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By using priori estimates and the theory of topological degree, we study the existence of positive solution
to a class of second order singular impulsive differential equations with nonlinear boundary conditions.
Our result admits that the nonlinear term of differential equation can be singular in its second and third
variable.

13 suxopucmanHaM anpiopHUX OUIHOK MA MeoPii MONOA0RIYHO20 CMYNEHs BUEHEHO ICHYBAHHA PO36 A3-
KY 0458 KAACY CUH2YAAPHUX OUPEPEeHUIANbHUX DIBHAHL OPY2020 NOPAOKY 3 IMIYALCHUM 8HAUBOM MA
HEeATHIUHUMU 2PAHUYHUMU YMO8AMU. OMPUMAHUIL Pe3yAbMAM MAE MICUe MAKOXC Y BUNAOKY, KOAU Hel-
HILHULL YaeH OUpepeHUianbHO20 PIBHAHHA € CUH2YAAPHUM 8IOHOCHO OpY20l ma mpemvoi 3MIHHUX.

1. Introduction. In this paper, we study the singular boundary-value problem with impulsive
effect,

u//(t) + f(tvu(t)vu/(t)) =0, ¢ 7é tk, t€J

u(ty) = In(u(ty)), 1<k <p,
(11)

where J = [0,1], f : J X (0,00) X (0,00) = R, Ij;, M}, : R - Rforl <k <p, 0=ty <t <
<ty <<ty < 1=ty W) = limy, o R u(ty + h) — u(ty)], o/ (1) = lim; ;- o/(2),
u'(0) = limy_,o+ u/(¢). f(t,u,v) may be singular at u = 0 or v = 0, which means that f tends to
infinity when v — 0% orv — 07, i.e.,

lim f('vua') = +00 Or lim f(~,-’1)) = +00.

u—0t v—01
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Singular differential equations play a very important role in modern applied mathematics
due to their deep physical background and broad application, and has been studied extensi-
vely, see [1-5]. Recently, boundary-value problems of nonlinear singular impulsive differential
equations have received a considerable attention, for example, see [6—12] and the references
therein. However to the best knowledge of the authors, there is no paper concerned with the
existence of positive solutions to boundary-value problems of impulsive differential equation
with nonlinear boundary conditions so far. In the present paper, we investigate the existence of
positive solutions of (1.1) by using priori estimates and the theory of topological degree.

Let J* = J\{t1,t2,...,tp}, PC"(J) = {u : J — RJul)(t) be continuous at t # ty, left
continuous at ¢ = ¢, and each u(/) (t;) exist for k = 1,2,...,p, where j = 0,1,...,r}. Note
that PCY(J) = PC(J) and PC!(J) are Banach spaces with the norms ||u||o = sup{|u(t)| : t €
€ J}, ||lulli = max{]|jullo, ||v||o}, respectively.

By a solution to (1.1) we mean a function z € PC'(J) N C?(J*) that satisfies (1.1).

In the study of problem (1.1), we introduce the following assumptions:

(Hy) My, : R — R are continuous and strictly increasing functions, I, : R — R are
continuous, nondecreasing functions, M}, (0) = I;(0) = 0,1 < k < p.

(Hs3) g : R — Ris a continuous and nondecreasing function, xg(z) > 0 for x # 0.

I M M,
M < 00, 1 < k < p, hmw—H—oo 1(33) > 07 hmaz—H—oo k(x)

(H3) limsup,_, > 1,

2 <k <np.
(Hy) f : J x(0,00) x (0,00) — [0, 00) is continuous. For (¢,u,v) € J x (0,00) x (0, 00),

f(tu,v) < h(t,u+v) +p(t)w(u) + q(t)wa(v),

where the functions p, ¢ are continuous and nonnegative on J, wi,ws : (0,00) — (0, 00) are
continuous and nonincreasing on J, h : J x [0,00) — [0, 00) is continuous and nondecreasing

in its second argument,
1

1
nm/ﬁ@@ﬁ:a

Z—00 2
0

(Hs) There exists ¢ € C(J,[0,00)) : ¢ # 0 on J such that

flt,u,v) > (t), (t,u,v) € J x (0,00) x (0,00),

1
ﬂm@@ﬂwﬂmm%<w
0

where

1 t
H(t) = min /w(s)ds, ap, G(t) =min /H(s)ds, Be, teld,
t 0

tp tp
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202 WEIBING WANG, JIANHUA SHEN

where M, is the inverse of M.
2. Preliminaries. We establish some results that we shall need in the paper.

