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Teopemuyecku uzyueno paspyuwienue QyHKYUOHANbHO-epaoueHmuslx 6anok no mooe I1. Ilpeonoxcena
KOH@ueypayus 6amku ¢ 08yMs CUMMEMPUUHLIMU NPOOOIbHBIMU MPEeUUHaMu OJis YCI08ULL Ha2pYice-
nust no moode II. Mexanuueckoe nosedenue 6AIKU ONUCAHO C NOMOUIbIO HETUHEUHO20 COOMHOUEHUS
Medncoy Hanpsidicenuem u oegpopmayueti. Tlpoyecc paspyuleHus npoanaiu3uposan Ha OCHOGe NpuMe-
nenus J-unmeepaia. Ilonyueno ananumuueckoe peuienue Ha ocHoge J-unmezpaia O 08YX 3aKOHO8
UBMeHeHUs MOOYJIsL YAPY2OCmu no 8blcome OanKku. Buinoanen Henunelnvlii aHaiuz CKopoCmu 8blC80-
600IcOeHUst dHEpeuu deopmayuu ¢ yuemom Oanranca snepauu Oiisi NPOGEPKU PEueHUll Ha OCHOge
J-unmeepana. Honyuennvle pesyibmamol Mo2ym Oblnb UCHOAL30GAHbL 05l ONMUMUIAYUU (DYHKYU-
OHALHO-2PAOUESHMHOL CIMPYKMYpbl 6aiKu npu paspyuienuu no mooe Il Anamumuyeckue pewienus
Y000HbI makdice OJis NAPaAMempuiecKo2o U3yueHus HeauHeliHo20 paspyuleHus QYHKYUOHANbHO-2PAOU-
EHMHBIX OANOK, YMO 0dem B03MONCHOCHb 8 OalbHeliuleM Pa36ueams HeIUHeUHYI0 MEXaHuKy paspy-
wienusi YHKYUOHANbHO-CPAOUEHINHBIX MAMEPUATOS.

Kniwouesvle cnosa: QpyHKUMOHAIBHO-IPAJMCHTHAsE Oajika, HEIWHCHHOCTh MaTepHala,
TPEIMHOCTOUKOCTE 110 Moje II, anamuTuueckoe pelieHue.

Introduction. The basic idea of functionally graded materials is that by continuous
variation of the composition of their constituents along one or more coordinates, optimum
performance of structural members can be achieved to external loading [1-12]. The
advance in functionally graded materials technologies is closely related with investigations
of fracture behavior of these novel materials [13—18].

A longitudinal crack in a strip of a functionally graded material under edge loading
consisting of axial forces and bending moments has been studied by applying linear-elastic
fracture mechanics [15]. Analytical solutions have been derived for stress intensity factors.

Various studies of fracture in functionally graded materials have been reviewed in
[16]. Cracks oriented both parallel and perpendicular to the gradient direction have been
analyzed assuming linear-elastic behavior. Influence has been investigated of material
properties on the stress intensity factors.

Cracks in structures composed by functionally graded materials have been studied by
applying linear-elastic fracture mechanics [17]. A method for predicting the strength of
structural members corresponding to brittle crack propagation has been developed. The
method has been applied to plates loaded in tension and beams under three-point bending.
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Fracture behavior of functionally graded linear-elastic beams in three-point bending
has been analyzed by using the compliance approach [18]. An equivalent beam of variable
height has been suggested. Different laws for variation of the modulus of elasticity along
the beam span have been considered in the fracture analysis. A solution for Mode I stress
intensity factor has been derived by using the compliance approach.

It can be summarized that fracture in functionally graded beams has been studied
intensively for the last two decades. The present paper contributes towards this topic by
conducting a nonlinear fracture analysis of functionally graded beams under Mode II
loading conditions.

