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We solve the problem of global stabilization in finite time for a general class of triangular multi-input and
multi-output systems with singular input-output links. In order to obtain the main result of the work, we
combine the controllability function method (which works locally, around the equilibrium only for our
class of triangular forms) with a modification of the global construction developed for the generalized tri-
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1. Introduction. The problem of feedback stabilization of control systems by means of the
Lyapunov second method is a wide area developing extensively and it is hardly possible to
give any detailed overview which covers all the aspects.

On the other hand, the problem of stabilization in finite time differs essentially from that of
classical Lyapunov stabilization (for instance, because the uniqueness property of the Cauchy
problem no longer holds true at the corresponding equilibrium point) which requires new
methods. One such constructive method is that of controllability function, which was proposed
in [10] and later developed in [1, 11, 12] and in many other works. In brief, the purport of
this approach is that, instead of looking for a Lyapunov function, one constructs the so-called
,controllability function” (whose properties are different from those of Lyapunov functions)
and finds a feedback to satisfy a certain inequality which can be regarded as an analog of the
Lyapunov inequality.

Let us note that (by its construction) the controllability function method has been applied
to either linear systems or at least to linearizable ones. During the last decade the problem of
stabilization in finite time became a hot topic (see, for example, [2, 7, 8, 16]), especially in the
context of applicability of backstepping designs [7, §].

Therefore, it is natural to raise the problem of (global) positional synthesis (i.e., that of
stabilization in finite time by means of the controllability function method) for some classes of
nonlinear control systems which are not feedback linearizable. The first candidate on this way
is the triangular form (next called TF) [4-6, 9, 13-15, 17-21, 23 -25].

Although the TF was originally introduced in [9] as a class of nonlinear but feedback lineari-
zable systems (and later was treated by most authors in the context of feedback linearization,
see for instance [6, 15, 21, 23]), in fact, this class is much richer and the triangular systems of
ODE are not necessarily feedback linearizable (the so-called ,,singular case” [4, 5, 18, 19, 24]).
Unfortunately, even for the classical Lyapunov stabilization, most results were obtained for the
regular case; as to the singular case, this requires some specific restrictions and/or developing
very specific techniques see [5, 18, 24, 25].

The above-mentioned work [18] was devoted to the global Lyapunov stabilization of the so-
called ,,generalized” TF systems under the only assumption of the regularity of the equilibrium
point at which the system should be stabilized (see also related work [14] devoted to the global
robust controllability of this class without that assumption). Being motivated by this work as
well as by the controllability function method, we want to combine these two approaches and
to solve the problem of global positional synthesis for the class of TF considered in [18], i.e.,
to construct a feedback, which not only stabilizes this class globally, but also steers any initial
state into the equilibrium point in finite time (however, such a feedback cannot be of class C!
everywhere, because one cannot provide the uniqueness property for the Cauchy problem at
the equilibrium point with such a feedback).

2. Preliminaries. For any vectors ¢ = [¢1,...,&y]andn = [y, ...,nx] in RY (with arbitrary
N € N), and any R > 0, we use the following notation:

N N % N %
i=1 i=1 i=1

Br(§) == {n € RN|jn—¢| < R}.
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For any 2 C R" by Q we denote its closure.
Our background is the following theorem (see [10] and [12, p. 19]).

Theorem 2.1 [10, 12]. Consider the control system

i = f(z,u)

with states x € R"™ and controls w € @ C R™, 0 € int Q) and with continuous function f such
that f(0,0) = 0 and in each set {[x,u]|0 < p1 < |z| < p2,u € Q} the following Lipschitz
condition holds:

fa ) = 2, 0)] < Lilpr, p2) (e =22 + |u! —o?]).

Assume that there is a function 0(x) defined on G = {z| |x| < R} with some R > 0 and such
that

1) 6(z) > 0, whenever x # 0 and 6(0) = 0;

2) 0(-) is of class C everywhere and of class C' everywhere except the origin x = 0;

3) there exists C' > 0 such that the set Q = {z| 0(z) < C} is bounded and Q C {z||x| < R};
4) there exists a feedback u(x) with u(z) € Q, whenever x € Q, and

DD pwu@)) = 30 2 fia, ) < g0 ), € Q) {0} M
i=1 !

with some o« > 0, > 0, in addition, in each set K(p1,p2) = {x € R"|0 < p1 < |z| < p2} the
feedback u(x) satisfies the following Lipschitz condition:

lu(z') — u(z?)| < La(py, po) ‘a:l - x2} for all {z',2°} C K(p1, p2).

Then, for each 1° € Q and each ty € R, the trajectory, of the system i = f(x,u(x)),
defined by x(ty) = 2° satisfies limy_;, 7 x(t) = 0 and z(t) = 0 for all t > to + T with some

T < <;) 9%@0); (note that if « = +oo then x(t) — 0ast — +00).

