8)/ K(s,7)R(z(r,¢),z(T,€), 7, €)dT ds,
7f5YB1 By || Pre Ri(x(-€), (- - 0 16)
0 PYB2 b — U2x1,
M (YD~ / )/ K(s,7)x
x R(z(t,¢),z(T,€), 7, e)dr ds]
where 051 is a dimensional zero matrix, 753/31 =Ip — BiPn(B,)B1 s Bi2=—B1B;.
At
P Py,
Yo 71 = 0251 (17)
0 PYBQ 'PYQ

the condition (16) will always be satisfied and, by Theorem 2, the second equation of the operator
system (15) will have a family of solutions

c(€) = Pn(Bo)¢ — [Pn(sayBr By x

z

()

€), 7,

e)dr ds,

o [

/KST re),

X | Py,

Ry(z(-e

:L' .

NS

78)_ ’

—(M(- D/ )/abK(s,T)R(J:(T,e),

z(t,e),7,e)dr ds
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where Py (g,) = Pn(B,)Pn(p,) 18 the projector onto the zero-space N (By) of the operator By, ¢
is an arbitrary element of the Banach space B, [PN( B)B1 By ] is a generalized inverse operator
By
Bs|’

Setting ¢ = 0, when conditions (17) are satisfied, one of the solutions of the second equation
of the operator system (15) will have the form

to the operator By =

_ /N / PV R((r,), 5(r2), 7, €)dr ds+

b b
MDD~ / N(s) / K(s, ) R(a(r,2), 2(r, ), 7, €)dr ds|
where B = —Py(p,) By Pvy,, By = —B; Py,,.
Thus, if conditions (17) are satisfied, the operator system (15) will have the form

z(t,e) = M(t)c(e) + z(t, ),

N /N / ,T)R(x(7,€),Z(T,€), 7,€)dT ds+

g; El(x("s)wf('vg)ag)_ (18)

b b
_EM(')D_/N(S)/K(S,T)R(x(T,6),:5‘(7‘,6),7’,6)d7‘d8],

z(t,e) 5( /K ) {Zo(s,co) + T(s)z(s,¢) —i—R(x(s,s),s,e)}ds)(t)—i—

+ M(t)Q™ [Jo(‘, co) + l1x(-,e) + Ry(z(+, e), s)} ,

By analogy with [1, 4, 5, 9], it can be shown that the operator system (18) belongs to the class
of the systems for which the convergent method of simple iterations is applicable.

Theorem 4. Suppose that the generating boundary-value problem (3), (4) under the condi-
tions (6) has a family of generating solutions (7). Then for each element ¢y € By, which satisfies
the system of equations for the generating constants (13), under the conditions

PYD _
[PYQ] = 0za

Pyg,

Pn(By) # 0, 0 Py,
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the boundary-value problem (1), (2) has at least one solution z(t,c) = zy(t,co) + x(t, ) conti-
nuous with respect to €, which turns into a generating solution zy(t,co) at € = 0. This solution
is found by converging to [0,e,] C [0,e0] of the iterative process

zk+1(t,€) = 20(t, co) + zpy1(t, €),

Thy1(t,e) = M(t)ep(e) + Tpsa(te), k=0,1,2,...,
= /N /K s, T)R(zy(1,€), Tp(7, €), 7, €)dT ds+

+ By |Ri(zk(-,€), Tk (-, ), €) — (19)

— CM (- / /K s, 7)R(xy (1, €), i‘k(T,6),T,€)d7‘dS],

xk+1tes! (/K {ZOSCO)+

+T(s) [M(s)ck(e) + a’ck(s,e)} + R(z(s,e),s,e)ds) })(t)—i—
+ MOQ™ {Jo(s o) + [ M()en(e) + a4(-,)| + Ru(an(2), @}].

Pyg, Br2
0 Py,
In this case, the condition (17) will always be satisfied and the second equation of the operator
system (15) will be always solvable, and the generalized inverse operator B, will be a right
inverse operator (Bg);-! [13]. Then the boundary-value problem (1), (2) will have at least one
solution that is found by means of the convergent iterative process (19), in which By = (By),*

Remark 1. 1f Pyp,) # 0 and = 0241, then the operator By is d-normal.

PYBl Bio

0 Py,
normal. In this case, the generalized inverse operator B, is the left inverse operator (Bo)l_1 and
under the condition (17) the second equation of the operator system (15) is definitely solvable [13].
Then for each ¢ of the system for the generating constants (13) the boundary-value problem (1),

(2) has the only solution that is found by means of a convergent iterative process (19), in which
By = (Bo); !

Remark 2. 1f Py(p,) = 0 and Py, = # 02x1, then the operator By is n-
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