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Uniqueness of spaces pretangent
to metric spaces at infinity
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Abstract. We find the necessary and sufficient conditions under which
an unbounded metric space X has, at infinity, a unique pretangent space
Qfo,; for every scaling sequence 7. In particular, it is proved that Qfo,;
is unique and isometric to the closure of X for every logarithmic spiral
X and each 7. It is also shown that the uniqueness of pretangent spaces
to subsets of real line is closely related to “asymptotic asymmetry” of
these subsets.
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1. Introduction

The present paper deals with the so-called pretangent spaces to metric
spaces at infinity introduced in [4,5]. Papers [4,5] as well as paper [6]
describe the structure of metric spaces with finite pretangent spaces at
infinity. The object of the present research is the metric spaces having,
for given scaling sequence, unique pretangent spaces at infinity.

The main results of the paper are the following.

e Theorem 2.1 giving the necessary and sufficient conditions under
which an unbounded metric space X has a unique pretangent space
Qg(o - at infinity for every scaling sequence 7.

e Theorem 3.1 which claims that each pretangent space to a logarith-
mic spiral at infinity is unique (for given scaling sequence), tangent,
and isometric to the closure of this spiral.
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e Theorem 3.2 describing the uniqueness of Qg‘;f for the unbounded
subgroups X of the multiplicative group of nonzero complex num-
bers.

e Theorem 4.1 characterizing the subsets X of R with unique Qfoi
by symmetric properties of X.

The main results of the paper have natural infinitesimal analogs
(see [1,2]).

Let us recall the definitions and denotations which will be used later.

Let 7 = (rn)nen be a sequence of positive real numbers tending to
infinity, nhﬁnéo rn,, = 00. In what follows 7 will be called a scaling sequence

and, moreover, any formula of the form (z,),eny C A will mean that all
elements of the sequence (z,,)nen belong to the set A.
Let (X, d) be an unbounded metric space.

Definition 1.1. Two sequences & = (zp)neny C X and § = (Yn)neny C X
are mutually stable with respect to the scaling sequence 7 if there is a
finite limit

lim
n—00 Tn

Homvn) _ 3.z,9) = d(z.§). (L1)

Let p € X. Denote by X, the set of all sequences & = (2, )nen C X

for which lim,_,o d(x,,p) = oo and write Seq(X,7) for the set of all
sequences T € X, such that there is a finite limit

lim d(zn,p) = dp(T).

n—o00 Tn
Definition 1.2. A subset F' of Seq(X, ) is self-stable if any two &,y € F
are mutually stable. F' is maximal self-stable if it is self-stable and, for
arbitrary t € Seq(X,7), we have either t € F or there is & € F such that
% and t are not mutually stable,

lim inf M < lim sup M

n—00 T'n n—00 Tn
The maximal self-stable subsets of Seq(X,7) will be denoted by Xoo,i"~

Remark 1.1. The set X, the set Seq(X,7) and its self-stable and
maximal self-stable subsets are invariant under the choice of the point
pe X. If & € Seq(X,7) and p, b € X, then, using the triangle inequality,

we obtain J g )
i M) _ gy 4@ b)

n—oo Tn n—00 Tn
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Let XOO 7+ be a maximal self-stable subset of Seq(X,7). Consider the
function d: Xoo o0, X Xoo c0,7 — R defined by (1.1). Obviously, d is symmetric
and nonnegative and d(Z,#) = 0 holds for every # € X, 7. Moreover,
the triangle inequality for d gives us the triangle inequality for d,

d(#,9) < d(&,2) + d(Z,9).
Hence (f(oo,;:, d) is a pseudometric space.
Now we are ready to define the main object of our research.

Definition 1.3. Let (X,d) be an unbounded metric space, let T be a scal-
ing sequence and let Xoof be a maximal self-stable subset of Seq(X,T).
The pretangent space to (X,d) (at infinity, with respect to ) is the met-
ric identification of the pseudometric space (XOOJ:, CZ)

Define a binary relation = on XOO,,: as
(7= ) & (d:(5.5) =0) . (1.2)

It is easy to prove that = is an equivalence relation on XOOJ-:. Write Qfo,i"
for the set of equivalence classes generated by = and define the function
p: QX~><QX~—>Ras

plo, B) :=di(%,7]), TE€a€NL; JEBEQL (1.3)

