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We consider the most general class of linear inhomogeneous boundary-value problems for systems of r-th order
ordinary differential equations whose solutions and right-hand sides belong to appropriate Sobolev spaces. For
parameter-dependent problems from this class, we prove a constructive criterion under which their solutions are
continuous in the Sobolev space with respect to the parameter. We also prove a two-sided estimate for the degree of
convergence of these solutions to the solution of the nonperturbed problem.
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Introduction. The investigation of solutions of the systems of ordinary differential equations is
an important part of numerous problems of contemporary analysis and its applications. Unlike
Cauchy problems, the solutions of such problems may not exist or may not be unique. Thus, it is
interesting to investigate the nature of the solvability of inhomogeneous boundary-value
problems in Sobolev spaces and the dependence of their solutions on the parameter [1-3].
For first-order differential systems, the most general results on this topic were obtained in [4, 5].
The purpose of the present paper is to generalize these results to differential systems of an
arbitrary order.

Statement of the problem. We arbitrarily choose a compact interval [a¢,b]c R and pa-
rameters

{mn+1,r}cN and 1< p<e.

We use the complex Sobolev space W, :=W,([a, b];C) and set W£ =L, By (W)" =W](a,b];
C™)and (W)™ :=W]([a,b];C™"™), we denote the Sobolev spaces of vector-valued and mat-
rix-valued functions, respectively, whose entries belong to the Sobolev space W)’ of scalar func-
tions on [a, b], with the vectors having m entries and with the matrices being of the mxm type.
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By || : ||n , we denote the norms in these spaces. They are the sums of the corresponding norms
in W, of all components of vector-valued or matrix-valued functions from these spaces. It will
be always clear from context in which Sobolev space (scalar or vector-valued or matrix-valued
functions) these norms are considered. For m=1, all these spaces coincide. It is known that
the spaces W, are Banach spaces. They are separable, if and only if p<eo.

Let the parameter € run through the set [0, €,), with the number €, >0 being fixed. We con-
sider the following parameter-dependent inhomogeneous boundary-value problem for a system of
m linear differential equations of order 7 :

L©y(te)=y" e+ 3 Ay e = fte), te(@b), (1)
j=t

B(®)y(.e)=c(e). (2)

Here, for every €€[0,¢,), the unknown vector-valued function y(-€) belongs to the space
(W,"")", and we arbitrarily choose the matrix-valued functions A, e)e (W)™ with
j€{l,...,r}, vector-valued function f(,e)e (W, )", vector c(e)e C™, and linear continuous
operator

B(e): (W' )" - C™.

We interpret vectors and vector-valued functions as columns. Note that the functions
A,_;(t,€) are not assumed to have any regularity in €.

Let us indicate the sense in which Eq. (1) is understood. A solution of the boundary-value
problem (1), (2) is understood as a vector-valued function y(,e)e (W,"")" that satisfies
Eq. (1) (everywhere for n>1 and almost everywhere for n=0) on (a,b) and equality (2)
(which means 7m scalar boundary conditions). The boundary condition (2) with the arbit-
rary continuous operator B(g) is the most general for the differential system (1). Indeed, if the
right-hand side /(- €) of the system runs through the whole space (W)™, then the solution
y(,€) of the system runs through the whole space (W)™ . This condition covers all the classi-
cal types of boundary conditions such as initial conditions in the Cauchy problem, various
multipoint conditions, integral conditions, conditions used in mixed boundary-value problems,
and also nonclassical conditions containing the derivatives (generally fractional) y® (- €) with
0<k<n+r—1. Therefore, the boundary-value problem (1), (2) is generic with respect to the
Sobolev space W™ .

The main aim of the present paper is to give a constructive criterion under which the solu-
tions of parameter-dependent problems are continuous in the Sobolev space in a parameter.

Main Results. With the boundary-value problem (1), (2), we associate the linear continuous
operator

(L(e), B(e)): (W)™ = (W;)" xC™. €)

According to [5, Theorem 1], operator (3) is a Fredholm one with zero index for every
eel0,g)).
Let us consider the following condition.
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Condition (0). The homogeneous boundary-value problem
L0)y(t,0)=0, te(ab), BO)y(,0)=0

has only the trivial solution.

Let us now give our basic concepts.

Definition. The solution of the boundary-value problem (1), (2) depends continuously on
the parameter € at € =0, if the following two conditions are satisfied:

there exists a positive number &, <g; such that, for any €€[0,&,) and arbitrarily chosen
right-hand sides f(,e)e (W,)" and c(e)e C™, this problem has a unique solution y(,€)
from the space (W;™")";

the convergence of the right-hand sides /(. &) = f(,0) in (W;)" and c(¢) —»¢(0) in C™
as € = 0+ implies the convergence of the solutions y (-, €) = y (-, 0) in (W)"")" as e > 0+.

We also consider the next two conditions on the left-hand sides of this problem.

Limit Conditions as € - 0+:

(I) A,_j(&)—> A,_;(,0) in the space (W)™ for each number je{l,...,r};

(IT) B(e)y — B(0)y in the space C™ for every ye (W,™")".

