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ñ öåíçóðèðîâàíèåì ïî âðåìåíè äëÿ ðàñïðåäåëåíèÿ Áóððà XII òèïà
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Ïðåäëàãàåòñÿ îïòèìàëüíîå ïëàíèðîâàíèå ÷àñòè÷íî óñêîðåííûõ ðåñóðñíûõ èñïûòàíèé ñ öåíçó-

ðèðîâàíèåì ïî âðåìåíè äëÿ ðàñïðåäåëåíèÿ Áóððà XII òèïà. Â ðàìêàõ ìåòîäà ìàêñèìàëüíîé

âåðîÿòíîñòè ïîëó÷åíû òî÷å÷íûå è èíòåðâàëüíûå îöåíêè ïàðàìåòðîâ ìîäåëè. Âûïîëíåíà

îïòèìèçàöèÿ ÷àñòè÷íî óñêîðåííûõ ðåñóðñíûõ èñïûòàíèé ñ öåíçóðèðîâàíèåì ïî âðåìåíè. Â

êà÷åñòâå êðèòåðèÿ îïòèìàëüíîñòè ïðåäëîæåíà ìèíèìèçàöèÿ îáîáùåííîé àñèìïòîòè÷åñêîé

âàðèàöèè ïîêàçàòåëåé ìàêñèìàëüíîé âåðîÿòíîñòè ïàðàìåòðîâ ìîäåëè. Äëÿ îïðîáîâàíèÿ

ìåòîäèêè ïðîâåäåíî ÷èñëåííîå ìîäåëèðîâàíèå ðÿäà òåñòîâûõ çàäà÷.

Êëþ÷åâûå ñëîâà: ñòàòèñòè÷åñêèé âûâîä, îïòèìàëüíûé ïëàí èñïûòàíèé, ÷àñòè÷íî

óñêîðåííûå ðåñóðñíûå èñïûòàíèÿ, ìàêñèìàëüíàÿ âåðîÿòíîñòü, ðàñïðåäåëåíèå Áóððà

XII òèïà.

N o t a t i o n

PALT – partially accelerated life testing

n – number of specimens in a step-stress PALT

T – specimen lifetime under operation condition

Y – total lifetime of specimen in a step-stress PALT

yi – observed lifetime for item i, where i n�1 2, , ... ,

� – stress-change time

Yc – a pre-specified censoring time (��Yc )

PDF – probability density function

CDF – cumulative distribution function

R t( ) – reliability function at time t

h t( ) – hazard function at time t

� – acceleration factor (��1)
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c k, – parameters of the Burr type XII distribution

n nu a, – number of failed items under normal and accelerated conditions, respectively

y y y y Yn n n n cu u u a( ) ( ) ( ) ( )... ...1 1� � � � � � �� �� –

ordered failure times in a step-stress PALT

Introduction. Generally, the growing need for enhanced reliability increased the

application of accelerated test procedures, in order to get important degradation and other

information concerning the reliability of products. Such tests aim to offer the accelerated

estimation of the product performance.

In practice, the investigation of PALT introduces various essential points. Three types

of stresses can be applied to perform such PALT, namely: progressive-stress, step-stress,

and constant-stress. The main focus of this research is on the tests of step-stress, which

depend on utilizing two levels of stress and can be used in several manners. These tests in

turn are divided into two types: failure-step stress and time-step stress. Step-stress scheme

allows the stress setting of a unit to be changed upon the occurrence of a fixed number of

failures or at pre-specified time. The former is called a failure-step stress test and the latter

a time-step stress test which is considered in this paper. As well, optimum test plans are

developed in this research to investigate the time step-stress PALT with the assumption that

the specimen lifetime follows the Burr type XII distribution.

According to the literature, Degroot and Goel [1] investigated the PALT assuming

type-² censoring. The Bayesian approach with various loss functions has been applied to

estimate the acceleration parameter and exponential distribution parameters. Bai et al. [2]

have discussed the estimation problem for specimens having log-normally distributed lives.

Ahmad and Islam [3] have developed optimal accelerated life test designs for the Burr type

XII distribution under periodic inspection and type-I censoring. Abdel-Ghaly et al. [4] have

studied both the estimation and the optimal design problems assuming that the specimens’

lifetimes follow Pareto distribution using type-I censored data. Aly and Ismail [5] have

focused on the design problem under step-stress PALT considering Weibull distribution.

