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A POSITIVE SOLUTION OF SINGULAR IMPULSIVE DIFFERENTIAL
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By using priori estimates and the theory of topological degree, we study the existence of positive solution
to a class of second order singular impulsive differential equations with nonlinear boundary conditions.
Our result admits that the nonlinear term of differential equation can be singular in its second and third
variable.

Iз використанням апрiорних оцiнок та теорiї топологiчного ступеня вивчено iснування розв’яз-
ку для класу сингулярних диференцiальних рiвнянь другого порядку з iмпульсним впливом та
нелiнiйними граничними умовами. Отриманий результат має мiсце також у випадку, коли нелi-
нiйний член диференцiального рiвняння є сингулярним вiдносно другої та третьої змiнних.

1. Introduction. In this paper, we study the singular boundary-value problem with impulsive
effect,

u′′(t) + f(t, u(t), u′(t)) = 0, t 6= tk, t ∈ J,

u(t+k ) = Ik(u(tk)), 1 ≤ k ≤ p,
(1.1)

u′(t+k ) = Mk(u
′(tk)), 1 ≤ k ≤ p,

u(0)− g(u′(0)) = 0, u′(1) = 0,

where J = [0, 1], f : J × (0,∞)× (0,∞) → R, Ik, Mk : R → R for 1 ≤ k ≤ p, 0 = t0 < t1 <
< t2 < . . . < tp < 1 = tp+1, u

′(t+k ) = limh→0+ h
−1[u(tk + h) − u(tk)], u

′(1) = limt→1− u
′(t),

u′(0) = limt→0+ u
′(t). f(t, u, v) may be singular at u = 0 or v = 0, which means that f tends to

infinity when u → 0+ or v → 0+, i.e.,

lim
u→0+

f(·, u, ·) = +∞ or lim
v→0+

f(·, ·, v) = +∞.
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Singular differential equations play a very important role in modern applied mathematics
due to their deep physical background and broad application, and has been studied extensi-
vely, see [1 – 5]. Recently, boundary-value problems of nonlinear singular impulsive differential
equations have received a considerable attention, for example, see [6 – 12] and the references
therein. However to the best knowledge of the authors, there is no paper concerned with the
existence of positive solutions to boundary-value problems of impulsive differential equation
with nonlinear boundary conditions so far. In the present paper, we investigate the existence of
positive solutions of (1.1) by using priori estimates and the theory of topological degree.

Let J∗ = J\{t1, t2, . . . , tp}, PCr(J) = {u : J → R|u(j)(t) be continuous at t 6= tk, left
continuous at t = tk, and each u(j)(t+k ) exist for k = 1, 2, . . . , p, where j = 0, 1, . . . , r}. Note
that PC0(J) = PC(J) and PC1(J) are Banach spaces with the norms ‖u‖0 = sup{|u(t)| : t ∈
∈ J}, ‖u‖1 = max{‖u‖0, ‖u′‖0}, respectively.

By a solution to (1.1) we mean a function x ∈ PC1(J) ∩ C2(J∗) that satisfies (1.1).
In the study of problem (1.1), we introduce the following assumptions:
(H1) Mk : R → R are continuous and strictly increasing functions, Ik : R → R are

continuous, nondecreasing functions, Mk(0) = Ik(0) = 0, 1 ≤ k ≤ p.
(H2) g : R → R is a continuous and nondecreasing function, xg(x) > 0 for x 6= 0.

(H3) lim supx→+∞
Ik(x)

x
< ∞, 1 ≤ k ≤ p, limx→+∞

M1(x)

x
> 0, limx→+∞

Mk(x)

x
> 1,

2 ≤ k ≤ p.
(H4) f : J × (0,∞)× (0,∞) → [0,∞) is continuous. For (t, u, v) ∈ J × (0,∞)× (0,∞),

f(t, u, v) ≤ h(t, u+ v) + p(t)w1(u) + q(t)w2(v),

where the functions p, q are continuous and nonnegative on J, w1, w2 : (0,∞) → (0,∞) are
continuous and nonincreasing on J, h : J × [0,∞) → [0,∞) is continuous and nondecreasing
in its second argument,

lim
z→∞

1

z

1∫
0

h(t, z)dt = 0.