Mode II Fracture Analysis. The fracture problem considered in the present paper is
illustrated in Fig. 1. There are two longitudinal cracks of length a located symmetrically
with respect to the beam centroid (it should be mentioned that the present paper was
motivated mainly by the fact that functionally graded materials can be built up layer by
layer [8] which is a premise for appearance of longitudinal cracks between layers). The
material is functionally graded along the beam height symmetrically with respect to the
centroid. The beam has a rectangular cross-section of width b and height /. The internal
crack arm thickness is 2h,. The beam is clamped in the right-hand end. The loading
consists of a tensile force F applied centrically at the free end of the internal crack arm (in
this way, Mode II crack loading conditions are generated). Obviously, the lower and the
upper crack arms are free of stresses.
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Fig. 1. Functionally graded beam with two symmetric cracks.

The fracture was studied theoretically by applying the J-integral approach. For
functionally graded materials, the J-integral was formulated as [19]

Ju v dugy
J= cosa— —+p,—||ds— | —qdA,
{[uo (px ax Py 6x):l y ax ¢ (M

where I' is a contour of integration going from the lower crack face to the upper crack face
in the counter clockwise direction, u is the strain energy density, a is the angle between
the outwards normal vector to the contour of integration and the crack direction, p, and
p, are the components of the stress vector, u and v are the components of the
displacement vector with respect to the crack tip coordinate system xy (x is directed along
the crack), ds is a differential element along the contour, A is the area enclosed by that
contour, and ¢ is a weight function with a value of unity at the crack tip, zero along the
contour and arbitrary elsewhere. It should be specified that the partial derivative, du /ox,
exists only if the material property is an explicit function of x [19].

The beam configuration considered is symmetric with respect to the centroid (Fig. 1).
Therefore, only the upper half of the beam, —//2< z; <0, was analyzed. The integration
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was performed along the contour, I', that consists of the beam cross-sections ahead and
behind the crack tip (Fig. 1). It was mentioned above that the upper crack arm is stress free.
Therefore, the J-integral value in the upper crack arm is zero. The J-integral solution was
written as

J= 2(JA1 +Jg), )

where J A, and Jp are the J-integral values in segments A4; and B, respectively

(segment A; coincides with the upper half of the cross-section of the internal crack arm,
segment B coincides with the upper half of the beam cross-section ahead of the crack tip).
The expression in the brackets in Eq. (2) is doubled since there are two symmetric cracks in
the beam (Fig. 1).

The modulus of elasticity, E, varies continuously along the beam height according to
the following power-law:

_ E\—Ey _
E(Zl)_EO+WZI 5 k—l, 2,...,)’!, (3)

where E( and Ej; are the values of £ in the beam cross-section centre and in the beam
edge, respectively. Here, k& is a parameter that dictates the material property variation
profile in the z;-axis direction (along the beam height). By using different values of %, one
can model various distributions of £ along the beam height.

The mechanical response of the functionally graded beam (Fig. 1) was described by
the following nonlinear stress—strain relation [20]:

Ee
0= F7——, 4)

)

where o is the stress, € is the strain, F is expressed by the power-law relation (3), and ¢
is a material property (usually, ¢ is equal to unit [20]). The stress—strain curve is shown
schematically in Fig. 2.

Fig. 2. Nonlinear stress—strain curve.
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It should be noted that the present nonlinear fracture analysis holds for nonlinear
elastic material behavior. However, the analysis is applicable also for elastic-plastic
behavior, if the external load magnitude increases only, i.e., if the functionally graded beam
considered undergoes active deformation [21].

First, the integration was performed in segment A4; of the integration contour (Fig. 1).
The J-integral components were written as

py=-—0, Py = 0, ds=dz, cosa=—1, ®)]
where the z;-coordinate varies in the interval [—#,, 0]. The stress, o, was calculated by
(4).