Abd-Elfattah et al. [6] have studied only the estimation problem of step-stress PALT for the

Burr type XII distribution using type-I censoring.

Ismail [7] has presented optimal test plans for time-step PALT assuming a failure-

censoring Weibull model. Ismail [8] has studied the optimal design of constant-stress

partially accelerated life tests under time-censoring for specimens with lifetimes have

Weibull distribution. Ismail [9] has considered optimum PALT plans with progressively

type-I interval censored data from Weibull distribution. Ismail [10] has developed optimum

failure-censored step-stress life test plans for the Lomax distribution. Recently, Ismail [11]

has developed optimum step-stress life tests for the generalized Rayleigh distribution under

progressive type-II censoring with binomial removals.

The current study is an extension of the work of Abd-Elfattah et al. [6]. The remaining

sections of this paper can be organized as follows. The first section presents the used

distribution and the test method. The second section offers the maximum likelihood

approach to find both point and interval estimations of the model parameters. The third

section considers the developing of optimum PALT plans. The fourth section introduces

simulation studies to demonstrate the theoretical aspects.

1. Burr Type XII Distribution as a Lifetime Model. Burr (1942) introduced the

distribution in (1) for the first time as a lifetime distribution. In following years, it had been

investigated by several researchers due to its broad applications in various areas, mainly in

the modeling of failure time and reliability. The PDF, CDF, R t( ), and h t( ) of the

distribution considering the Burr type XII distribution with parameters ( , )c k can be

expressed as follows, respectively:
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f t ckt t tc c k( ) ( ) ,( ) ( )� � �	 	 �1 11 0 c k, ,�0 (1)

F t t c k( ) ( ) ,( )� 	 � 	1 1 t�0, (2)

R t t c k( ) ( ) ,( )� � 	1 t�0, (3)

h t
ckt

t

c

c
( ) .

( )

�
�

	1

1
(4)

1.1. The Test Method. The test procedure and some basic assumptions for the

step-stress PALT are given below:

1.1.1. Test Procedure. The procedure of the experiment is made by initially placing n

units on design (normal) stress and run until time � at which the stress is changed to a

higher one. The test is continued until the censoring time is observed.

1.1.2. Assumptions. The total lifetime Y of an item is as follows:

Y
T T

T T
�

�

� 	 �



�
� 	

if

if

�

� � � �

,

( ) ,1 (5)

where T is the lifetime of an item at normal condition and � is the acceleration factor.

The failure times yi (i n�1, ... , ) are independent and identically distributed (i.i.d.)

random variables (r.v.).

2. Point and Interval Maximum Likelihood Estimations. This Section studies the

process of obtaining the maximum likelihood estimates (MLE) of the parameters (c k, ) and

�.
2.1. Point Estimation. The observed lifetimes can be expressed as

y y y y Yn n n n cu u u a( ) ( ) ( ) ( )... ... .1 1� � � � � � �� ��

The likelihood function of the lifetimes y yn1 , ... , can be given as follows:
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Taking the natural logarithm for the expression above of likelihood function, the

following formula is obtained

ln ln ln ( ) ln lnL n c n k c y Ai i i
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The first partial derivatives of the natural logarithm of the likelihood function defined

with respect to � and ( , )c k and are, respectively, given by
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By equating Eq. (8) to zero, the MLE of k can be obtained as follows:

� ,k
n

a
� 0

1
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Substituting Eq. (8) into Eqs. (6) and (7) and equating them to zero, the following two

equations are obtained as
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The MLE of � and c can be obtained by solving Eqs. (9) and (10) numerically,

while the MLE of k is similarly derived.

Regarding the asymptotic variance–covariance matrix of the MLE of the parameters,

it can be approximated by numerically inverting the asymptotic Fisher-information matrix

F. It is composed of the negative second partial derivatives of the natural logarithm of the

likelihood function evaluated at the MLE. Therefore, the asymptotic Fisher-information

matrix can be written as
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Expressions of the elements of such matrix are included in Appendix A, while the

determinant of F and its partial derivative with respect to � are described in Appendix B.

2.2. Interval Estimates. The estimation of the confidence interval offers a range of

values that probably includes the population parameter. For a large sample size, the

maximum likelihood estimators are consistent and asymptotically normally distributed.

Thus, two-sided approximate confidence limits of the model parameters can be obtained.

