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This paper deals with the existence of solutions for the dynamic equation on time scales
uBSBEE (L) = f(tula(t),u®(#)), te [0, 1]r,

with the multipoint boundary conditions
m—2 n—2
w(0) =0, u(o(l)) = Y au(&), u(0) =0, u(o(1)) =Y bju">(n),
i=1 j=1

where T is a time scale, 0,1}y = {t € T|0 <t < 1},a; > 0,7 = 1,2,....m—2,b; > 0,j =
=1,2,....n—=2,0< & <& < oo <o <p(1),0 <) <ma < ... < Mo < p(1). The existence
result is given by using Green’s function, the method of upper and lower solutions, and the monotone
iterative technique. We also give an example to illustrate our result.

Poseasrnymo npobaemy icHy8anHA pO36°A3KI6 0N OUHAMIYHOR0 PIBHAHHA HA YACOBIU UWKAAL
uBBEA() = f(tu(o(t), a2 (1), t € [0,1])r,

3 bazamomo4Kosumu 2PAHUYHUMU YyMOBAMU
m—2 n—2
w(0) =0, u(o(1)) = Y au(&), u(0) =0, u (1)) =D but>(n),
i=1 j=1

oe T — uacoea wixana, 0,17 = {t € TI0 < t < 1},a;, > 0,4 = 1,2,...,m — 2, b; > 0,
j=12...,.n—2,0 < & < & < ... < Epea < p(1),0 <1 < M2 < .ot < Moo <
p(1). Icnysarna 0ogedero 3 sukopucmannam Gynxuyii I pina, memooy eepxmix ma HUXCHIX pO3B8°A3KIE i
MexXHIKU MOHOMOHHOT imepayii. Hasedeno npuxaad 04a inrocmpayii py3yabmamis.
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1. Introduction. Throughout this paper, we assume that the reader has a basic knowledge of time
scales and time scale notations that were first introduced by Hilger [1] and later refined in the
monographs of Bohner and Peterson [2, 3]. In recent years, various boundary-value problems
(BVPs, for short) on time scales have been studied by many authors, (see, for example, [2-9]
and the references therein). Let 7" be a time scale with 0,1 € T. This paper deals with the
following fourth-order dynamic equation:

uPLAA () = ftu(o(t),u®B (1)), te[0,1]r, (1.1)

with the multipoint boundary conditions

(12)

n—2
WBL0) =0, uBo(1) = 3 bjutt (),
7j=1

where 7' is a time scale, a; > 0,7 = 1,2,...,m —2,b; > 0,j = 1,2,...,n—2,0 < & <
< & < SR Em—2 < p(1),0 < m < M2 < .. < Mz < p(1),0 < S Pa& < o(1),
0 < Z?:l bjnj < 0'(1)

Throughout this work, we assume

m—2 n—2
H=0(1)-Y a& >0, N=o1)=> bn >0 (1.3)
i=1 j=1

Recently, there is much attention focused on the existence of solution for fourth-order BVPs
(see [5, 6, 10—14]). In particular, Feng et al. [10] applied the lower and upper solution method
to study the existence and uniqueness for the following fourth-order two-point BVP:

mn

x (t) — f(t,z(t),2'(t),2"(t), 2" (t)) =0, t € (0,1),
z(0) = /(1) = 0,

"

az’ (0)—bz (0) =0, ca (1)—dz" (1) =0,

where a, b, ¢, d > 0, p = ad + bec + ac > 0. Wang and Sun [5] applied the Schauder fixed point
theorem and obtained some existence criteria for positive solutions of the following dynamic
equation on time scales:

uBEEE () — f(t (), w2 (1) = 0, t € [a,pP(0)]r,
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338 ZENGJI DU, ZHENGMIN FU, LINGJU KONG

Zhang et al. [11] employed the method of upper and lower solutions to establish the existence
of positive solutions to fourth-order BVP

y () = f(ty(),

ay (&) by (&) =0, ¢y (&) —dy (&) =0.

Recently, Pang and Bai [6] generalized the problem discussed in [11] to the following fourth-
order BVP on time scales:

uBBER() = ftu(o(t),u®2 (1)), t e [0, 1,
u(0) = u(o(1)) = 0,

autt (&) — ButtA (&) = 0, yutt (&) — uttt (&) = 0.