Let us formulate the main result of the paper.

Theorem 1. The solution of the boundary-value problem (1), (2) depends continuously on
the parameter € at €=0, if and only if this problem satisfies Condition (0) and Limit Conditions
(I and (II).

Remark. In the case of r =1, Theorem 1 is proved in [4, Theorem 1].

Paper [3] gives a constructive criterion under which the solutions of parameter-dependent
problems are continuous in a parameter in the Sobolev spaces W)/, where 1< p<eo. The proof of
the criterion is based on the fact that the continuous linear operator B, for every €€ [0,&,) and
1< p<oo, admits the following unique analytic representation:

n+r—1 b
By=3 oy @)+ [0y " @)dt, y()e (W, )"
s=0 a

Here, the matrices o belong to the space C"™ , and the matrix-valued function ®(-) belongs
to the space L, ([a,b]; Cc™ ™y, with 1/ p+1/p’=1. For p=co, this formula also defines a con-
tinuous operator B:(W/*")" — C"™. However, there exist continuous operators from (W)™
to C'™ specified by the integrals over finitely additive measures [6].

Our method of proof allows one to investigate such problems in the Sobolev spaces W)/,
where 1< p <, and some others function spaces (see [7, 8]).

We supplement our result with a two-sided estimate of the error ||y(~, 0)-y(, 8)||n+r,p of
the solution y (-, €) viaits discrepancy

dnp(&) =Ly (0~ [, , +IBE)Y ¢, 0)=c(®)] o -

Here, we interpret y (-, 0) as an approximate solution of problem (1), (2).
Theorem 2. Let the boundary-value problem (1), (2) satisfy Conditions (0) and Limit Con-
ditions (I) and (1) . Then there exist positive numbers €, <€, V,, and 7y, such that

Yld"» P(e) < ||Z/ (" 0) - y(r 8)||n+r, P < 'Yan, 17(8)
ISSN 1025-6415. [lonos. Hay,. axad. nayx Yxp. 2020. Ne 6 5



O.M. Atlasiuk, V.A. Mikhailets

Jforany €€(0,¢e,) . Here, the numbers €,, Y, and Y, are independent of y(~0) and y(-¢€).
Thus, the error and discrepancy of the solution of problem (1), (2) are of the same degree.
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[TPO ®PEATOJIbMOBI KPAIOBI 3AJIAYT
3 [TAPAMETPOM ¥ ITPOCTOPAX COBOJIEBA

Jlocaipkeno HaliGIIbII 3araJbHUN Kaac JiHIHHUX HEOAHOPIAHUX KPaHoBUX 3aj1au s CUCTEM 3BUYAiHUX JI1-
depeHIiaIbHUX PIBHSHB JOBIJTBHOTO MOPS/IKY, PO3B'I3KH 1 TIPaBa YaCTUHA SIKUX HAJEKATh /10 BiITOBITHUX ITPO-
cropis Cobosesa. JlJis1 3ajIe)KHUX Bijl MapaMeTpiB 3a/1au OO KJacy BCTAHOBJEHO KOHCTPYKTUBHUN KpUTepiii
HerepepBHOCTI 3a apaMeTpoM po3B’s3kiB y mpoctopi CobosieBa. 3HaiIEHO IBOCTOPOHHIO OIHKY MIBUAKOCTI
301KHOCTI I[UX PO3B’A3KIB JI0 PO3B’A3KY He30ypeHoi 3a1aui.

Katouosi crosa: dugpepenyianvia cucmema, kpatiosa sadaua, npocmip Cobonesa, HenepepeHicmy 3a napamempom.
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O OPEATOJIbMOBDBIX KPAEBDBIX 3AJAYAX
C ITAPAMETPOM B ITPOCTPAHCTBAX COBOJIEBA

Uccnemyerest Haubosee obIIMid KIace JTUMHENHBIX HEO[HOPOAHBIX KPAEBbIX 3a/1a4 /sl CUCTEM OOBIKHOBEHHBIX
MG depeHIMaIbHBIX YPaBHEHNIT TIPON3BOIBHOTO TTOPSI/IKA, PEIIeHNsT U TIPaBble YacTH KOTOPBIX IPUHA/IEKAT
cooTBercTByIommnM rpoctpanctBam CobosteBa. [l1st 3aBUCSIIMX OT TTAPAMETPOB 3a/1a4 M3 9TOTO KJIACCA YCTAHOB-
JieH KOHCTPYKTUBHBIN KPUTEPHET TOTO, UTO PEIIEHNST 3319 HETTPEPHIBHEI TT0 TapaMeTpy B mpoctparcTBe CoboieBa.
Haiizena 1ByCTOPOHHASA OLEHKA CKOPOCTH CXOJUMOCTH 9TUX PEIleHUH K PeleHnIo HeBO3MYIIEHHON 3a1a4H.

Kniouesvie caosa: duggepenyuanvias cucmema, kpaesas sadaua, npocmparcmeo Cobonesa, HenpepbiéHoCmy 1o
napamempy.
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