3. Main result. We consider the following control system:

i'k:fk(xla-"vmk-‘rl)a k=1,...,n—1,
2)
T = fo(T1,...,2n,u)
with controls u € R™ = R™»+1, with states 2 = [z1,...,2,]7 € R™M T+ with z; € R™,
m; < m;q1, and with fi(xq1, ..., z;41) € R™. We define
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fi(zy,x2)
faw) = | fEvT2w) 3)

and assume that system (2) satisfies the following conditions:

(I) f < C’n-i—l (Rm1+...+mn % Rm;Rm1+"'+mn)’

(D) fi(z1, ..., 2z, RM+1) = R™ for every [x1,...,2i] € R™ x ... x R™ and every i =
=1,...,n,

(ILD) there exist o} € R™, 1 < i < n, and u* = @, in R+ such that

ofi .
rank 8xle(x’{,...,xf+1) =m; forevery i=1,...,n,
1+
and such that f(z*,u*) = 0, where * = [z7,...,x}].

We want to study the problem of global finite-time stabilization of system (2) into [z*, u*].
This means that we are looking for a global feedback u = u(t, x) which is of class C! everywhere
except R x {z*} and uniformly bounded in R x B, (x*) with some o > 0 and which satisfies the
following conditions: (a) every solution of the closed-loop system & = f(x, u(t,x)) given by any
initial condition z(to) = 2 converges to z* in finite time, i.e., there exists a finite T'(¢p, z") > 0
such that z(t) — z* ast — tg + T(tg,2") and x(t) = 0 for all t > to + T(to,2°) and (b) z* is
a globally asymptotically stable equilibrium for the closed-loop system & = f(z,u(t,z)). Our
main result is as follows.

Theorem 3.1. Suppose that system (2) satisfies conditions (I)—(Ill). Then there exists the
above-mentioned feedback v = wu(t,z) (at least T-periodic in time with any T > 0) which
solves the above-mentioned problem. Furthermore, in some neighborhood of v* € R™ T Tmn,
the feedback u(t,x) is time-invariant, i.e., u(t,z) = wu(x) and it satisfies all the conditions 1) —
4) of Theorem 2.1 (along with (1)) everywhere in this neighborhood with some controllability
function 6(z).

Given a feedback u(t,z), any tg € R, and any 2" in R™ ™0 et t v x(t,tg, 20, u(-, "))
denote the trajectory, of system (2), defined by this feedback and by the initial condition x(¢y) =
= 20 (in our argument, it will be clear from the context that the uniqueness of the solution of
the corresponding Cauchy problem is provided).

First of all, let us explain why we are looking for a feedback of the form w(t, z) although
the dynamics of (2) does not depend on time. This is caused by the global properties of the
“generalized triangular form” defined by conditions (I) - (III) and can be demonstrated by the
following example proposed in [14, 18] for the classical stabilization problem (this is applied
both to the problem of classical global asymptotic stabilization and to our synthesis problem).

Example 3.1. Consider the nonlinear system

i1 = bay — (1 — ax?) o,

(4)

To = u,
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(a > 0,b > 0) which satisfies all the above-mentioned Conditions (I) - (III), and assume, for
instance, that there is a feedback law v = u(x1,z2) of class C', which globally asymptotically
stabilizes (4) into [0,0]. Define g(z) by g(z) = [bz3—(1—az?)xe, u(z1,72)]T, and C by C :=
= {[z1,72] € R*az? + bz3 = 1}. Since the feedback u = wu(z) is continuous on C, and
globally stabilizes (4), we obtain u(z) # 0 for all x € C. Then the map given by C>z

T

— égg‘ = [0, |ZE§§|] is well-defined. On the one hand its degree equals 0, but on the other,
there exists a homotopy between this map and the map given by C' 5 = — (—x) € C (see the
proof of the well-known Brockett necessary condition for stabilization [3], which can be also
found in [22, p. 184]). This contradiction proves that there is no any feedback u = u(x) of class
C' which globally stabilizes (4). The same argument can be applied for the global synthesis
problem considered in the current paper. (Note that (4) is even SISO (single-input and single-
output), i.e., with scalar x; and u).

Our next example is concerned with the MIMO (multi-input and multi-output) case and
with different m;.