The following equation for equilibrium was used to derive the longitudinal strain, ¢,
in the internal crack arm behind the crack tip:

0
F
5= fabdzl. (6)

From (3), (4), and (6), we obtained

N @)

where
Fh* (2k+1)

2B[Eghyh* 2k +1)= 2% (=hy YT UE, — Eg)]

77:

The strain energy density is equal to the area, OPQ, enclosed by the stress—strain
curve [21] (refer to Fig. 3):

&
uy = [ ode. (8)
0
From Egs. (4) and (8), we derived
e\
uy = Et? 1+(t) —1[. ©9)

The following equation from mechanics of materials was applied to determine the
partial derivative, du/ox, in (1):

Ju 10

—=¢,.

ol (10)
The partial derivative, du,/dx, in the second integral in (1) was written as

al/IO

—=0, 11

o (11)

since the strain energy density does not depend explicitly on x (the modulus of elasticity is
not a function of x, because the material is functionally graded along to the beam height
only [refer to (3)].
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Fig. 3. Strain energy density.

By combining of (1), (3), (4), (5), (7), (8), (10), and (11), we derived

Eohy — .
072 ok 2k+1 (12)

The integration in segment B of the integration contour (Fig. 1) was performed in the
following way. The J-integral components were written as

py=0, p,=0, ds=—dz, cosa=], (13)
where z; varies in the interval [0, —//2]. The stress, o, was expressed by Eq. (4).

The following equilibrium equation was applied to determine the longitudinal strain,
&4, in the uncracked beam portion, x= 0

0
F
—= fabdzl. (14)
—hj2
From (3), (4), and (14), we found
1

Eg = FT777-, 1
Vit -2 (13)

_ F(2k+1)
 bh(2kEy+E; )

where

The partial derivative, du/dx, was written as

u_ € 16
o d (16)
By combining of (1), (3), (4), (9), (11), (13), and (16), we derived
7\~
€ h2kEy+E
Jp =12 1+~ -z =
B ( ) 2 2k+1 arn
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The J-integral final solution was obtained by combining of (2), (12), and (17)

-1

2 2k 2k+1
E, —Ey 2% (=h
J=221=| 145 Eghy— -2 hy) -
t 52k 2k+1

2
5 &4 2kE, +E,
—t 1+ () W (18)

The J-integral nonlinear solution (18) was verified by performing an analysis of the
strain energy release rate with taking into account the material nonlinearity. Only the beam
upper half was considered due to the symmetry (Fig. 1). A small increase, da, was given to
each of the two cracks. The external force magnitude was constant. Thus, the work of the
external force was written as

OW = F,oup, (19)
where Oup is the increases of the displacement of the force application point due to the
crack increase [here, F), = 0.5F, because only the upper half of the beam was considered in

the analysis due to the symmetry (Fig. 1)]. The increase of the strain energy, OU, was
expressed as

oU=—0da. (20)

The increase of the strain energy release rate was written as
0G = Gbhda. 21
The energy balance was expressed as
oW =0U+0G. (22)

From Egs. (19)-(22), we derived
G=——"———". (23)

The displacement, uy, was determined by the Castigliano’s theorem for structures
exhibiting material nonlinearity:

v 24
Up =—,
T (24)
where U" is the beam complimentary strain energy, which was written as (Fig. 1)
0 0
U" = [ ugbadzy+ [ ugb(i—a)dz,. (25)

~hy —h/2
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The complimentary stain energy density, uz, in Eq. (25) is equal to the area that

supplements the area OPQ to a rectangle (Fig. 3). Therefore, ug was written as

*
Ugp =0£_M0.