Using Theorem 15 [9, Chapter 4] it can be proved that p is a well-defined
metric on Qfof. The metric identification of (X 7, d) is the metric space
(Qg(ofv P)'

Let (ng)reny C N be a strictly increasing sequence. Denote by 7 the
subsequence (7, )ken of the scaling sequence 7 = (r,,)nen and, for every
T = (Tp)neN € X, write @' := (@, )ken. It is clear that we have

{7 17 € Seq(X,7)} C Seq(X,7")
and dy (') = d7(Z) holds for every & € Seq(X,7). Furthermore, if se-
quences T, § € Seq(X,7) are mutually stable w.r.t. 7, then ' and ¢ are
mutually stable w.r.t. 7 and

dr(7,5) = do (&, 7). (1.4)

Consequently {1 € Xoo 7} 1s a self-stable subset of Seq(X,7) for every
XOo # By Zorn’s lemma there is XOo 7 such that

{77 € Xoo i} C Xooiv C Seq(X, 7).
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Let us denote by @ the mapping from X 7 to Xooﬂ:/ with o (2) = 7/.
It follows from (1.4) that, after corresponding metric identifications, the
mapping @ passes to an isometric embedding em/': Qéﬂ: — Qfo 7 such
that the diagram 7

~ . ~
Xoo,F —> Xoo,i"’

wl lﬂ/ (1.5)

X em’ . X
Qoo,f Qoo,i"’

is commutative. Here m and 7/ are the natural projections,
(%) = {§ € Koot d(,5) = 0} and 7'(f) = {§ € Xopr: dp (£,) = 0}

Definition 1.4. Let (X,d) be an unbounded metric space and let 7 be a

scaling sequence. A pretangent Qfo s tangent if em’: Qgg = Qgg - 18
surjective for every Qfo e

Remark 1.2. It can be proved that the following statements are equiv-
alent.

e The metric space Qfoi is tangent.

. ’ . .
The mapping em : Qfo,i" — Qg(o,f’ is an isometry for every Qfoi,.

The set {#’ : # € Xo 7} is a maximal self-stable subset of the set
Seq(X, ) for every .

The mapping @z : Xoo,i" — X'OO,,:/ is onto for every Xoo,f/'

2. General criterion of uniqueness

We start from an example of a metric space having the unique pre-
tangent space for every scaling sequence.

Proposition 2.1. Let X = RT = [0,00) be the set of all non-negative
real numbers with the usual metric d(x,y) = |x —y| and let T = (rp)r, en
be an arbitrary scaling sequence. Then the following statements hold for
every mazimal self-stable set Xog 7.

(i) The equality Xoof = Seq(X,T) holds. In particular, a sequence
Z € Xoo belongs to Xoo 7 if and only if there is ¢ > 0 such that

#(Z) = lim — =c. (2.1)
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(i) Let &, g € Xooﬂz. Then the equality Jf(g*;,g) = 0 holds if and only
if

. T . Yn
lim — = lim =—.
(iii) The pretangent space Qgg = corresponding to X 7 s isometric to

(R*,|-,+|) and tangent.

Proof. (i) The inclusion Xoo,; C Seq(X,r) is trivial. Suppose now that
Z, gy € Seq(X, 7). Then choosing p = 0 in the definition of Seq(X,7) we
can find ¢, co € R such that

In . Yn

lim — =¢;, lim = =cs.
n—00 Ty, n—o00 T,
Consequently,
lim Jen = yn| _ le1 — e (2.2)
n—o00 Tn

holds, so that & and § are mutually stable. It implies statement (7).

(79) Statement (i7) follows from statement (i) and (2.2).

(iii) Define a function f: QF ; — R by the rule: if 3 € QF ;
and ¥ € B, then f(B) := limy o0 7*. Statements (i), (ii) and limit
relation (2.2) imply that f is a well-defined isometry.

Let n = (nk)ken be a strictly increasing sequence of positive integer
numbers and let 7 = (ry, )ren be the corresponding subsequence of the

scaling sequence 7. Suppose & € X 7. Then there is b > 0 such that

Tk

lim — =b.
k—o0 T,
Define y C X as
Tk if n =ng € {n1,n9,...},

Yn = < bry, if n ¢ {ny,n9,...} and b > 0,
(rn)Y? if n ¢ {ny,ng,...} and b= 0.