Lemma 2.1. Assume that (H,), (H2) hold and v € PC*(J) N C?(J*) satisfies

(2.1)

Then u(t) > g(a) + a,u/'(t) > afort € J.

Proof. 1t is easy to check that «/(t) is nonincreasing in (tj,tx41) since u”(t) < 0, ¢t €
€ (tg,tr+1). Suppose that u(0) < 0, then g(v'(0)) < u(0)—a < 0, which implies that »/(0) < 0.
So w/(t) < 0fort € [0,t1] and '(t]) = Mi(u'(t1)) < 0. In such a way we can show that
u'(t) < 0fort € J, acontradiction. Hence, u(0) > 0. Similarly, «'(0) > 0.

Assume that there exists s € (0, 1] such that u(s) < 0. Let 7 = inf{t € (0,1],u(t) < 0}. By
w(0) > 0 and (H;), we obtain that «/(7) < 0.

If 7 = t;, forsome 1 < iy < p, then u(r) = 0, v/(7F) = M;,(v/ (7)) < 0. Using the fact
that «/(t) is nonincreasing in (¢, tx+1) and (Hy), one can obtain that v/(¢t) < O fort¢ € (7,1], a
contradiction.

Ifr # ty, 1 <k < p,thenv/(7) < 0and «/(¢t) < 0for¢ € (7,1], a contradiction.

Hence, u(t) > 0 on J. Next, we show that «/(t) > 0. If not, there exists i : 1 < i < p
and sufficiently small € > 0 such that u(t) is nonincreasing on (t; — ¢, t;). Therefore, v/ (¢;) < 0,
u'(t) = M;(u/(t;)) < 0. One can obtain that v/(t) < 0 fort € (t;,1], a contradiction. The
conclusion is true by monotonicity of u.

Lemma 2.1 is proved.

Lemma 2.2. Assume that (H,), (Hz) hold and v € C(J,[0,00)) with ) # 0on J. u €
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€ PCY(J) N C?(J*) satisfies

Then u/'(t) > H(t),u(t) > G(t) fort € J.

Proof. Put

) ho(t), tp <t <1,

h(t) = hi(t), te <t <tpy, 1<k<p-1,
ho(t), to <t <ty
go(t), to <t <ty,

git) =9 o), th <t<tpp, 1<k<p-1,
gp(t), t, <t < 1,

where

tet1

1
%@z/wwmfmwz/w@w+mﬁmﬁmeOSks%&

wwz/H@w,%@z/H@w+m%4mnx1SkSp
0

tg

Since u(t) > 0, u/(t) > 0on J, I(u(ty)) > 0, Mp(u'(t;)) > 0. When t € (tp, 1],
1
u'(t) — (1) > /w(s)ds = hy(t).

1
So u'(t}f) > /t+ Y(s)ds + u'(1) > hy(ty). By w/(t}) = My(u/(t,)), we obtain that u/(t,) >
P

> M;(hp(tp)). Fort € (tp—1,tp),

w@z/¢@w+wmz/¢@w+Mﬂm@»

By induction, we obtain that u'(t) > h(t
u'(t) > H(t),t € J. Similarly, u(t) > G(
Lemma 2.2 is proved.

),t € J.Itis easy to check that h(t) > H(t),t € J. So
t)fort € J.
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Lemma 2.3. Assume that (H,)— (Hy) hold, then there exist constants A, B > 0 such that for
any u € PCY(J) N C?(J*) satisfying

wo(u'(t), t# tk,

2.2)

the estimates u(t) < A, u'(t) < B,t € J hold true, where h, p, q, w1, we are defined as in (Hy).
Proof. Note that u(t) > 0, v/(t) > 0 on J by Lemma 2.1. Set v/(t;) = p;, 0 < i < p+ 1.