(H5) There exists ψ ∈ C(J, [0,∞)) : ψ 6≡ 0 on J such that

f(t, u, v) ≥ ψ(t), (t, u, v) ∈ J × (0,∞)× (0,∞),

1∫
0

(w1(G(s)) + w2(H(s)))ds < ∞,

where

H(t) = min


1∫
t

ψ(s)ds, α

 , G(t) = min


t∫

0

H(s)ds, β

 , t ∈ J,

α = min

M−p
 1∫
tp

ψ(s)ds

 ,M−p−1

M−p
 1∫
tp

ψ(s)ds


 , . . .
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. . . , M−1

M−2
. . .

M−p
 1∫
tp

ψ(s)ds


 · · ·



 ,

β = min

I1
 t1∫

0

H(s)ds

 , I2

I1
 t1∫

0

H(s)ds

 , . . .

. . . , Ip

Ip−1
. . .

I1
 t1∫

0

H(s) ds

 . . .

 ,

where M−k is the inverse of Mk.

2. Preliminaries. We establish some results that we shall need in the paper.

Lemma 2.1. Assume that (H1), (H2) hold and u ∈ PC1(J) ∩ C2(J∗) satisfies

− u′′(t) ≥ 0, t 6= tk, t ∈ J,

u(t+k ) = Ik(u(tk)), 1 ≤ k ≤ p,
(2.1)

u′(t+k ) = Mk(u
′(tk)), 1 ≤ k ≤ p,

u(0)− g(u′(0)) = u′(1) = a > 0.

Then u(t) ≥ g(a) + a, u′(t) ≥ a for t ∈ J .

Proof. It is easy to check that u′(t) is nonincreasing in (tk, tk+1) since u′′(t) ≤ 0, t ∈
∈ (tk, tk+1). Suppose that u(0) ≤ 0, then g(u′(0)) ≤ u(0)−a < 0,which implies that u′(0) < 0.
So u′(t) < 0 for t ∈ [0, t1] and u′(t+1 ) = M1(u

′(t1)) < 0. In such a way we can show that
u′(t) < 0 for t ∈ J, a contradiction. Hence, u(0) > 0. Similarly, u′(0) > 0.

Assume that there exists s ∈ (0, 1] such that u(s) < 0. Let τ = inf{t ∈ (0, 1], u(t) < 0}. By
u(0) > 0 and (H1), we obtain that u′(τ) ≤ 0.

If τ = ti0 for some 1 ≤ i0 ≤ p, then u(τ) = 0, u′(τ+) = Mi0(u′(τ)) ≤ 0. Using the fact
that u′(t) is nonincreasing in (tk, tk+1) and (H1), one can obtain that u′(t) ≤ 0 for t ∈ (τ, 1], a
contradiction.

If τ 6= tk, 1 ≤ k ≤ p, then u′(τ) < 0 and u′(t) ≤ 0 for t ∈ (τ, 1], a contradiction.
Hence, u(t) > 0 on J. Next, we show that u′(t) > 0. If not, there exists i : 1 ≤ i ≤ p

and sufficiently small ε > 0 such that u(t) is nonincreasing on (ti − ε, ti). Therefore, u′(ti) ≤ 0,
u′(t+i ) = Mi(u

′(ti)) ≤ 0. One can obtain that u′(t) ≤ 0 for t ∈ (ti, 1], a contradiction. The
conclusion is true by monotonicity of u.

Lemma 2.1 is proved.

Lemma 2.2. Assume that (H1), (H2) hold and ψ ∈ C(J, [0,∞)) with ψ 6≡ 0 on J. u ∈
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∈ PC1(J) ∩ C2(J∗) satisfies

− u′′(t) ≥ ψ(t), t 6= tk, t ∈ J,

u(t+k ) = Ik(u(tk)), 1 ≤ k ≤ p,

u′(t+k ) = Mk(u
′(tk)), 1 ≤ k ≤ p,

u(0)− g(u′(0)) = u′(1) = a > 0.

Then u′(t) ≥ H(t), u(t) ≥ G(t) for t ∈ J.