Example 3.2. Consider the following MIMO nonlinear system

T = (yg—y%—l) cos Yo — :v% -1,

T9 = (y%—y%—l) sin yg — :c% — 1,

yl — ey1u27 (5)
. 1
= uU3CcosSU| — —-——,
Y2 3 1 x%—i—l
. . 1
= ugsinu; — ————,
Y3 3 1 $%+1

with states [z, 22, y1, 92, %3] € R® and controls [uy,u2,u3]” € R3. System (5) has form (2)
withm; = 2, mg = m3 = 3, and with n = 2. Itis clear that system (5) has many singular points
(every point [x1, z2, Y1, Y2, y3] such that y3—y?—1 = 0 is singular). However, each equilibrium
point satisfies the following conditions:

(3—yi—1)* = (23+1)* + (21+1)* > 0, yi+y3>0,

ul = ! 2+ 1 2>0
3 m%%—l x%+1 ’

and, therefore, it is regular, i.e., satisfies condition (III). Finally, (5) satisfies conditions (I), (II),
and, therefore, our Theorem 3.1 is applicable to system (5) for each equilibrium point of this
system.

and

ISSN 1562-3076. Heaninitini koausarnsa, 2012, m. 15, N2 2
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4. Proof of Theorem 3.1. First, we rewrite system (2) in the following form:
(1 1 ) (1) (2
xg): 1()<mg),x;),x§)),

a1 n 1 1 k 1 k+1
(0 el ),

i = f0 (e e, (6)

where
TE = x(l), ,x,(ck)} e R, fp = [f,gl), , ,gk)} eR™, k=1,...,n,
u = [u(l), .,u(nﬂ)}T e Rt
with
:UZ@ e R™, fl-(i) eR™, i=1,...,n, utD e R™, u) € R™Mnt1—mn
and

o) € Rminmmis ) e Ry 1< <i—1, i=2,..n,

and 27, £ are defined by the following conditions:

i 0 Je

ofY (a3.....75,,) O (a7, u*)

rank

=my, k=1,...,n, rank

(k+1) (n+1) = ma,
Oy u
™)
a( O (k)) (%) 8]0(”) (2%, u*)
rank —-k 1Tk =m, k=1,...,n, rank " ‘ = My,
2 k+1 ’ LR 2 n+1 n
6($§€l1,...,x,(€+1)) o(u?, ... ulrth)
Let us note that if m;,_; = m;_j+1, then mgj ) is omitted (its dimension equals zero); in
particular, for m; = ... = m,, = mu4+1, we have z;, = x,(ck) e R = R™+ k =1,...,n,

u = umth) ¢ RMmn+1,
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Then we consider the following transformation of states and controls (note that this is
a natural extension of the transformation considered in [9] for the special case m; = ...

.= Mp41 = 1)

O = B = ol

1 1 1
6[5;-21 - Fk(;_l,-)l(a:h s 7xk7xk+1) = x;_zlv
l l
gl(gJ)rl F]ill('xl?"'?xk:xk-i-l) =
8F
—ZZ f(j (21,...,2i41), for 2<1<k+1, 1<k<n-—1, (8)
=1 j5=1

nlzaF(ll) n (ll

l .
o = Fly(u) = P Z
i xz,; —

Nayu), 1=2,...,n+1.

It is easy to show that (8) is a local diffeomorphism around [z*,«*] and (in some nei-
ghborhood of [z*,u*|) maps diffeomorphically the trajectories of system (6) (i.e., system (2))
onto the trajectories of the following linear system:

gl =l =1k, MY =R g,
€)
£ = @),
Rewrite system (9) in the following form:
§ = AL+ B, (10)

where A and B are the corresponding matrices defined by system (9). (It is clear that (10) is
globally controllable.)

According to the result of [11] (see also [12, p. 121 -139]), there exist some ap > 0 and some
neighborhood of 0 such that the equation

2000 — (N~'(0)¢,€) = 0
with
+oo
N(0) := / e te BB e A gt
0

has a unique solution for each ¢ € B,(0) \ {0} (for some small » > 0) and defines a positive
definite function (&) of class C'* on B,.(0) \ {0} and of class C on B,.(0) (for ¢ = 0,6(0) = 0 by
the definition of #(¢)) and such that the control

u@y:{aﬁN*wwﬁifif&wme

ISSN 1562-3076. Heaninitini koausarnsa, 2012, m. 15, N2 2
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with this controllability function satisfies all the conditions 1) —4) of Theorem 2.1 with some
a > 0,8 > 0, and, therefore (locally, around the origin), resolves the synthesis problem in the
sense of Theorem 2.1. Furthermore ([12, p. 127] or [11]), for any d > 0, it is possible to find
some ag > 0 such that |w(&)| < d, whenever € B,(0).

Letz = ®(§), u = ¥(&,v) be a diffeomorphism which is inverse to the map given by (8)
and which (locally, around the origin) maps the trajectories of system (10) onto the trajectories
of system (2). Define

u(z) == V(F(x),w(F(z))) and O(x) = 0(F(x)),

where F'(z) is the transformation of coordinates defined in (8) which (along with the transformati-
on of controls given by (8)) brings (2) (or (6)) to (10).