By combining of Egs. (3), (10), and (26), we obtained

2
uy = Eit” 1—( 1+(8)
t

From Egs. (3), (7), (15), (25), and (27), we found

-1

U* =abt*|1-| |1+

2
€c
t)

+b(l—a)?|1- 1+(

€4

t

EOhZ -

The strain energy, U, was written as (Fig. 1)

0 0
U= [ ugbadzy+ [ uyb(i—a)dz,.
—h/2

_hZ

From Egs. (3), (7), (9), (15), and (29), we obtained

2
&
U= abt* 1+(:) -1

+b(I—a)> 1+(8:’

EOhZ -

(26)
-1
(27)
h2k 2k+1
-1
h 2kEg +E,
2 2k+1 (28)
(29)
p2k 2k+1
h 2kEy +E,
_1 - v
2 2k+1 (30)

After combining of Egs. (9), (15), (23), (24), (28), and (30) and performing the necessary

mathematical operations, we derived

G=2%1-

112

02— 2% -
h 2k+1
-1
2kE )+ E;
2k+1 G

ISSN 0556-171X. Ilpobremvt npounocmu, 2016, Ne 5



Nonlinear Fracture of Functionally Graded Beams ...

Equation (31) is exact match of Eq. (18), which is a verification of the nonlinear fracture
analysis developed in the present paper.

The Mode II fracture behavior of the functionally graded beam in Fig. 1 was
investigated also assuming that the modulus of elasticity varies along the beam height
according to the following exponential law:

E(z))=Eye ™, 1>0 at —h/2<z <0, (32)

where E|, is the modulus of elasticity in the beam cross-section centre and A is a material
property.

The beam mechanical behavior was described by Eq. (3).

The J-integral components in segment A4; of the integration contour (Fig. 1) were
obtained by (5).

The equilibrium equation (6) was used to determine ¢ .. By combining of (4), (6), and
(32), we derived

B

€= /tz_ﬁz ’ (33)

B Fi
2bEy(e™ —1)

where

B

From (1), (4), (5), (9), (10), (11), (32), and (33), we obtained
-1

£ 2 E
T =12 1= 1+(6) et =, (34)

The J-integral components in segment B (Fig. 1) were expressed by (13).
Equation (14) was used to obtain &,. By combining of (4), (14), and (32), we
obtained
p
&a =T 5 35
12— p? (35)
where
FA

=7
2bE,(e™'? 1)

From (1), (4), (9), (11), (13), and (32), we derived
eq )\ E
Jp=17 1+(j) —1|=H 2 -, (36)

Finally, (34) and (36) were substituted in (2):

-1
2

&
J=2%1- 1+(;
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2 eq ) Ey  ann
+2t 1+ 7 —1|—(e —1). (37)

In order to verify Eq. (37), a nonlinear analysis was developed of the strain energy
release rate by using Eq. (23). The beam complimentary strain energy was found by Eq. (25).
For this purpose, (4), (9), (25), (26), and (32) were combined:

-1

£ 2 E
U" = abt*|1- 1+(C =0 (&M — 1)+
t A
2 -1
€ E
+b(l—a)?|1- 1+(td 7°(e’“”2—1). (38)

The beam strain energy was obtained by combining of (9), (29), and (32):

e\ E e, \? E
U= abt?|, |1+ t) —1 7"(e’“’2 —D)+b(I—a)? 1+(;’) —1 TO(e/WZ—l). 39)
From (23), (24), (33), (35), (38), and (39), we derived
€ 2 - E € 2 B E
G=221-|,[1+ 70 70(e“’2 —1)+2¢2 1+(:’) -1 70(6’“1/2—1). (40)

The fact that Eq. (40) is exact match of Eq. (37) verifies the nonlinear fracture
analysis developed when the modulus of elasticity is distributed along the beam height
according to Eq. (32).