Proof. Put

h̄(t) =


hp(t), tp < t ≤ 1,
hk(t), tk < t ≤ tk+1, 1 ≤ k ≤ p− 1,
h0(t), t0 ≤ t ≤ t1,

ḡ(t) =


g0(t), t0 ≤ t ≤ t1,
gk(t), tk < t ≤ tk+1, 1 ≤ k ≤ p− 1,
gp(t), tp < t ≤ 1,

where

hp(t) =

1∫
t

ψ(s)ds, hk(t) =

tk+1∫
t

ψ(s)ds+M−k+1(hk+1(tk+1)), 0 ≤ k ≤ p− 1,

g0(t) =

t∫
0

H(s)ds, gk(t) =

t∫
tk

H(s)ds+ Ik(gk−1(tk−1)), 1 ≤ k ≤ p.

Since u(t) > 0, u′(t) > 0 on J, Ik(u(tk)) > 0, Mk(u
′(tk)) > 0. When t ∈ (tp, 1],

u′(t)− u′(1) ≥
1∫
t

ψ(s)ds = hp(t).

So u′(t+p ) ≥
∫ 1

t+p

ψ(s)ds + u′(1) ≥ hp(tp). By u′(t+p ) = Mp(u
′(tp)), we obtain that u′(tp) ≥

≥ M−p (hp(tp)). For t ∈ (tp−1, tp],

u′(t) ≥
tp∫
t

ψ(s)ds+ u′(tp) ≥
tp∫
t

ψ(s)ds+M−p (hp(tp)).

By induction, we obtain that u′(t) ≥ h̄(t), t ∈ J. It is easy to check that h̄(t) ≥ H(t), t ∈ J. So
u′(t) ≥ H(t), t ∈ J. Similarly, u(t) ≥ G(t) for t ∈ J.

Lemma 2.2 is proved.
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Lemma 2.3. Assume that (H1) – (H4) hold, then there exist constants A,B > 0 such that for
any u ∈ PC1(J) ∩ C2(J∗) satisfying

0 ≤ −u′′(t) ≤ h(t, u+ u′) + p(t)w1(u) + q(t)w2(u
′(t)), t 6= tk,

u(t+k ) = Ik(u(tk)), 1 ≤ k ≤ p,
(2.2)

u′(t+k ) = Mk(u
′(tk)), 1 ≤ k ≤ p,

u(0)− g(u′(0)) = u′(1) = a ∈ (0, 1],

the estimates u(t) ≤ A, u′(t) ≤ B, t ∈ J hold true, where h, p, q, w1, w2 are defined as in (H4).

Proof. Note that u(t) > 0, u′(t) > 0 on J by Lemma 2.1. Set u′(ti) = ρi, 0 ≤ i ≤ p + 1.
Since u′(t) is nonincreasing on (ti, ti+1),

sup{u′(t) : t ∈ (ti, ti+1)} = u′(ti) = ρi, 0 ≤ i ≤ p. (2.3)

Put r = max{ti+1 − ti : 0 ≤ i ≤ p}, M0(ρ0) = ρ0, Q = sup{q(t) : t ∈ J}, P = sup{p(t) : t ∈
∈ J}, then

ρ0 > ρ1, Mi(ρi) > ρi+1, 1 ≤ i ≤ p, (2.4)

sup{u(t) : t ∈ [0, t1]} = u(t1) = rρ0 + 1 = r1 > 0, (2.5)

sup{u(t) : t ∈ (ti, ti+1]} = u(ti+1) = Ii(ri) + rρi =: ri+1, 1 ≤ i ≤ p. (2.6)

Integrating the inequality −u′′(t) ≤ h(t, u+ u′) + p(t)w1(u) + q(t)w2(u
′(t)) yields

ρ0 +

p∑
i=1

Mi(ρi)−
p∑
i=1

ρi ≤
1∫

0

[
h(t, u(t) + u′(t)) + p(t)w1(u(t)) + q(t)w2(u

′(t))
]
dt ≤

≤
p∑
i=0

ti+1∫
ti

h(t, ri+1 +Mi(ρi))dt+ P

p∑
i=1

ti+1∫
ti

w1(G(t))dt+

+Q

p∑
i=1

ti+1∫
ti

w2(H(t))dt.