Motivated by the work of the above papers, the purpose of this article is to study the exi-
stence of solution for BVP (1.1), (1.2). We first establish the form of the solution and furthermore
give the Green’s function for associated BVP. The BVP (1.1), (1.2) and the method used in the
paper are different from other fourth-order BVP on time scales, so our results are new. The
tools we mainly used are the method of upper and lower solutions and the monotone iterative
technique.

The paper is organized as follows. Section 2 states some definitions and a lemma which are
important to obtain our main result. Section 3 is devoted to the existence result of BVP (1.1)
and (1.2). Section 4 gives an example to illustrate our main result.

2. Preliminary. For the convenience of readers, we first present some definitions and some
lemmas that are important to the proofs of our main results.

Definition 2.1. A function ¢(t) € C*(0, 1)1 is an upper solution of BVP (1.1), (1.2), provided
that

(PAAAA(t) > f(tv@(a(t>)790AA(t))7 t € 0,17,

m—2
o) 20, oo > 3 ap(€)
=1
n—2
P22(0) <0, 92 (a(1) < Db ().
j=1
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Definition 2.2. A function ¢(t) € C*[0,1]r is called a lower solution of BVP (1.1), (1.2) if

PELEA() < f(t (o (1), v (1), t € [0,1]r,

m—2

$(0) < 0, Y(o(1)) < 3 ainh(&),

i=1

n—2
PE20) 2 0, wBB(o(1)) = Y byt ().

j=1
Lemma 2.1. If h(t) € C[0, 1], then the problem
uBA(t) = h(t),
(2.1)
m—2
u(0) =0, u(o(l) = au),
i=1
has the unique solution
o(1)
u(t) = — / G1(t,s)h(s)As,
0
where
( m—2
1 o(s) [(0(1) -+ > ai(t—fl)} , s < t,
s € [0751} H 1;1:_12
t [(0(1) —o(s))+ 2 a;(o(s) — EZ)} , t<s,
a(s)(o(1) —t) + mi2 a;(t—&)o(s)+
Gi(t,s) = s € [&-1,&l 1 S s
' s<iemeg ‘) Tusit-ob) <t
m—2
b)) —als)) + X a;(o(s) —@)] , t<s,

s € e o(1)] : %

{ o(5)o) =) + 5 it = ols), s <t
Ho(1) — o(s)), P<s,
2.2)

where H is as in (1.3).
Proof. Integrating the first equation of (2.1) over the interval [0, r|p for r € [0, 1]7, we have

T

u®(r) = u®(0) +/h(s)As.
0
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340 ZENGJI DU, ZHENGMIN FU, LINGJU KONG

Now, integrating the above equation over the interval [0, ¢]7 for ¢ € [0, 1] and using [15] (Lem-
ma 3), it follows that

t
u(t) = 0)t —I—/ (t—of As. (2.3)
0
Combining this with boundary condition (2.1) we conclude that
1 m—2 67, 0(1
W) = 5 Y a / (& — o(1)h(s)As — + / Vh(s)As. (2.4)
=1}
Substituting this equation into (2.3), we have
t + m—2 &i
u(t):/(t—a( T az/ As—
0 =1 0

&

u(t) = — /(a(s) ~1)h(s) s — /(0(1) — o(s))h(s) s + /(0(1) — o(s))h(s) s +
0 0

+3 [ -oheas+ [ (00) - ols)h(s)as| -
=2 Em—2
" m—2 t m—2 &

-5 2 a,O/(a(s) —&)h(s)As + ; ait/(a(s) —&)h(s)As +
m—2 &

+ ) ai [ (0(s) —&)h(s)As| =
=2 &
1 [t m—2

=—g O/a(s) [(0(1) —t)+ 2 al(t—&)] h(s)As| —

1 [ & m—2

H / t [;axo(s)—s¢>+<a<1>—a<s>>] (s)ss |
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m—2 & m—2
_% / t { —o(s)) + Z aj(o(s) — &) | h(s)As

z:2

[ o(1)