3. Optimum Test Plan. In this Section, � has to be optimally determined according

to a certain optimality criterion. The D-optimality criterion is used to achieve this goal.

Thus, � will be obtained such that the following generalized asymptotic variance (GAV) of

the MLE of the model parameters is minimized:

GAV c k
F

( � , �, � )
| |

.� �
1

Practically, the optimum test plans are important for improving the level of precision

in parameter estimation and thus improving the quality of the statistical inference.
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4. Simulation Studies. The software has been utilized to carry out all simulation

studies, in order to demonstrate all theoretical results. Datasets have been generated from

the Burr type XII distribution for various combinations of c, �, and k parameters, such as

(0.5, 2, 1), (1.5, 2, 0.5), (1, 2, 0.5), and (0.4, 2, 0.5) with sample sizes: 20, 25, 30, 40, 50,

75, and 100. 20,000 replications have been made. Tables 1–4 illustrate the estimation

results when Yc � 6 and �� 3. The results listed in these tables illustrate that the estimates

are good. As the sample size increases, both MSE and GAV decrease.
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T a b l e 1

The ML Estimates, MSE, Variance, and Confidence Bounds

for ( , , , , ) ( . , , , , )c k yc� � � 0 5 2 1 3 6

n Parameters Estimates MSE Variance Lower

bound

Upper

bound

20 c

�
k

0.5557732

1.4271272

1.0610387

0.02035213

0.75241109

0.07714338

0.0172

0.4242

0.0734

0.2475

0.7263

0.4614

0.7623

3.2796

1.5236

25 c

�
k

0.5507217

1.4584154

1.0507991

0.01509156

0.67689516

0.06041368

0.0125

0.3836

0.0578

0.3284

0.7868

0.4437

0.7661

3.2147

1.3864

30 c

�
k

0.5481893

1.4879681

1.0458090

0.01300302

0.61498619

0.05090453

0.0107

0.3528

0.0488

0.2506

0.6560

0.7003

0.6557

2.9844

1.5663

40 c

�
k

0.544637

1.545099

1.035826

0.01125746

0.50244379

0.04033314

0.0093

0.2955

0.0390

0.2924

0.2766

0.7766

2.4076

0.6697

1.5513

50 c

�
k

0.526066

1.583920

1.033535

0.007968931

0.431667997

0.031086777

0.0073

0.2586

0.0210

0.3286

0.8412

0.8434

0.6633

2.8345

1.5219

75 c

�
k

0.5139464

1.6458030

1.0199438

0.003147672

0.319756411

0.015473287

0.0030

0.1943

0.0151

0.4811

0.2585

1.0417

0.6941

1.9864

1.5231

100 c

�
k

0.5139546

1.6854450

1.0184303

0.002524753

0.260684144

0.012412655

0.0023

0.1617

0.0121

0.4823

1.2118

0.7023

0.6715

2.7883

1.1331

T a b l e 2

The ML Estimates, MSE, Variance, and Confidence Bounds

for ( , , , , ) ( . , , . , , )c k yc� � � 15 2 0 5 3 6

n Parameters Estimates MSE Variance Lower

bound

Upper

bound

1 2 3 4 5 6 7

20 c

�
k

1.741682

1.608963

0.520448

0.7391755

0.5379832

0.0317910

0.6808

0.3851

0.0314

0.0774

0.9766

0.0152

3.3118

3.4091

0.7095
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Continued Table 2

1 2 3 4 5 6 7

25 c

�
k

1.6877987

1.6302179

0.5107501

0.2861424

0.4702335

0.0200354

0.2509

0.3335

0.0199

0.5787

0.9434

0.1988

2.5422

3.2072

0.7521

30 c

�
k

1.6618421

1.6466910

0.5117153

0.2368807

0.4200757

0.0165582

0.2107

0.2953

0.0164

0.3893

0.9528

0.4659

2.1886

3.0829

0.9682

40 c

�
k

1.6095242

1.6811829

0.5193714

0.11568776

0.34308219

0.01339332

0.0130

0.2414

0.0130

1.2907

1.2237

0.1014

2.5553

3.1499

0.5487

50 c

�
k

1.5846642

1.7009128

0.5237981

0.08540755

0.29636983

0.01221912

0.0782

0.2069

0.0117

0.8822

0.1910

0.3935

1.9787

1.9742

0.8167

75 c

�
k

1.5613964

1.7450707

0.5026775

0.052918561

0.216361428

0.007078869

0.0492

0.1514

0.0071

1.2555

0.8074

0.3710

2.1246

2.1333

0.7007

100 c

�
k

1.5510198