By the condition (H4), we obtain that

L := P

p∑
i=1

ti+1∫
ti

w1(G(t))dt+Q

p∑
i=1

ti+1∫
ti

w2(H(t))dt < ∞,
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1 ≤
∑p

i=1 ρi∑p
i=0Mi(ρi)

+
1∑p

i=0Mi(ρi)

 p∑
i=0

ti+1∫
ti

h(t, ri+1 +Mi(ρi))dt+ L

 . (2.7)

Suppose {um}m∈N satisfy (2.2). Put u′m(ti) = ρi,m, 0 ≤ i ≤ p+1.Assume that k ∈ {0, 1, . . . , p+
+1} such that

lim
m→∞

ρk,m = ∞. (2.8)

We derive a contradiction in the following way. Let k be the largest number satisfying (2.8), i.e.,
if i > k, ρi,m are bounded and

lim
m→∞

ρi,m = ∞, 1 ≤ i ≤ k. (2.9)

In fact, (2.9) is obvious if k = 1. If k ≥ 2, from Mi(ρi) > ρi+1, we obtain that

lim
m→∞

Mi−1(ρi−1,m) = +∞,

which implies by (H3) that limm→∞ ρi−1,m = ∞. By induction, we know that (2.9) holds.
Put

r1,m = rρ0 + 1,
(2.10)

ri+1,m = Ii(ri,m) + rMi(ρi,m), 1 ≤ i ≤ p,

and M0(ρ0,m) = ρ0,m, then

1 ≤
∑p

i=1 ρi,m∑p
i=0Mi(ρi,m)

+
1∑p

i=0Mi(ρi,m)

 p∑
i=0

ti+1∫
ti

h(t, ri+1,m +Mi(ρi,m))dt+ L

 . (2.11)

Consider the first term in the right-hand side of (2.7). By (H3) there exist δ > 0 and m0 ∈ N
such that if m ≥ m0,

M1(ρ1,m) ≥ ρ1,mδ,
(2.12)

Mi(ρi,m) ≥ (1 + δ)ρi,m, if k ≥ 2, 2 ≤ i ≤ k.

Hence,

Sm =

∑p
i=1 ρi,m∑p

i=0Mi(ρi,m)
<

∑k
i=1 ρi,m

(1 + δ)
k∑
i=1

ρi,m

+

∑p
i=k+1 ρi,m

ρ0,m
,

lim
m→∞

Sm ≤
1

1 + δ
< 1.
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Next, we consider the second term in the right-hand side of (2.7). Set

zi,m = ri+1,m +Mi(ρi,m), 0 ≤ i ≤ p. (2.13)

From (2.8), (2.9) and (2.12), we have

lim
m→∞

ri,m = ∞, 1 ≤ i ≤ k + 1,

(2.14)
lim
m→∞

zi,m = ∞, 1 ≤ i ≤ k.

By (H4), we have

lim
m→∞

1

zi,m

ti+1∫
ti

h(t, zi,m) dt = 0. (2.15)

When 1 ≤ i ≤ p,

zi,m∑p
i=0Mi(ρi,m)

<
Ii(ri,m)∑p
i=0Mi(ρi,m)

+ 1 + r <
Ii(ri,m)

ri,m

ri,m∑p
i=0Mi(ρi,m)

+ 1 + r <

<
Ii(ri,m)

ri,m

(
Ii−1(ri−1,m)

ri−1,m

ri−1,m∑p
i=0Mi(ρi,m)

+ r

)
+ 1 + r.

For any 1 ≤ i ≤ p,

zi,m∑p
i=0Mi(ρi,m)

<
Ii(ri,m)

ri,m

(
Ii−1(ri−1,m)

ri−1,m

(
Ii−2(ri−2,m)

ri−2,m
×

×
(
. . .

I1(rρ0,m + 1)

rρ0,m + 1

rρ0,m + 1

ρ0,m
+ r . . .

)
+ r

)
+ r

)
+ 1 + r.

Hence,
zi,m∑p

i=0Mi(ρi,m)
< Ai(Ai−1(Ai−2(. . . (A1r + r) . . .) + r) + r) + 1 + r,

where Ai = limx→∞ Ii(x)/x < ∞, 1 ≤ i ≤ p. Combining (2.15) we obtain that

lim
m→∞

1∑p
i=0Mi(ρi,m)

ti+1∫
ti

h(t, ri+1,m +Mi(ρi,m))dt = 0.