/ t(o(1) —oa(s))h(s)As

§m—2

o(1)
__ / Gh(t, s)h(s) s
0

Suppose &1 <t <&, 2 < r < m — 2, then the unique solution of (2.1) can be written as

u(t) = — V( (s) As+2/ s)As + /t( (s) — t)h(s)As

0 f’r—l

—% /(() As+2/ h(s)As +
0
t &r
+ [ o= oD s+ [(o(0) - olsDh(s)as +
Er—1 t
" o)
+ / (0(1) — o (s))h(s)As + / (0(1) — o (s))h(s) s | —
]:T+1§g—1 Em—2
¢ m—2 &1 r—1lm-—2 &
-1y /(J(s) —eh()s+ 303 a; [ (0(s) = E)h(s) A +
=1 i=2 j=i ¢’
m—2 t m—2 £
+ a; / (0(s) = &)h(s)As + a; /(a(s) —&)h(s)As +
N Y j=r t
m—2 m—2 &
" o) [ (o)~ )nts)s| =
i=r+1 j=i €1
1 & m—2
=-g J o(s) |(o(1) —t)+ 2 a;(t — {Z)] h(s)As—
1 r—1 m—2
52 JRECIORVEDS +3 a0, ()5
TR J=t
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o(1)
_% /t(g(l)_g(s))h(s)As :—/Gl(t,s)h(s)As.
0

§m—2

Suppose &,,—2 < t < o(1), then the unique solution of (2.1) can be written as

u(t) = — [7( (s) As+z / s)As + j(a(s)—t)h(s)As

0 = 263 Em—2
; &1 m_o &
- |:/(0'(1) —o(s))h(s)As + Z / (o(1) —a(s))h(s)As +
0 fj
t o(1)
+ [ ) = olophe)ss + [ (1) - oloDh(s)as| -
Em—2 t
¢ m—2 &
~ N [(os) — &m(s)as =
"= 0/
1 & m—2
=g /U(S) |:(O’(1) —t)+ 2 aj(t —&;)| h(s)As—
0 J
1 m—2 ¢ m—2 i—1
ay {a<s><o—<1>t>+ 05(t — &)(s) + 3 st — o(s)) | hls) D
=2¢ j=i J=1
t m—2
i [ om0+ Y agi- a<s>>} h(s)As—
Em—2 i=1
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o(1) (1)
—% / Ho(1) — o(s))h(s) s = — / Gr(t, $)h(s)Ds.
t 0
o(1)
Then the unique solution of (2.1) can be written as u(t) = — G1(t,s)h(s)As, for t €

0
S [0, 1]T'
Lemma 2.1 is proved.
We observe that condition 0 < 7% a;&; < o(1) implies Gy (t,s) > 0 for any (t,5) €
S [0, 1]T>< S [0, 1]T'

Similar to Lemma 2.1, we give the following lemma.

Lemma 2.2. If h(t) € C[0,1]|r, we have the Green's function of

2.5)
n—2
uw(0) =0, u(o(1)) = > bju(n;)
j=1
( n—2
. o(s) [(0(1) —t)+ > bt — nj)] , s <t,
7j=1
s € [0,m1] PN L,
t [(0(1) —o(s)) + -21 bj(o(s) 773‘)] , t<s,
i=
o(5)o1) =)+ T ilt =~ mo(s)+
Gay(t,s) = s , , j—1 ’
’ ) 9 i 5’]51;;7]_]2 : % +kz::1 bknk(t — 0'(3))7 s < t,
t [<a<1> ~ () + 5 bu(ols) - m] i<
n—2
5 € [pn—2,0(1)] : % { o(s)lo(l) =8+ j=1 bing(b = ols)), s <t
( t(o(1) —o(s)), t<s,
(2.6)

where N is as in (1.3).
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Lemma 2.3. Ifu(t) € C*0, 1]7 satisfies

ubtBA(E) > 0, te 0,1,

m—2

uw(0) >0, wu(o(1)) > Y au(&), 2.7)

i=1
n—2
ut(0) <0, u(a(1) < Y bjutt(ny),
7=1

then u(t) > 0, u™>(t) < 0.
Proof. Let

uBEEA() = (),

n—2
uw(0) = wo, u(o(1)) =Y au(&) = w1, (2.8)
i=1
n—2
utt0) =y, u(o(1)) = Y bjut2 () = w3,
i=1

