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Using LCODE 2.5D-simulation of wakefield excitation in plasma by a long sequence of relativistic electron
bunches was performed. For the resonant sequence wakefields add coherently until the wave nonlinearity comes into
play. The mechanism is found out which enables resonant excitation of the wakefield even if the bunch repetition
frequency appreciably differs from the plasma frequency. Conditions for enhancement of excitation efficiency,
acceleration gradient, and transformation ratio were investigated.
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1. INTRODUCTION

High gradient electric field excited in a plasma by
intense relativistic electron bunch or train of bunches
proposed in [1,2] and firstly experimentally tested in [3-5]
has already been demonstrated to offer new promising
techniques for acceleration [6], focusing [7, 8], and
deflection [9] of charged particle beams.

The bunch of the density comparable with or greater
than the plasma density n, is required for excitation of a
high amplitude wave with the electric field of the order of
the wavebreaking limit Ey=cw,/e, where m is the electron
mass, e is the elementary charge, ¢ is the speed of light,
and o, = \4znge*/m is the plasma frequency. If a high
density beam is not available, the wave can be resonantly
driven by a train of short low density electron bunches
providing the same total charge [3]. The multibunch
scheme has also been tested experimentally [3-5,10-14]
though accelerating gradients achieved so far are not so
impressive compared to single bunch experiment [6].

We present results of numerical simulation of plasma
wakefield excitation by a sequence of relativistic electron
bunches, made with 2.5D quasi-static code LCODE [15]
that treats the bunches as ensembles of macro-particles
and plasma as a cold electron fluid, since particle models
cannot treat very long bunch trains due to error
accumulation. The code is quasi-static, that is, the plasma
response is calculated as a function of the co-moving
coordinate £ = z—ct. The quasi-static approximation is
fully justified for short highly relativistic beams which
evolve slowly on the time scale of beam passage through
a plasma cross-section; in this case ¢-dependencies define
both spatial portrait of the plasma response and its
temporal evolution at a certain cross-section. In our case,
the beam is long and the dualism in interpretation of
é-dependencies disappears. Each bunch still interacts with
the plasma quasistatically, that is, as a rigid object
moving with the speed of light. As to the whole beam,
corresponding times and distances are to be compared
with times and distances of non-quasistatic processes. At
plasma temperatures of interest (electron-volts), both
collisions and energy drift with the group velocity occur
at times greater than the time of beam passage through a
given cross-section. Thus, quasi-static ¢-dependencies
characterize the temporal behavior of the plasma response

at a fixed point. As to the instant spatial portrait of the
system, it cannot be obtained from &-dependencies by
putting ¢ constant, since the beam itself is longer than the
distance of beam evolution.

Parameters are taken close to those of plasma
wakefield experiments [3], in which electron beam
represented by a regular sequence of 6000 electron
bunches, each of energy 2 MeV, charge 0.32 nC, rms
length 26,=1.7cm, rms radius ,=0.5cm, and rms angular
spread 64=0.05 mrad excites wakefield in the plasma of
density nP:10“ cm” and length of about 1m, so that the
repetition frequency of the bunches coincides with the
plasma frequency , (so called resonant sequence).

The multibunch scheme imposes heavy demands on
accuracy of the plasma density. We have found, however,
a robust mechanism that, at the expense of bunch
population, enables resonant excitation of the wakefield
even if the bunch repetition rate appreciably differs from
the plasma frequency. There are experimental evidences
of this effect: in KIPT experiments [3] up to 5000
bunches coherently build up plasma oscillations thus
causing a linear growth of the wakefield amplitude. To
provide this field growth without the effect of frequency
synchronization, the plasma density must be controlled to
the precision of roughly 1/5000, which is absolutely
impossible with the decaying plasma used in the
experiments.

2d3v-investigation of transformation ratio has been
carried out. The cases of bunches placing on phases and
ramping of bunches intensity, which leads to values of
transformation ratio, exceeding limiting value 2, which
follows from Wilson theorem, have been considered.