Hence,

lim
m→∞

1∑p
i=0Mi(ρi,m)

 p∑
i=0

ti+1∫
ti

h(t, ri+1,m +Mi(ρi,m))dt+ L

 = 0,
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1 ≤ lim
m→∞

∑p
i=1 ρi,m∑p

i=0Mi(ρi,m)
+ lim
m→∞

∑p
i=0

∫ ti+1

ti
h(t, ri+1,m +Mi(ρi,m))dt+ L∑p

i=0Mi(ρi,m)
≤ 1

1 + δ
< 1,

a contradiction. Hence, there exists B > 0 such that u′(t) ≤ B ∀t ∈ [0, 1]. Next, we show that
there exists A > 0 such that u(t) ≤ A ∀t ∈ [0, 1]. Clearly, u(0) ≤ 1 + g(B). Using the mean
value theorem, we obtain that u(t1)− u(0) ≤ Bt1. Hence,

u(t1) ≤ Bt1 + 1 + g(B) := λ1.

When t ∈ (t1, t2], we have
u(t)− u(t+1 ) ≤ B(t− t1),

u(t2) ≤ J1(u(t1)) +B(t2 − t1) ≤ J1(λ1) +B(t2 − t1) := λ2.

By induction, there is a constant A > 0 such that u(t) ≤ A t ∈ [0, 1].
Lemma 2.3 is proved.

Lemma 2.4. Assume that v ∈ PC(J), dk, ek ∈ R, then

− u′′(t) = v(t), t 6= tk, t ∈ J,

u(t+k ) = u(tk) + dk, 1 ≤ k ≤ p,
(2.16)

u′(t+k ) = u′(tk) + ek, 1 ≤ k ≤ p,

u(0)− g(u′(0)) = u′(1) = a

has a unique solution,

ũ(t) = a+ g

a+

1∫
0

v(s)ds−
p∑

k=1

ek

+at+

1∫
0

G(t, s)v(s)ds+
∑

0<tk<t

[dk + (t− tk)ek]− t
p∑

k=1

ek,

where

G(t, s) =

{
t, 0 ≤ t ≤ s ≤ 1,
s, 0 ≤ s ≤ t ≤ 1.

Proof. Assume that u1, u2 are solutions of (2.16) and U = u1 − u2. It ia easy to check
that U ∈ C2(J) and U ′′ ≡ 0 on J. Hence, U(t) = bt + c, where b, c are constants. From
U ′(1) = u′1(1) − u′2(1) = 0, we obtain that b = 0. Thus u′1(0) = u′2(0) = 0 and c = U(0) =
= u1(0)− u2(0) = g(u′1(0))− g(u′2(0)) = 0. That is, u1 = u2 on J.

Next, we show that ũ is a solution of (2.16). From the definition of ũ, we have

ũ′(t) = a+

1∫
t

v(s)ds+
∑

0<tk<t

ek −
p∑

k=1

ek, ũ′′(t) = −v(t), t 6= tk,

ũ(t+k )− ũ(tk) =
∑
i≤k

di −
∑
i<k

di = dk,
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ũ′(t+k )− ũ′(tk) =
∑
i≤k

ei −
∑
i<k

ei = ek,

ũ′(0) = a+

1∫
0

v(s)ds−
p∑

k=1

ek, ũ′(1) = a+

1∫
1

v(s)ds+
∑

0<tk<1

ek −
p∑

k=1

ek = a,

ũ(0) = a+ g

a+

1∫
0

v(s)ds−
p∑

k=1

ek

+

1∫
0

G(0, s)v(s)ds = a+ g(ũ′(0)).

That is, ũ is a unique solution of (2.16).
Lemma 2.4 is proved.

Lemma 2.5. Assume that (H1) – (H3) hold, v ∈ C(J, [0,∞)), f̃(t, x, y) ∈ C(J × R × R,R)
and 0 ≤ f̃(t, x, y) ≤ v(t) for any (t, x, y) ∈ J × R× R. Then the equation

− u′′(t) = f̃(t, u(t), u′(t)), t 6= tk, t ∈ J,

u(t+k ) = Ik(u(tk)), 1 ≤ k ≤ p,
(2.17)

u′(t+k ) = Mk(u
′(tk)), 1 ≤ k ≤ p,

u(0)− g(u′(0)) = u′(1) = a ∈ (0, 1]

has a positive solution u ∈ PC1(J) ∩ C2(J∗).