where g > 0,21 > 0,292 < 0,23 < 0and h(t) > 0.
Let u®(t) = w(t), then, from (2.8),

n—2
w(0) = z9, w(o(1)) =Y bjw(n;) = 3.
j=1

We obtain by Lemma 2.1 that

-2 -2
i bt —t+o(1) = 370 byn; oyt T8y
N >N

o(1)
w(t) = — / Golt, $)h(s) s +
0

and (2.8) changes to

a(1) n—2 n—2
S 2hit —t+ (1) — Y02 b,

utB(t) = — / Go(t, s)h(s) s + ~ T9 + %t,
0
m—2
u(0) = zo, ule(1)) = Y au(&) = 1.
=1
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By Lemma 2.1, we obtain that

o(1) o(1) a(l)
u(t) = / / Go(t, $)h(s) AsAE — / Cr(t, O R(E) e+
0
m—2
it—1 1 iSi
P Ittt o) - S, o
where
Z;‘L;fbjt_t+0(1)_zn 2bj17j 3

On the other hand, the assumptions of the lemma implies that R(t) < 0, G1(¢, s), Ga(t,s) >
> 0 for any (¢,s) € [0,1]7 x [0, 1]7. Thus, u(t) > 0 and u®>(t) < 0.
Lemma 2.3 is proved.

3. Main result.
Theorem 3.1. Assume that ¢(t) and 1 (t) are upper and lower solutions to BVP (1.1), (1.2),
respectively, and satisfy
W(t) S @) and YO8 > 9B2(0), (3.1)

and that f : [0,1]7 x R X R — R is continuous and satisfies

fltur,v) — f(t,ug,v) <0, () <up <wug < p(t), veR, tel0l]p
(3.2)

flt,u,v1) — f(t,u,v9) > 0, cpAA(t) < <y < d}AA(t), u€ R, te]|01]r.

Then, there exist two function sequences {¢n(t)} and {1, (t)} that converge uniformly to the
solutions of the BVP (1.1), (1.2).

Proof. We consider the operator S : C?[0, 1]y — C*[0, 1]1 defined by

o(1) o(1)

= S S, u\o(s UAA S S .
) = 0/ G (t.€) 0/ Galt, 5) F(5,u(0(5)), uB2 (5)) AsAE, (33)

where G (t, s) and Ga(t, s) are as in (2.2) and (2.6).
Now, we divide the proof into three steps.

Step 1. We show
SD C D, (3.4)
where
D = {h € C?[0,1]7 [ ¥(t) < h(t) < @(t), ¥4 () > B22(E) = 22 (1)}
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is a nonempty bounded closed subset in C?[0, 1]7.
In fact, for any u(t) € D, set r(t) = Su(t), then

rEB88 () = [t u(o(1),u> (1), t e [0,1]r,

n—2
rA8(0) = 0, A8 (a(1) = Y brtt ().
j=1

Let w(t) = (t) — r(t), from the definition of ¢(t), ¢ (¢), D and condition (3.2) of the theorem,
we have

wABEA(t) = (p(t) = r(1) 2222 > f(t, p(a(1), ¢ (1) — f(t,u(o (), u2(1),
m—2

w(0) >0, w(o(1)) = Y amw(s),
=1

n—2
wB(0) <0, wBo(1) < 3 bt ().
j=1

In virtue of Lemma 2.3, we can obtain that w(t) > 0, and w>*(t) < 0, s0 r(t) < ¢(t) and
rA8(t) > ™2 (t). Analogously we can prove that +(t) < r(t), and 722 (t) < >2(t). Thus
(3.4) holds.

Step 2. Let uy(t) = Sni(t), ua(t) = Sna(t), where ny(t), n2(t) € D satisfy

<

Y(t) < mu(t) < m(t) < o(t) and P22 > P2 (1) > 0y (1) > PA(1),

we show

In fact, if we let us(t) = uq(t) — ua(t), then

USBLE () = (g —u) 2220 () = F(t (o), nE 2 (0) = F(tm(a(6), nt2 (1) = 0,

Using Lemma 2.3, we get that u;(¢) < uy(t) and ulAA(t) > UQAA(t).
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Step 3. Now, we define the sequence {y,,(t)} and {¢,,(t)} by

en(t) = Sen-1(t), wo(t) = (1),
@bn(t) = Sd}nfl(t)v 1/)0(0 = ?/)(t)