Since u/(t) is nonincreasing on (t;,t;11),
sup{u/(t) : t € (titiz1)} = ' (t;) =

(2.3)
Putr = max{t;11 —¢; : 0 < i < p}, Mo(po) = po, @ = sup{q(t) : t € J}, P = sup{p(t) : t €
€ J}, then

po > p1, Mi(pi) > piy1, 1<i<p,

(2.4)
sup{u(t) : t € [0,t1]} = u(ty) =rpo+1 =11 >0, (2.5)
sup{u(t) : t € (L, tix1]} = u(tivr) = Li(ri) +rpi = rip1, 1 <1i <p. (2.6)

Integrating the inequality —u"(t) < h(t,u + u') + p(t)wi (u) + q(t)w2(u'(t)) yields

p
po+ Y Mi(pi) =Y pi
i=1 ;

1
< / [A(t, u(t) + /() + p(t)wi (u(t)) + q(t)wa(u'(t))] dt <
=1 0

ti+1 ti+1
P p
<> / h(t, rir1 + Mi(p:))dt + P / wy (G(t))dt+
=0 | =1 {
P tit1
+QY [ wy(H(t))dt
=1

By the condition (H,), we obtain that

t.
P i+1

L:= PZ; / wl(G(t))dt—i—QZ; / wa(H (t))dt < oo,

7

1
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> 1 p U

i=1 Pi

1< =1 + / h(t,riv1 + Mi(p;))dt + L | . 2.7)
Do Mi(pi) — >oig Mi(pi) Zz; ! i

Suppose {u, }men satisty (2.2). Putu),(t;) = pim,0 < i < p+1. Assume thatk € {0,1,...,p+
+1} such that

im pg, = oo. (2.8)

m—o0

We derive a contradiction in the following way. Let k be the largest number satisfying (2.8), i.e.,
if¢ > k, p; m are bounded and

Hm pim =00, 1<i<k (2.9)

m—r 00

In fact, (2.9) is obvious if £k = 1. If £ > 2, from M;(p;) > pi+1, we obtain that
n}gnoo M;_1(pi—1,m) = +o0,

which implies by (H3) that lim,, o pi—1,m = 0o. By induction, we know that (2.9) holds.
Put

T1m = Tpo + 1,
(2.10)

Tittm = Li(Tim) + 7Mi(pim), 1 <1 <p,
and Moy(po,m) = po,m, then

tit1

> i1 Pi 1 ;
=1 rm ) Z / h(t, Tit1,m + Mz(pz,m))dt +L|. (211)

i=0 {,

1< +
S o Mi(pim) 20 _g Mi(pim

Consider the first term in the right-hand side of (2.7). By (H3) there exist § > 0 and mg € N
such that if m > my,

Mi(p1,m) > p1,m0,
(2.12)

Hence,
P k p .
Zi:l Pi,m Z¢:1 Pi,m T Zi:k-H Pi,m

Sm = <=p <
i— MZ 7,m k m
R S

i=1

)

1
lim5m§17<1.

m—roo -+ )
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Next, we consider the second term in the right-hand side of (2.7). Set
Zim = Tit1m + Mi(pim), 0 <0 < p.
From (2.8), (2.9) and (2.12), we have

lim 7, =00, 1<i<k+1,

m—r0o0

IN
>

lim 2, =00, 1<%
m—o0

By (H,), we have

When 1l < i < p,

Zim Ii(rim) Li(7im) Tim
) < > +14+7r< > ’ +14+7r<
S o Mi(pim) Yo Mi(pim) Tign  ieo Mi(pism)
< Lirim) (Iil(Til,m) Tictm r> 14
Tim Ti—1,m Zi:o MZ(sz>

Forany1l <1 < p,

Zim < Li(rim) (Iz‘—l(?“z'—Lm) <Ii—2(7“i—2,m)x
>0 Mi(pim) Tim

I 1 1
X < 1(rpom + 1) Tp0.m + +r...>+r>+r>+1+r.
TPO,m+1 P0,m

Ti—1,m Ti—2m

Hence,

Zi7m . . .
m < A’L(AZ—I(AZ—Z(‘ .. (AlT + 7") .. ) + T) + T) + 1 + r,

where 4; = lim, ,o I;i(x)/z < 00,1 < i < p. Combining (2.15) we obtain that

tig1
. 1
Jin sy [ Bt Mot = 0.
Hence,
tit1
1 p
m—00 Zf:o Mz’(pi,m) ZZ; : ( i+1,m Z(Pz,m))

(2.13)

(2.14)

(2.15)
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P Do JE Rt i m + Mi(pim))dt + L
1< lim M + lim i=0 ftl ( aszrl,m z(pz,m)) < 1 < 17
m—o0 338 o Mi(pim) — m—oo > izo Mi(pim) 140
a contradiction. Hence, there exists B > 0 such that /(¢) < B Vt € [0, 1]. Next, we show that
there exists A > 0 such that u(t) < A V¢ € [0,1]. Clearly, u(0) < 1+ g(B). Using the mean
value theorem, we obtain that u(¢;) — u(0) < Bt;. Hence,

u(t1) < Btl +1 +g(B) = )\1.