Proof. Define an operator Tλ : PC1(J) → PC1(J) by

(Tλu)(t) = a+ g

a+ λ

1∫
0

f̃(s, u(s), u′(s))ds−
p∑

k=1

(Mk(u
′(tk))− u′(tk))

+ at+

+ λ

1∫
0

G(t, s)f̃ds+
∑

0<tk<t

[Ik(u(tk))− u(tk)) + (t− tk)(Mk(u
′(tk))− u′(tk))]−

− t
p∑

k=1

(Mk(u
′(tk))− u′(tk)), λ ∈ [0, 1].

Using Lemma 2.4, one can check that u ∈ PC1(J)∩C2(J∗) is a solution of (2.16) if and only if
u ∈ PC1(J) is fixed point of T1. Moreover, T0 has a unique fixed point u0 ∈ PC1(J).

It is not difficult to prove that Tλ(λ ∈ [0, 1]) is completely continuous. For any λ ∈ [0, 1],
we show that there exists a constant M > 0 independent of λ such that uλ, with Tλuλ = uλ,
satisfies ‖uλ‖PC1 < M. If λ ∈ (0, 1],

0 ≤ −u′′λ(t) = λf̃(t, uλ(t), u′λ(t)) ≤ v(t), t 6= tk, t ∈ J,

uλ(t+k ) = Ik(uλ(tk)), 1 ≤ k ≤ p,
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u′λ(t+k ) = Mk(u
′
λ(tk)), 1 ≤ k ≤ p,

uλ(0)− g(u′λ(0)) = u′λ(1) = a ∈ (0, 1].

By Lemma 2.3, we have that 0 < uλ(t) ≤ A, 0 < u′λ(t) ≤ B (h(t, z) ≡ v(t), p = q ≡ 0 in
Lemma 2.3). Put M > 1 + A + B + ‖u0‖PC1 , ‖uλ‖PC1 < M for any λ ∈ [0, 1]. Set Ω = {u ∈
∈ PC1(J), ‖u‖PC1 < M} and Ψλ = I − Tλ, here I is the identity operator, then

deg (Ψ1,Ω, 0) = deg (Ψ0,Ω, 0) = deg (I − T0,Ω, 0) 6= 0,

here, deg is the Lery – Schauder degree. Hence, Ψ1(u) = u − T1u = 0 has a solution u ∈ Ω̄.
Since the fixed point of T1 is the solution of (2.17) and due to Lemma 2.1, (2.17) has a positive
solution.

Lemma 2.5 is proved.

3. Main result. Our main result is the following theorem.

Theorem 3.1. Assume that (H1) – (H5) are satisfied, then (1.1) has at least one positive solu-
tion.

Proof. Let m ∈ N,
F (t, x, y) = f(t, δ1(m,x), δ2(m, y))

for x, y ∈ R, where

δ1(m,x) =



1

m
, x ≤ 1

m
,

x,
1

m
≤ x ≤ 1 +A,

1 +A, x > 1 +A,

δ2(m, y) =



1

m
, y ≤ 1

m
,

y,
1

m
≤ y ≤ 1 +B,

1 +B, y > 1 +B,

here, A, B are defined as in Lemma 2.3.
Consider the equation

u′′(t) + F (t, u(t), u′(t)) = 0, t 6= tk, t ∈ J,

u(t+k ) = Ik(u(tk)), 1 ≤ k ≤ p,
(3.1)

u′(t+k ) = Mk(u
′(tk)), 1 ≤ k ≤ p,

u(0)− g(u′(0)) = u′(1) =
1

m
.

Note that
ψ(t) ≤ F (t, x, y) ≤ V (t) < +∞,

where

V (t) = sup

{
f(t, x, y) : x ∈

[
1

m
, 1 +A

]
, y ∈

[
1

m
, 1 +B

]}
.
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By Lemma 2.5, (3.1) has a positive solution um(t) for any m ∈ N. Using Lemmas 2.1 and 2.3,
we obtain that for any t ∈ J,

1

m
≤ um(t) < 1 +A,

1

m
≤ u′m(t) < 1 +B.

Hence, um satisfies

u′′m(t) + f(t, um(t), u′m(t)) = 0, t 6= tk, t ∈ J,

um(t+k ) = Ik(um(tk)), 1 ≤ k ≤ p,
(3.2)

u′m(t+k ) = Mk(u
′
m(tk)), 1 ≤ k ≤ p,

um(0)− g(u′m(0)) = u′m(1) =
1

m
.