Then, in some open neighborhood of z*, we obtain
g

82(95) f(z,a(z)) < —2 0O a(z), for all z#az* such that O(z) < po  (11)
X (6

with some py > 0. On the other hand, using the result of [18], we obtain that for any 7" > 0,
there exist Ry > 0 and some T-periodic feedback v(t, z) of class C!, which globally asymptoti-
cally stabilizes system (2), and there is a T-periodic Lyapunov function V (¢, z) of class C'* defi-
ned in some neighborhood of R x {z*} such that V is positive definite (V' > 0 and V(¢,z) = 0
if and only if z = z*); V has the form

V(t,z) = |z1 —z})? + |lvo —oq(t, ) P 4+ |2 — an1(t, 21, ..o 20 1))

with o;(t, 27,...,27) = xj; € R™+ and a;(t + T, 21,...,2;) = o;(t,v1,...,2;) forall ¢ (o
being of class C!) and such that

88—1/ + aa—v (x,v(t,z)) < =V (t,z) for all [t,x] such that V(t,x) < Rp.
x

Remark 1. Let us note that, since (2) is time-independent, the argument from [18] actually
yields that V (¢, z) and v(t, z) are also time-independent locally in some neighborhood of R x
x{z*} (whereas v(t, z) is time-varying and T-periodic globally, in general), therefore, without
loss of generality we may assume that V(¢,z) = V(z), v(t,z) = v(x) and o;(t, 21,...,25) =
= «aj(z1,...,x;) for all [¢t,z] such that V (¢, z) < Ry.

Fix any R in |0, Ry[. For any ¢ > 0, denote:

I.:=Rx{z e R *"0(z) < ¢},
Ac = {[t,z] € Rx R™MT-T™ |V (¢ 2) < c}.
Remark 2. 1t is straightforward that both T'.. (see [12, p. 122] as well as [1, 10, 11]) and A, (see
the form of V (¢, z)) have the following properties: I'; and A, are bounded for all p € [0, po] and

R € [0, R, respectively, and SUp[ gler, [T — | — 0 and supy gjea, [v — 2| — 0asc — +0.
Take any small g > 0 and any small p €]0, po[ such thatI', ., C Ag.
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Given any ¢ €]0, [, take some T-periodic function A(t,z) of class C®°(R x R+ +7n;
[0,1]) such that A(t,x) = 1if [t,z] € T'p; AM(t,x) = 0if [t,2] ¢ T'pie. Let uc(t,z) of class
C(R x Rmut-tmn, Rmat1) | OHR x (R™F+mn \ {3*}); R™n+1) be given by

ue(t,x) = At, z)u(x) + (1 — A(t, z))v(t, z).

(Note that, although () was defined locally around z* only, u. (¢, x) is well-defined everywhere
because, if [t,z] ¢ T'pic,, then A(t,z) = 0, i. e., the first term is vanishing.) It is clear that for
every [tg, 2°] € R x R"™*++" we obtain:

1) if [to, o] € T, then [t,z(¢, to,2°, uc(+,-))] € T, forallt > ¢, and there is T'(tg, 2°) > to
such that x(t, tg, 2%, uc(-,-)) — x* ast — T(tp,2") (furthermore, along such a trajectory, the
inequality (11) holds);

2)if [to, x0] € AR, then [t, z(t,tg, 2°, u-(-,-))] € Ag forall t > tg;

3) for every [tg, "] € R x R™i+-+"n there exists t1 > tg such that [t, x(¢, to, 2%, uc(:,-))] €
€ Apforallt > ¢4.

Take any 0 > O such that A, s C I', for some small § > 0. Then, there are some n € N
and some m € N such that for any [tg,70] € Ag we have [t,z(t,to,2°,v(,-))] € A, for all
t > to + nT and for any [to, zo] € T', we have z(t,to,2%,4(-)) = 2* for all t > to + mT.

T
Given h € ]0, 3 [, find any (m+ n+ 2)T-periodic function uy,(t) of class C*°(R; [0, 1]) such
that
0 if k(m+n+2)T+h < t < (k+1)(n+1)T+k(m+1)T—h,
p(t) =
1 if (k+1)(n+1)T+k(m+1)T+h < t < (k+1)(m+n+2)T—h

for all k € Z, and define
Up(t,x) = pp(t)ues(t,z) + (1 — pp(t))v(t, ).

T
Then it is straightforward to check thatif » € |0, 3 is small enough, then the feedback uy, (¢, )
resolves our problem of global stabilization in finite time and satisfies Theorem 3.1.
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