When t € (t1,t2], we have
u(t) —u(ty) < B(t —t1),
u(tg) < Jl(u(tl)) + B(tg — tl) < Jl()\l) + B(tz — tl) = )\2.
By induction, there is a constant A > 0 such that u(t) < At € [0, 1].
Lemma 2.3 is proved.

Lemma 2.4. Assume thatv € PC(J), di, e, € R, then
—u"(t) = v(t), t#ty, te

u(tf) = ulty) +dp, 1<k <p,
(2.16)
u'(tf) = (k) e, 1<k <p,

has a unique solution,

1 » 1
u(t)=a+g a—i—/v(s)ds—Zek +at+/G(t,s s)ds + Z [di + (t —tg)ex —tZek,
0 0

where
t, 0<t<s

<t<s<
G(t"s):{s, 0<s<t<l.

Proof. Assume that u;, ug are solutions of (2.16) and U = wu; — ug. It ia easy to check
that U € C?(J) and U” = 0 on J. Hence, U(t) = bt + ¢, where b, c are constants. From
U'(1) = uf(1) — uh(1) = 0, we obtain that b = 0. Thus «}(0) = u5(0) = 0Oand ¢ = U(0) =
= u1(0) — u2(0) = g(u}(0)) — g(u5(0)) = 0. Thatis, u; = ug on J.

Next, we show that u is a solution of (2.16). From the definition of u, we have

1
u'(t) = / s)ds+ ek—Zek, ') = —v(t), t#ty,
t

O<tp<t
u(ty) — u(ty) Zd Zdizdk,
i<k i<k
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a’(tJr —u tk Zez Zez = €k,

i<k i<k

! p
ﬂ’(O):a—l—/v(s)ds—Zek, (1) =a /v Yds + Z ek—Ze = a,
0 k=1

1 0<trp<1

1 p 1
U0) =a+g <a + /v(s)ds - Zek> +/G(O, s)v(s)ds = a + g(@ (0)).
0 k=1 0

That is, u is a unique solution of (2.16).
Lemma 2.4 is proved.

Lemma 2.5. Assume that (Hy)~(H3) hold, v € C(J,[0,00)), ft,z,y) € C(J xR x R,R)
and 0 < f(t,z,y) < v(t) forany (t,z,y) € J x R x R. Then the equation

—u(t) = f(t,u(®), (), t#tr, tEJ

u(ty) = I(u(ty)), 1<k <p,
(2.17)
d(tF) = My(u'(ty)), 1<k <p,

u(0) = g(u'(0)) = /(1) = a € (0,1]

has a positive solution u € PC(J) N C?(J*).
Proof. Define an operator Ty : PC'(J) — PC'(J) by

k=1

! P
(Thu)(t) =a+yg (a + )\/f(s,u(s),u’(s))ds - Z(Mk(u’(tk)) — u/(tk))) + at+
0

1
2 [ Gl s+ 37 Unlult)) — ult) + (¢~ ) M/ (0) — o' (1)) -
0

O<tip<t
P
—t > (My(u/ (1)) — ' (t)), A € [0,1].
k=1

Using Lemma 2.4, one can check that u € PCY(J) N C?(J*) is a solution of (2.16) if and only if
u € PCY(J)is fixed point of 7. Moreover, Ty has a unique fixed point ug € PC(J).

It is not difficult to prove that T (A € [0, 1]) is completely continuous. For any A € [0, 1],
we show that there exists a constant A/ > 0 independent of A such that uy, with Thuy = uy,
satisfies ||uy || pcr < M. If X € (0,1],

0 < —uf(t) = Af(tur(D), s (1) < o(t), t# b, ted,

u)\(t;:) = Ik(”)\(tk))a 1<k< b,
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WAt = Mp(uj(t), 1<k <p,
ux(0) — g(u)(0)) = u)\(1) = a € (0,1].

By Lemma 2.3, we have that 0 < uy(t) < A,0 < u\(t) < B (h(t,z) = v(t),p = ¢ = 0in
Lemma 2.3). Put M > 1+ A+ B + ||uo|| pct, [[ur]|pcr < M forany A € [0,1]. Set Q = {u €
€ PCY(J),|lullpcr < M} and W) = I — Ty, here I is the identity operator, then

deg (\Ith?O) = deg (\Ifo,Q,O) = deg (I - T0>Q>O) 7& 07

here, deg is the Lery—Schauder degree. Hence, ¥ (u) = u — Tiu = 0 has a solution u € Q.
Since the fixed point of T} is the solution of (2.17) and due to Lemma 2.1, (2.17) has a positive
solution.