2. RESULTS OF SIMULATION
2.1. RESONANT TRAIN OF BUNCHES

We consider dynamics of first 31 bunches in the
plasma. Bunches and plasma densities in the cylindrical
coordinate system (r,z) at some z as functions of the
dimensionless time r=w,t are shown in Figs. 1, 2. From
Fig. 1 we see that, at the middle of the plasma, the
bunches are already focused by the wakefield, and the
focusing is non-uniform. This looks like compression of
bunches both in radial and longitudinal directions,
though, of course, at these times and beam energies,
radial relative shifts of beam particles prevail. Because of
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the complicated shape of bunches, the excited wave
(Fig. 2) looks like a nonlinear one, with the wave period
being longer near the axis. However, it is not nonlinear
yet, that is, the period of remaining wakefields will be
exactly 2m/w, if we break the sequence after the 31-th
bunch. As the bunch sequence evolves, the wakefield also

evolves, and location of defocusing regions shifts with
respect to the bunches. For a bunch slice to be defocused,
it is sufficient to fall into the defocusing field only once
for a relatively short period of time. As a consequence, at
the end of the plasma the bunches are mostly defocused
(Fig. 3), and the wakefield is lower.
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Fig. 1. Temporal evolution of the bunches density in the middle of the plasma (at z=50 cm from the injection point)

For the sequence of 500 bunches (see Fig.3), we
observe that 100 bunches lose their energy linearly, i.e.
coherently deposit energy in plasma wakefield excitation

(Fig. 4).
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Fig. 3. Longitudinal momenta of 500 bunches as they
pass the middle of the plasma (z=50cm)

The next portion of bunches (up to approximately
300-th bunch) continues to lose their energy and
contribute to wakefield build-up, but at a smaller rate.
Subsequent bunches fall in deceleration and acceleration
phases of the excited wakefield, so that the wakefield
amplitude saturates at the magnitude of 3 MeV/m.

100 o
Fig. 4. The amplitude of the on-axis electric field as a
function of the coordinate along the plasma and the
number of bunches
The overall picture of wakefield excitation is seen

from Fig.4 that shows the temporal growth of
longitudinal electric field E, in different plasma cross-
sections. Near the entrance, the bunches have a perfect
Gaussian-like shape, and the field grows linearly until the
wave gets nonlinear and goes out of resonance with the
sequence. At z~50 cm, the effect of bunch pinching
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Fig. 2. Temporal evolution of the plasma electron density (z=50 cm)

comes into play, and we observe faster field growth and a
higher saturation level. The maximum electric field here
is as high as 10% of the wavebreaking limit. Near the end
of the plasma, the bunches are mostly defocused, and the
excited wakefield is low.

2.2. NONRESONANT TRAIN OF BUNCHES

Fig. 5 shows how the frequency synchronization
manifests itself if the plasma density is 5% lower than the
resonant one.
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Fig. 5. Wakefield amplitude as a function of coordinate
and number of past bunches for ny = 0.95 n,

Here we plot the on-axis amplitude of the longitudinal
electric field Ezm versus the distance z along the plasma
and the number of bunches N past through these cross-
sections. At small z, we observe beating of the field, as it
should be for a harmonic oscillator driven by a periodic
force of a slightly different frequency. Some distance
downstream, the shape of bunches changes, and we see
the linear wakefield growth composed by small equal
steps that follow with the beat frequency.