It is clear that § € Xo and ' = (yn, Jren = % and

By statement (i), § belongs to Xoo 7, i.c., Qfo,i" is tangent. O

Statement (i) of Proposition 2.1 implies the following property of
the metric space (X,d) = (R, |-, ]).



62 UNIQUENESS OF SPACES PRETANGENT TO METRIC SPACES...

e For every scaling sequence T there exists a unique pretangent space
QX
00,7 "

We will denote by 2 the class of all unbounded metric spaces having
this property.

Remark 2.1. The uniqueness of pretangent spaces for (X,d) € il is
understood in the usual set-theoretic sense. Each metric space is a pair
consisting of a set and a metric defined on the Cartesian square of this
set. The metric p defined on Qg(o,f X Qéi (see (1.1)) is evidently unique.
Thus the uniqueness of pretangent space (Qéﬂ:, p) means the uniqueness
of the set Qfoﬂ-;. The last set is the quotient set of f(oo”—: generated by
= (see (1.2)). The equivalence relation = on X, 7 is unique for given
7. Consequently, Qfoﬂ-; is unique if and only if f(ooﬂ-: is unique. Recall
that the construction of the maximal self-stable sets XOO,,: is based on
the choice of elements & € Seq(X,7). Thus the statement (X,d) € 2
claims that the pretangent spaces to (X, d) at infinity does not depend
on this choice.

Let (X, d) be a metric space and let p € X. For each pair of nonempty
sets C, D C X, we write

A(C, D) :=sup{d(z,y): x € C,y € D}.
In addition, for every e € (0,1), we define the set S? as

52 .= {(r,t)eSpQ(X):r;éO#tand ‘%—1‘25}, (2.3)

£

where Sp?(X) is the Cartesian square of Sp(X) = {d(z,p): = € X}.

Theorem 2.1. Let (X,d) be an unbounded metric space and let p be a
point of X. Then (X,d) € 2 if and only if the following conditions are
satisfied simultaneously.

(i) The limit relations

(A .

lim lim sup diam(A(p, 7, k) = lim diam(S(p, 7)) =0 (24)
k—1 r—00 T r—00 'S

hold, where r € (0,00), k € [1,00) and A(p,r, k) is the annulus

{x e X: - <d(z,p) <rk},

m

and S(p,r) is the sphere {x € X : d(z,p) =r}.
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(i) Let e € (0,1). If ((gn,tn))nen C S2 and

lim ¢, = lim t,, = oo,
n—oo n—oo

and there is
lim & = ¢y € [0, 00], (2.5)
n—oo n

then there exists a finite limit

iy 2@, 40), 5P, tn))

n—o0 |Qn - tn|

= Ro. (26)
The following lemma is immediate from the definition of the pretan-
gent spaces.

Lemma 2.1. Let (X, d) be an unbounded metric space. Then the follow-
ing statements are equivalent.

(i) (X,d) e 2.
(i7) For every 7, there is Xoo 7 such that

Xoo i = Seq(X, 7). (2.7)

(ii1) Equality (2.7) holds for every 7 and every )N(OO,,:.
(iv) Allz, g € Seq(X,T) are mutually stable for every 7.

Suppose (X,d) is a metric space. For all nonempty A, B C X we
define the distance from A to B as

inf{d(z,y): x € A,y € B}
and denote it by d(A4, B). (See, for example, [11, Definition 2.7.1].)

Lemma 2.2. Let (X,d) be an unbounded metric space, p € X. If con-
dition (i) from Theorem 2.1 holds, then we have the equality

i A6@.9), Sp:1) _

ta—oo 6(S(p,q), S(p,t)) a
(t,q)€S?

(2.8)

for every e € (0,1).
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Proof. Suppose there is € € (0,1) such that (2.8) does not hold. Then
there exist two sequences (S(p, ¢n))nen and (S(p, tp))nen with

((tna Qn))nEN C Sg

and four sequences I, §, Z, W € X such that

Tn, 2 € S(p,tn) and  yp,wp € S(P, qn),

for every n € N, and
d
lim sup 7@"’ n)
n—00 d(znawn)

Suppose also that condition (i) of Theorem 2.1 holds. Then we obtain

> 1. (2.9)

m d(Yn, wn)

n—o00 tn n—00 Qn

= 0. (2.10)

Note also that the relation (t,,q,) € S? and (2.3) imply that there is
g1 € (0,¢) such that the inequalities

‘Qn - tn‘ > €14n and |tn - Qn| > €1ty (2'11)
hold for every n € N. Let us find the upper bound of the limits in (2.4).