The effects were evaluated of material properties and crack location on the nonlinear
Mode II fracture behavior of the functionally graded beam. The crack location was
characterized by 24, /h ratio. The J-integral was calculated by Eq. (18) at different values
of parameter k [refer to Eq. (3)] and presented in nondimensional form as J = J/(Eyb).
The J-integral value was plotted against £, /E ratio as shown in Fig. 4. The curves in
Fig. 4 indicate that the J-integral value decreases with increasing of E;/E,. This finding
was attributed to increase of the beam stiffness. It can be observed also that the J-integral
value decreases with increasing of &k at E;/E, <1.Increase of k leads to increase of the
J-integral value at E;/E,>1 (Fig. 4). The influence of crack location along the beam
height and the value of parameter A [refer to Eq. (32)] on the Mode II fracture behavior
was investigated too. For this purpose, the J-integral value was plotted in nondimensional
form against 2k, /h ratio at different values of A as illustrated in Fig. 5. One can observe
that the J-integral value decreases with increasing of 24, /A ratio (this was explained with
increase of the internal crack arm stiffness). The curves in Fig. 5 indicate also that the
J-integral value decreases with increasing of A [this is due to increase of the exponent in
Eq. (32), since z; varies in the interval —4/2<z; <0].
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Fig. 5. The J-integral value in nondimensional form plotted against 24, /h ratio at different A.

Conclusions. Mode II longitudinal fracture in functionally graded beams was studied
theoretically. For this purpose, a beam configuration containing two longitudinal cracks
located symmetrically with respect to the centroid was suggested. In order to generate
Mode II crack loading conditions, the internal crack arm was loaded centrically by a tensile
force. The beam mechanical behavior was described by a nonlinear stress—strain relation.
The fracture behavior was analyzed by the J-integral approach. The nonlinear solution
derived was verified by developing an analysis of the strain energy release rate with
considering the material nonlinearity. Two laws for variation of modulus of elasticity along
the beam height were used. The influence of material properties and crack location on the
nonlinear Mode II fracture was investigated. The results obtained can be applied for
optimization of the functionally graded beam structure with respect to the Mode II fracture
performance. The closed form analytical solutions derived are very useful for parametric
investigations of nonlinear fracture. The present study contributes towards the understanding
of fracture in functionally graded beams with nonlinear material behavior.
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Pe3ome

TeopernuHo BUBYEHO pyHHYBaHHS (DYHKIIOHAIBHO-TPaAieHTHUX Oanok 1o moxi 1. 3amporno-
HOBaHO KOH(Irypamiro 6anku 3 TBOMa CHMETPHYHUMH MTO3A0BKHIMHU TPIIITMHAMH TSI YMOB
HaBaHTaXeHHA 110 Mozl [I. MexaHIuHy MOBEIIHKY OaJKé OIMHCAHO 3a JOIIOMOTO0 HENiHiH-
HOT'O CHIBBIJHOIICHHSI MIXK HanpyXeHHsM 1 aedopmanieto. [Ipouec pyiiHyBaHHS IpoaHai-
30BaHO Ha OCHOBI BUKOPHCTaHHS J-iHTerpana. OTprIMaHO aHATITUYHUHN PO3B’ 30K HA OCHOBI
J-iHTerpana Juis JBOX 3aKOHIB 3MiHM MOJyJIsl IPY>KHOCTI 110 BUCOTI Oanku. Bukonano Hei-
HIMHUI aHaJIi3 MBUIKOCTI 3BUILHEHHS eHeprii gedopmallii 3 ypaxyBaHHsIM OajlaHCy eHepril
JUIA TIEPEBIPKU PO3B’S3KiB Ha OCHOBI J-iHTerpama. OTpuMaHi pe3yiabTaTH MOXKYTh OyTH
BUKOPHUCTaHi JUIsi onTuUMi3aii (yHKIIOHAIBHO-TPAIIEHTHOT CTPYKTYpH OajKu IIpU pyHHY-
BaHHI Mo Mol II. AHamiTHUYHI PO3B’SI3KKM 3PYUHi JJIs MapaMEeTPUIHOTO BUBYCHHS HEIiHIH-
HOTO pyHHYBaHHS (YHKI[IOHATHHO-TPAIIEHTHHX 0AJIOK, IO JA€ IMiACTABU VIS ITOAaIbIIOTO
PO3BUTKY HEJIHIIHOI MexaHIKM pyiHYBaHHs (DyHKIIOHAIBHO-TPAIIEHTHUX Marepiaiib.
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