To visualize the underlying physics, we reduce the
plasma density to 75% of the resonance value and look at
the phasing of bunches with respect to the wakefield
(Fig. 6, a). Just after entering the plasma, the bunches are
fresh, and the beating is nearly periodic. The bunches at
the beginning of beating pulses are mainly in the
decelerating phase of the wave; the ones near the end are
in the accelerating phase; the bunches near the field
maximum, on the average, do not exchange energy with
the wave. In the linear wakefield considered, intervals of



focusing are 7/2 shifted forward in time with respect to
the acceleration intervals.
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Fig. 6. The on-axis field Ez(t) (top) and the beam density
ny(r, t) (bottom) near the entrance to the plasma atz = 0
(a) and at the distance of frequency synchronization
z = 70c/w, (b) for ng = 0.75 ny.s. Black dashes under the
beam density map in (a) indicate cross-sections of the
defocusing transverse force. The thin sinusoid in (a) is the
wakefield of the first bunch. Vertical thin lines in (a) show
the relative location of bunch centroids with respect to
the wave

The bunches near the field maximum thus fall into the
defocusing phase of the wave and quickly leave the
wakefield area (Fig. 6, b). The bunches which build up or
damp the wave (thereby defining its structure) are in the
phase of a small transverse force and preserve their shape.
Due to this fact, the wave remains unchanged until the
defocused bunches get completely destroyed. With
respect to the plasma-frequency sinusoid, all survived
bunches are in the decelerating phase, while the destroyed
bunches were in the accelerating phase. Consequently, as
the latter disappear, the plasma-frequency sinusoid
becomes the dominant mode that monotonically increases
its amplitude with each group of survived bunches. In
other words, the survived bunches form a sequence which
is strictly resonant with the plasma wave. It is particularly
remarkable that the beam rearrangement occurs
identically in all beating periods, just with a time delay.

We can estimate the time of frequency
synchronization from the linear wakefield theory [16].
For the discussed beam parameters, this time corresponds
to the distance of about 15 cm that is marked in Fig. 1 by
the arrow.

2.3. TRASFORMATION RATIO

For plasma wakefield accelerator (PWFA) concept
three parameters are of great importance: accelerating
rate, efficiency and transformer ratio. For the simplest
case of PWFA — one-dimensional collinear along z two
“point” bunches (driver and witness) with number of
particles Ny, N, and particle energy E;, E,, respectively,

these parameters are defined by following relations:
accelerating rate G=dE,/dz; transformer ratio T = AE,/E;;
and efficiency n = A(N,E,)/ N{E,

High accelerating rate allows to reduce length of
accelerator but energy gain of accelerated bunch is
limited because the higher gradient of excited wakefield
the higher retarding field and smaller length on which
driver bunch loses its whole energy. As it has obtained in
[17] (Wilson’s theorem) for this case

T =AEy/E; £ (2-Ny/N)), (1)
N < Ni/N;p (2-No/Ny). 2

There some possibility to overcome this limit,
including the use multibunch driver. So for resonant train
of M bunches due to different stoppage distances of
various bunches, namely 1%, 2™, 3 . . M bunch loses
its whole energy on distance L, L/3, L/5,....L/(2M-1),
respectively, transformer ratio [17]

T<X2/(2k-1)-N,/Ny, i.e. T~InM, 3)
though wakefield increases linearly with number of
bunches M.

If bunches are placed in zeros of summarized wakefield
then T grows faster, namely linearly with M [18].

T<2VM-Ny/N,, 4)
because all bunches are in the equal its own decelerating
field and lose whole energy on the equal distance.

If the sequence is ramped then [18]:

T<2M-N,/N. (5)

We carried out 2d3v simulation of these cases and
investigated influence of focusing/defocusing of bunches
on value of transformer ratio.