From the properties of S, step 1 and step 2, we have that

o(t) > p1(t) > @a(t) > ... > on(t)

%
%
<
=

N N
PRA) S et () S et () S St < -

IN
<
=

(3.6)
V() < r(t) < olt) < ..o < Pyu(t) < ..o < (1),

PEA() > BB ) > YiP ) > .

v
<
>
>
=
Vv
\%
S
>
>
=

Moreover, from the definition of ¢, (¢), we obtain

PRBBB() = f(t ppo1(a(t), 00 (1), te [0,1]r,

m—2
0a(0) = 0, @n(o(1)) = D aipal&),
=1

PRt (0) =0, op° Zbgson

Which together with the conditions (3.2) of the theorem imply that

Fto(a(1),02(1) = ... > f(ton(o(t), 0™ (1) = ... > f(t,P(o(t), v (1),
Ft (o), 22 (1) = ... 2 [t a(o(), v (1) = F(E (0 (1), p=2(1).
So we have

ADAA ADAA ANAA AAAA AAAA
@ (t) = ¢ (t) = @3 ) =...2¢ "0 =2... 29 (t)

)

3.7)
wAAAA(t) < q)z)lAAAA(t) < ngAAA(t) < ¢AAAA( ) <. < QOAAAA(t).

Hence, from (3.6) and (3.7) we know there exists a constant M such that
|§Dn(t)‘ SM? ‘¢n(t)| SM? te [O’l]Tv n:1’27"'an7'--
P22 < M, |22 @)| <M, telo]y, n=12...,n,..., (3.8)

|§0AAAA( )‘ < M, W]T%AAA@)’ <M, tec [O’ ”T) n=12,...,n,...
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348 ZENGJI DU, ZHENGMIN FU, LINGJU KONG
and thus

1 oy
o2 (0] = (e (1)) = (/ Galt, S)wﬁAAA(S)> As| =

0

1
( / (Gat, s))AtAs) O
0

1 A
e ()] = [(en()?] = (/Gz(t, 8)%%(8)) As| =
0

1 2 m—2
_ (/ (Gi(t, s Atm) o008 (5)| < 220) I? =14y (3.10)
0

Hence, from (3.6), (3.7) and (3.9), (3.10), we know that {¢,(¢)} and {¢,(¢)} are uniformly
bounded in C*4[0, 1]7.
On the other hand, let

20(1)2 = P2 20(1)2 =317
Mlzmax{ AU D Y R Y = LI

H N
Then, for any t1,t2 € [0,1]7,

lon(t1) — @n(ta)| < Mlt1 —ta|, |Un(t1) — ¥n(t2)] < Mlt1 — 2],
on 2 (1) — 952 (t2)] < (My + M)ty — to,

W52 (1) — V52 (t)| < (M1 + M)ty — ta.

So, {¢n(t)}, {tn(t)} and {gpﬁA(t)} and {@bfﬁ(t)} are equicontinuous. Thus, by applying the
Arzela— Ascoli theorem on time scales [4] and (3.6) and (3.7) we know that {¢, ()}, {¢n(t)}
converge uniformly to solutions of the BVP (1.1), (1.2).

N
1 0
4. Example. LetT = <1 — 3 U{1}, where Ny denotes the set of all nonnegative integers.

We consider the following fourth-order dynamic equation:
1\2
uBLLA () = 3uPB(t) + <sin it + 2) , (4.1)
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with the boundary conditions

(4.2)
1 1 1 3
AA AA AA AA
p— 1 —_— — — — J—
u=2(0) =0, u~"(o(1)) 5u <2> + 6u (4)
1 1 1 1 1 3 1 1
Herem_n_4,§1_1,52_5,@_1,@2_5,171 57772—1,61 5’b2_6'

It is easily to prove that «(t) = / (c—s)As+2,¢c= / TAT, B(t) = 0, are upper and

0 0
lower upper solutions of (4.1), (4.2), respectively, and that all assumptions of Theorem 3.1 are
fulfilled. So the BVP (4.1), (4.2) has at least a solution u(¢) satistying

t
0 < u(t) < /(c— s)As+2, —1 < ubB(t) <0.
0
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