By (H5),

−u′′m(t) = f(t, um(t), u′m(t)) ≥ ψ(t), t ∈ J.

By Lemma 2.3,

um(t) ≥ G(t), u′m(t) ≥ H(t), t ∈ J.

If s1, s2 ∈ (ti, ti+1], s1 < s2,

|um(s2)− um(s1)| ≤

∣∣∣∣∣∣
s2∫
s1

u′m(t)dt

∣∣∣∣∣∣ ≤ B(s2 − s1),

|u′m(s2)− u′m(s1)| =

∣∣∣∣∣∣
s2∫
s1

u′′m(t)dt

∣∣∣∣∣∣ =

∣∣∣∣∣∣
s2∫
s1

f(t, um(t), u′m(t))dt

∣∣∣∣∣∣ ≤
≤

s2∫
s1

h(t, um(t) + u′m(t))dt+

s2∫
s1

p(t)w1(um(t))dt+

+

s2∫
s1

q(t)w2(u
′
m(t))dt ≤

≤
s2∫
s1

h(t, A+B + 2)dt+ P

s2∫
s1

w1(um(t))dt+Q

s2∫
s1

w2(u
′
m(t))dt ≤

≤
s2∫
s1

h(t, A+B + 2)dt+ P

s2∫
s1

w1(G(t))dt+Q

s2∫
s1

w2(H(t))dt ≤
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≤ (s2 − s1) max{h(t, A+B + 2) : t ∈ [0, 1]}+ (P +Q)

s2∫
s1

(w1(G(t)) + w2(H(t)))dt,

which by the condition (H5) implies that {u′m} is equicontinuous on (ti, ti+1).Hence, there exist
a subsequence {umj} of {um} which converges to u ∈ PC1(J). Since

um(t) =
1

m
+ g

 1

m
+

1∫
0

f(s, um(s), u′m(s))ds−
p∑

k=1

(Mk(u
′
m(tk))− u′m(tk))

+
t

m
+

+

1∫
0

G(t, s)f(s, um(s), u′m(s))ds− t
p∑

k=1

(Mk(u
′
m(tk))− u′m(tk))+

+
∑

0<tk<t

[Ik(um(tk))− um(tk)) + (t− tk)(Mk(u
′
m(tk))− u′m(tk))],

taking mj → ∞, we have

u(t) = g

 1∫
0

f(s, u(s), u′(s))ds−
p∑

k=1

(Mk(u
′(tk))− u′(tk))

+

+

1∫
0

G(t, s)f(s, u(s), u′(s))ds− t
p∑

k=1

(Mk(u
′(tk))− u′(tk))+

+
∑

0<tk<t

[Ik(u(tk))− u(tk)) + (t− tk)(Mk(u
′(tk))− u′(tk))],

which follows that

u′′(t) + f(t, u(t), u′(t)) = 0, t 6= tk,

u(t+k ) = Ik(u(tk)), 1 ≤ k ≤ p,

u′(t+k ) = Mk(u
′(tk)), 1 ≤ k ≤ p,

u(0)− g(u′(0)) = u′(1) = 0.

Hence, u is one positive solution of (1.1).
Theorem 3.1 is proved.

Example 3.1. Consider the equation

u′′(t) + t2 + (u′(t))−
1
2 + (u(t))−

1
2 = 0, t 6= tk, t ∈ J,

u(t+k ) = 2u(tk), u′(t+k ) = 2u′(tk), k = 1, 2, (3.3)

u(0)− (u′(0))3 = u′(1) = 0,
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where 0 < t1 < t2 < 1.

In fact, f(t, x, y) = t2 + y−
1
2 + x−

1
2 . Put ψ(t) = t2, then

H(t) = min

{
1

3
(1− t3), 1

12
(1− t32)

}
≥ 1

12
(1− t32)(1− t),

G(t) ≥ 1

24
(1− t32)t1t.

Setting h(t, x) = 1, w1(x) = w2(x) = x−
1
2 , then for (t, x, y) ∈ [0, 1]× (0,∞)2,

ψ(t) ≤ f(t, x, y) ≤ h(t, x+ y) + w1(x) + w2(y),

1∫
0

(w1(G(s)) + w2(H(s)))ds ≤ 8
√

6√
t1(1− t32)

< ∞.

By Theorem 3.1, (3.3) has at least one positive solution.
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