For resonant (wme=,) sequence of 7 bunches of
equal intensity (Iy= Io) and 8" accelerated bunch the
results are presented in Figs. 7, 8.
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Fig. 7. Longitudinal electric field E. (red) and coupling
coefficient (black) at y,=1000, I,=0,3x10"mc’/4e,
7,=0,3¢c/w,

Fig. 8. Longitudinal momenta of bunches

From Figs. 7, 8 it follows that for the resonant train
transformer ratios, defined by field Tg and by energy Tg
are different Tg#Tg, namely Tg=1.17, Tg ~ InM [17] and
are not high enough. To enhance transformer ratio all
bunches should be in the equal decelerating field and
consequently lose its energy on the same distance and
consequently Tg=Tg. For this aim each bunch should be
placed in phase where total wakefield of previous
bunches is zero. It gives transformer ratio Tg ~ VM [17].
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We proposed to place bunches only in phases of
wakefield zeros, where bunches experience focusing [19].
To manifest influence of focusing/defocusing of bunches
we considered mildy relativistic case y,=10. In Figs. 9,10
there are shown E, wakefield (red), coupling coefficient
(black) and bunch density (yellow) for bunches placing in
focusing (see Fig.9) and defocusing (Fig. 10) phases
where wakefield is zero (I,=0,3x 10> mc’/4e, 1,=0,3c/m,).

Fig. 9. Focusing phases Ty = 4.2, Te>2VM
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Fig. 10. Defocusing phases Ty =1, Tp< VM

From Fig. 9 it is seen that placing bunches in focusing
zeros of wakefield results in linear increase of total
wakefield simultaneously with high transformer ratio.
Meanwhile in defocusing case (see Fig. 10) there is no
wakefield growth nor transformer ratio enhancement with

number of bunches.
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Fig. 11. Dependence of Ty on number of point bunches,
placed in wakefield zeros phases, where bunches are
focused: y=1000 (black), y=10 (blue dashed-line), 2IM
(red), M (green chain line)

Dependence of transformer ratio on number of
bunches with taking into account radial dynamic of
bunches at 2d3v simulation is shown in Fig. 11 for
bunches of equal charge and in Fig. 12 for ramped
sequence of bunches. For bunches experiencing focusing
(y=10) transformer ratio is higher comparing to Tg=2VM
for identical bunches and Tg = 2M for ramped sequence.

In [14] the similar scheme of placing bunches in zeros
of Ez wakefield was proposed but additionally the train of
bunches should be profiled (e.g. ramped). For such
scheme the transformer ratio increases linearly with the
number of bunches (T=MT)), while the peak accelerating
field is only Eg,,=ME: (at the expense of the total charge
which scales as M2Q1 for R, =2). E, is the wake excited by
the first bunch with charge Q;. From an energy
standpoint, each bunch transfers as much energy to the
accelerating wake as the first bunch does, and the rest of
its energy is transferred through the plasma to the
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subsequent bunches to prevent them from decelerating at
higher rate.
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Fig. 12. Dependence of Tr on number of bunches for
ramped sequence:

y=1000 (black), y=10 (blue dashed-line); 2M (red)

Fig. 13 shows an example of a case where 4 drive
bunches with /=A/2 whose charges scale as
15:45:75:105 pC drive a 110 MV/m wake when they are
placed 1.5A, apart. The wake amplitude is small given the
total charge provided, but the transformer ratio is almost
quadrupled.
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Fig. 13. Ramped bunch train distribution for maximum
transformer ratio. The drive bunches are separated by 1.5
plasma wavelengths

=200

2.4. PLASMA-BASED AFTERBURNER
DESIGN FOR ILC

An afterburner from 100 to 500 GeV for International
Linear Collider can be designed by extending the ramped
bunches scheme within the limits of linear regime; an
exact design will have to account for the nonlinear effects
at ILC. A small witness bunch can gain 400 GeV (per
particle) by sampling a ~15 GV/m accelerating wakefield
over ~27 m of plasma. This wakefield can be excited by a
train of 4 ramped drive bunches if the plasma density is
increased to np:2><1017cm'3 and the beam charge is
increased 5 times, while the focused beam size is
o,~10 um. The total charge is 1.2 nC and needs to be
distributed as 75:225:375:525 pC while the bunches are
separated by 1.54, =112 um. Finally, in this model, if the
witness bunch only loads the wake by 30% in order to
minimize the energy spread, its charge would have to be
0.3Q40ta/T=0.3x1.2nC/8=45 pC [20]. If the same amount
of charge was distributed into 4 identical equidistant
bunches (or one single drive bunch), then the maximum
accelerating wakefield could be 4 times higher,
~60 GV/m, but the fourth drive bunch would lose all its
energy in less than 2 m in the plasma, thus limiting the
possible energy gain of the witness particles to 120 GeV.