Lemma 2.5 is proved.

3. Main result. Our main result is the following theorem.

Theorem 3.1. Assume that (Hy)— (Hs) are satisfied, then (1.1) has at least one positive solu-
tion.

Proof. Letm € N,
F(t,z,y) = f(t,61(m,x),02(m,y))

for x,y € R, where

1 1 1 1
] xg*y ) y§77
m m m m
oi(m,x) = § 4. Losciva O2my=1, Loy<itm
m m
1+4A z>1+4A, 1+B, y>1+B,

here, A, B are defined as in Lemma 2.3.
Consider the equation

u”(t) +F(tau(t)au,(t)) =0, ¢ 7£ tk, t€J

u(tl) = I(u(ty)), 1<k <p,

3.1)
W(tf) = Mp(u'(ty)), 1<k<p,
u(0) ~ g (0)) = /(1) = .
Note that
Y(t) < F(t,z,y) < V() < +oo,
where

V) :sup{f(t,x,y) Lz [;,HA} e [;,HBH.
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By Lemma 2.5, (3.1) has a positive solution u,,(¢) for any m € N. Using Lemmas 2.1 and 2.3,
we obtain that for any ¢ € J,

< up(t) <1+ A, <u,(t) <1+B.

1 1
m m

Hence, u,, satisfies

U () + f(t um (), up, (1) =0, t#ty, t€J,

U () = In(um(t)), 1<k <p,

32)
up, (7)) = Mi(up, (tr), 1<k <p,
un(0) — 91y (0)) = i (1) =
By (Hs),
U, (1) = [t um(t), (1) > (t), t€J
By Lemma 2.3,
um(t) > G(t), u,(t) > H(t), teJ
If 81,89 € (tz‘;ti+1]7 s1 < 89,
m(s2) = w(50) < | [ (®rt] < Blsa— 1),
|ty (82) — U, (51)] = /U’/n(t)dt = /f(t,um(t),%(t))dt <
< [ httoun®) + ()it + [ pywr(n (@)t
+ [ atusi o)t <
< /h(t,A+ B+ 2)dt + P/wl(um(t))dt—i- Q [ walu,(t))dt <

g/h(t,A+B+2)dt+P wl(G(t))dt—i—Q/wg(H(t))dtg

S1 S1
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< (s9 —s1)max{h(t,A+ B+2):te€[0,1]} + (P+Q) /(wl(G(t)) +wo(H(t)))dt,

S1

which by the condition (Hj;) implies that {u/, } is equicontinuous on (¢;, t;+1). Hence, there exist
a subsequence {uy,; } of {u,} which converges to u € PC'(J). Since

() = 1+g(+/fsum o)) > My u’m<tk>>)+;+
=1
: p
+/G(t,s) S, U (8), ds—tz M, (u — b, (tk)+
0

+ Y [T () = wm(tr)) + (8 — ) (M (un, (t)) — uh, (),

O<trp<t

taking m; — oo, we have

k=1
1 P
+/G(t $)f (s, u( s — ¢ "(My )+
0
+ Y —u(ti) + (8 = 1) (My (' (1) — w'(t)]

which follows that

Hence, u is one positive solution of (1.1).
Theorem 3.1 is proved.

Example 3.1. Consider the equation

1

W) W)+ (u(t)TE =0, tF b, te

u(th) = 2u(ty), () =2d(ty), k=12, (3.3)

ISSN 1562-3076. Heainiuni koausarns, 2014, m. 17 N2



212

WEIBING WANG, JIANHUA SHEN

where 0 < t1 < to < 1.

In fact, f(t,z,y) = t2 + y~2 + 3. Put Y(t) = t2, then

1 1

H(t) = min{(l .y ),%(1 —tg)} > (- )1 1),

w

1
Gt) = 57 (1- t3)t1t.

Setting h(t,z) = 1, wi(z) = wa(z) = 22, then for (¢,z,y) € [0,1] x (0, 00)2,

w(w < f(tvxvy) < h(t,(L‘ +y) +w1(1‘) —|—’U}2(y),

1

/ (wn(G(s)) + wa(H(s)))ds <

0

8v6
———————— e ]
t1(1—1t3)

By Theorem 3.1, (3.3) has at least one positive solution.
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