1.7738888

0.5012262

0.038379326

0.171096304

0.004537174

0.0358

0.1110

0.0045

1.1372

1.3647

0.3754

1.8787

2.7225

0.6394

T a b l e 3

The ML Estimates, MSE, Variance, and Confidence Bounds

for ( , , , , ) ( , , . , , )c k yc� � � 1 2 0 5 3 6

n Parameters Estimates MSE Variance Lower

bound

Upper

bound

1 2 3 4 5 6 7

20 c

�
k

1.145478

1.448258

0.525764

0.16271387

0.61302938

0.02171092

0.15868997

0.38801491

0.02108904

0.7950

0.1901

0.1915

3.3797

1.6590

0.7893

25 c

�
k

1.1316049

1.5397050

0.518222

0.17454634

0.55128330

0.02067407

0.1572

0.3394

0.0203

0.1330

0.9181

0.3183

1.6874

3.2019

0.8774

30 c

�
k

1.1106032

1.5771881

0.5177207

0.11717875

0.47564104

0.01771915

0.1041

0.2969

0.0174

0.5975

0.2393

0.3313

1.8674

2.3752

0.8486

40 c

�
k

1.0847688

1.6141020

0.5220639

0.05900223

0.39836887

0.01461399

0.0518

0.2495

0.0141

0.7065

0.6834

0.3043

1.5988

2.6413

0.7703

50 c

�
k

1.0667929

1.6493595

0.5241423

0.04449652

0.33485933

0.01317061

0.0400

0.2119

0.0126

0.8202

0.5055

0.1743

1.7045

2.3101

0.6141
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Tables 5–8 illustrate the optimum stress-change time �* , which ensures the minimal

value of GAV of the MLE for the model parameters under the operation conditions.

Accordingly, both nu
* and na

* , the expected optimal numbers of failed items under normal

and accelerated conditions, respectively, have been obtained. The optimal design of the life

test can achieve more savings in time and cost, and more accurate estimates of the model

parameters can be obtained.

Conclusions. In this paper, the optimal design problem of the step-stress PALT model

has been discussed under the Burr type-XII distribution as a lifetime distribution of the test

units assuming the type-I censoring. The test specimen was first run under the operation
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Continued Table 3

1 2 3 4 5 6 7

75 c

�
k

1.0419664

1.6962190

0.5028481

0.022311414

0.252072456

0.005919429

0.0206

0.1598

0.0059

1.0333

0.9461

0.1957

1.5953

2.5131

0.4971

100 c

�
k

1.0313848

1.7333837

0.5051782

0.015573608

0.198241968

0.004335673

0.0146

0.1272

0.0043

0.8892

0.5596

0.4292

1.3627

1.9574

0.6865

T a b l e 4

The ML Estimates, MSE, Variance, and Confidence Bounds

for ( , , , , ) ( . , , . , , )c k yc� � � 0 4 2 0 5 3 6

n Parameters Estimates MSE Variance Lower

bound

Upper

bound

20 c

�
k

0.4983496

1.3373836

0.5213906

0.25866466

0.92303761

0.03163609

0.2490

0.4840

0.0312

0.1901

0.6542

0.0705

0.7462

3.3505

0.7463

25 c

�
k

0.4680883

1.3762620

0.5202933

0.05913880

0.83451385

0.02627366

0.0545

0.4455

0.0259

0.1903

0.6769

0.2276

0.6681

3.3258

0.7189

30 c

�
k

0.4425822

1.4156463

0.5137014

0.02958456

0.74620001

0.01832341

0.0278

0.4048

0.0181

0.1727

0.7366

0.1652

0.5842

3.2637

0.6912

40 c

�
k

0.4256365

1.4811799

0.5116403

0.008456827

0.612796371

0.011437146

0.0078

0.3436

0.0113

0.2101

0.9004

0.2836

0.5649

3.1005

0.6737

50 c

�
k

0.4243705

1.5315188

0.5093500

0.006428742

0.518581400

0.009389015

0.0058

0.2991

0.0093

0.3749

0.6086

0.2319

0.6621

2.7428

0.6026

75 c

�
k

0.4222316

1.5983929

0.5083808

0.004573514

0.396886760

0.007263108

0.0041

0.2356

0.0072

0.3768

1.0306

0.2836

0.6346

2.9693

0.6411

100 c

�
k

0.4169281

1.6402711

0.5042987

0.004095201

0.325215087

0.006526954

0.0038

0.1958

0.0065

0.2506

1.1094

0.3223

0.4948

2.8906

0.6336
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T a b l e 5

The Results of the Optimal Design of the Life Test for yc � 6 and ( , , ) ( . , , )c k� � 0 5 2 1