However, using the 4 ramped bunches, the transformer
ratio in principle can be close to R=8 and the decelerating
wakefield inside any drive bunch is only (15 GV/m)/R =
1.875 GV/m.
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JJINHHASA MOCJENOBATEJBHOCTD PEJATUBUCTCKHUX JIEKTPOHHBIX CT'YCTKOB
KAK JIPAUBEP B KWJIbBATEPHOM METO/IE YCKOPEHMUS 3APSI)KEHHBIX YACTHII B IIA3BME

K.B. J/lomos, B.H. Macnoe, H.H. Onuwenko

C wucnone3oBanuem LCODE mpoBeneHO 2.5-MEpHOE YHCICHHOE MOJIEIHPOBAaHUE BO30YXKIEHHS KIIIbBAaTEPHBIX
NoJIeH B IUIa3M€ JJIMHHOW IIOCJIENOBATEIBHOCTBIO PEIATUBUCTCKUX 3JIEKTPOHHBIX CrYCTKOB. /[l pe3oHaHCHOM
HCIOYKU KHUJIbBATCPHBIC MMOJIA CKIAABIBAIOTCA KOTCPEHTHO, IMOKa CyLLleCTBeHHOfI HE CTAHOBUTCS HEJIMHEHHOCTH BOJIHEI.
OOHapy»XeH MeXaHH3M, KOTOPBIH JIeJlaeT BO3MOXXHBIM PE30HAHCHOE BO30YKAEHHE KHIbBATEPHOTO ITOJIS, JAXKE €CIIU
YacTOTa CIICMOBAHHUSI CTYCTKOB OTJIMYAETCS OT IUIa3MEHHOM dYacToThl. lccienmoBaHBl YCIIOBHS — TOBBIICHUS
3¢ (eKTUBHOCTH BO30YXKICHU, TEMITA YCKOPEHUS M KOAPPHUIHEHTa TpaHC(HOPMAIIHH.

JIOBT'A TOCJITOBHICTD PEJIATUBICTChKHUX EJJEKTPOHHUX 3TI'YCTKIB SIK JIPAVBEP
B KIIbBBATEPHOMY METO/I TIPUCKOPEHHSA 3APAJKEHUX YACTHHOK VY IIVIA3MI

K.B. J/lomoes, B.I. Macnos, I. M. Onuwienko

3 BuxopuctanasiM LCODE nposeneHO 2.5-BHMipHE YHCENbHE MOETIOBAaHHS 30yIKEHHS KiIbBATEPHUX IIOJIB y
IU1a3Mi JIOBrOIO MOCIIZIOBHICTIO PENATHBICTCHKHUX €JIEKTPOHHUX 3TYCTKIB. /151 pe30HaHCHOT MOCIIZIOBHOCTI KUIbBaTepHI
TIOJIsL ZIOAAI0ThCsl KOTEPEHTHO, ITOKM HE CTa€ CYTTEBOIO HENHIMHICTH XBWII. BusiBieHO MexaHi3M, sikuil 3abesreuye
pe30HaHCHE 30YIKEHHS KUTBbBATEPHOTO MOJ, HABITH SKIIO YacTOTAa CNiTyBaHHS 3TYCTKIB CYTTEBO BiAPI3HAETHCSA Bij
IU1a3MOBO1 4acToTH. JlocmimKeHo yMoBH 30UTBIICHHS! €PEKTUBHOCTI 30yKEHHS, TEMITy MTPUCKOPEHHS Ta KoedilieHTa
TpanchopmMariii eneprii.
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