n �* n nPu u
* � n nPa a

* � Optimal GAV

20 3.905571 14 4 0.00042

25 3.972806 17 5 0.00023

30 3.843423 21 6 0.00022

40 3.722781 27 9 0.00012

50 3.510012 34 11 0.00004

75 3.350125 49 18 0.00002

100 3.264495 65 24 0.00001

T a b l e 6

The Results of the Optimal Design of the Life Test for yc � 6 and ( , , ) ( . , , . )c k� � 15 2 0 5

n �* n nPu u
* � n nPa a

* � Optimal GAV

20 3.877339 14 4 0.00185

25 3.541986 17 6 0.00046

30 3.456714 20 7 0.00020

40 3.494583 27 9 0.00012

50 3.53408 34 11 0.00011

75 3.220774 48 20 0.00003

100 3.123217 62 28 0.00002

T a b l e 7

The Results of the Optimal Design of the Life Test for yc � 6 and ( , , ) ( , , . )c k� � 1 2 0 5

n �* n nPu u
* � n nPa a

* � Optimal GAV

20 3.8834 11 4 0.00108

25 3.6262 14 6 0.00044

30 3.7343 17 7 0.00024

40 3.4431 22 10 0.00009

50 3.4672 27 13 0.00003

75 3.3252 40 20 0.00002

100 3.1769 52 28 0.00001

On Designing Time Censored Step-Stress Life Test ...



condition, and if it did not fail until a pre-specified time, the stress was raised, that is, it was

tested under the accelerated condition until its failure or the test termination.

The maximum likelihood estimates of the model parameters have been obtained. In

addition, optimum test plans have been developed such that the GAV of the MLE of the

model parameters was minimized. These plans allow one to determine the optimal value of

the switching time �* that minimizes the GAV. Accordingly, the quality of the statistical

inference can be improved.
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T a b l e 8

The Results of the Optimal Design of the Life Test for yc � 6 and ( , , ) ( . , , . )c k� � 0 4 2 0 5

n �* n nPu u
* � n nPa a

* � Optimal GAV

20 4.0838 9 4 0.00061

25 3.8823 10 6 0.00015

30 3.8470 12 7 0.00012

40 4.1866 17 9 0.00011

50 3.6482 20 12 0.00003

75 3.7362 30 18 0.00001

100 3.4378 39 25 0.000006
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Appendix B

The determinant of F and its partial derivative with respect to �. The determinant

of F can be written as
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Ïðîïîíóºòüñÿ îïòèìàëüíå ïëàíóâàííÿ ÷àñòêîâî ïðèñêîðåíèõ ðåñóðñíèõ âèïðîáóâàíü

³ç öåíçóðóâàííÿì ó ÷àñ³ äëÿ ðîçïîä³ëó Áóððà XII òèïó. Ó ðàìêàõ ìåòîäó ìàêñèìàëüíî¿

³ìîâ³ðíîñò³ îòðèìàíî òî÷êîâ³ é ³íòåðâàëüí³ îö³íêè ïàðàìåòð³â ìîäåë³. Âèêîíàíî

îïòèì³çàö³þ ÷àñòêîâî ïðèñêîðåíèõ ðåñóðñíèõ âèïðîáóâàíü ³ç öåíçóðóâàííÿì ó ÷àñ³.

ßê êðèòåð³é îïòèìàëüíîñò³ ïðîïîíóºòüñÿ ì³í³ì³çàö³ÿ óçàãàëüíåíî¿ àñèìïòîòè÷íî¿

âàð³àö³¿ ïîêàçíèê³â ìàêñèìàëüíî¿ ³ìîâ³ðíîñò³ ïàðàìåòð³â ìîäåë³. Äëÿ îïðîáóâàííÿ

ìåòîäèêè ïðîâåäåíî ÷èñåëüíå ìîäåëþâàííÿ ðÿäó òåñòîâèõ çàäà÷.
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