Write J J
T = (x:azn) and €, = (ynywn)

n qn

for every n € N. The triangle inequality implies

d(xnayn) < d(xnazn) d(znawn) d(wnayn)
d(zp,wp) ~ d(zn,wy)  d(zn,wn)  d(zp, wy)

qn
d(zp, wy)

n

+1+&,

Using
d(znawn) > |d(zn7p) - d(wnap)| = ‘tn - Qn‘
and (2.11) we obtain

S S S |
d(zn, wn) = |tn —qnl ~ &1 d(zn, wn) = [tn —qn| &1
Thus,
d 1
lim sup M <1+ — limsup(n, + &n)-
n—00 (Znywn) €1 n—oo

The upper limit in the right is zero by (2.10). Consequently we have

lim sup d($m yn)

n—00 (Zna wn)

contrary to (2.9). O

<1,
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Proof Theorem 2.1. Assume (X,d) € 2. We need verify conditions (7)
and (i7).
(i) Let us consider the function f: [1,00) — R™ with

diam(A(p,r, k))

f(k) := klimsup .
r—00 T
Since
di Alp, kr k di A(p, kt, k
f(k) = limsup fam( (f k ) = lim sup iam(A(p )
r—00 % t—00 t

and
Alp, kt k) = {z € X: t < d(x,p) < k*t},

the function f is increasing. We evidently have

2k

diam(A(p.r.k)) _ 2rk _

T T

for all £ > 1 and r > 0. Hence the double inequality
0 < f(k) < 2K?
holds. Consequently, there is a finite, positive limit

li k) := ¢p.
klgll f(k) Co
It is clear that this limit equals ¥(1). Suppose that ¢y > 0 and set
e € (0,¢p). Then there is kg > 1 such that the double inequality
di A k
cp — € < limsup iam(A(p, 7, k) <co+e (2.12)
r

T—00

holds for every k € (1, ko). Let (kyn)nen C (1, ko] be a strictly decreasing

sequence such that
lim k, = 1. (2.13)

n—0o0

Double inequality (2.12) implies that there is a sequence 7 = (ry)nen
such that lim,_ .., 7, = 00 and
diam(A(p, rn, kn))

cp—e< <cyo+e (2.14)
Tn

for every n € N. It follows from (2.14) that there are Z, § C X such that

d(xm yn)
T'n

Ty Yn € A(p, 10, k) and >co—¢ (2.15)
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for every n € N. The definition of A(p, ry, k,) and (2.15) imply that

dwnp)  dlynp) [kik”} (2.16)

Tn Tn

for every n € N. Define a sequence Z = (2, )neny C X by the rule

(2.17)

x, if nis even,
Zn = . .
Y if n is odd.

Then it follows from (2.13), (2.16) and (2.17) that

n—00 Tn n—00 Tn
Moreover, (2.14) and (2.16) imply
timinf 2070 _ iy H@mez) _
but
d d
limsup QEm ) _ i o W@ Znen) S
n—00 Tn n—»00 T2n+1

Thus z and p are mutually stable, Z and p are mutually stable but &
and Z are not mutually stable (w.r.t. the scaling sequence 7 = (7, )nen)-
Hence, by Lemma 2.1, we have (X,d) ¢ 2, contrary to the assumption.
(ii) Let ((gn,tn))nen be a sequence of elements of S2 such that
lim, o0 ¢ = lim, 00ty = 00 and (2.5) hold. If ¢g = 0 or ¢g = ©
n (2.5), then it is clear that (2.6) holds with ko = 1, so it is sufficient to

set
co € (0, 00). (2.18)

Let &, § € Xoo such that d(p, z,) = ¢, d(p,yn) = tn for every n € N and

. d(T, Yn) _
NS e (2.19)

Let us consider the sequence ¢ = (¢ )nen as a scaling sequence. Condi-
tions (2.5) and (2.18) imply that there is

2 d(Yn, 1
7(g) = lim M:—<oo
n—oo qn CO

Hence, by Lemma 2.1, there is a finite limit

7 d ny In
dz(#,7) = lim Un, yn)



O. DOVGOSHEY, V. BILET 67

Moreover, since, for every n € N, (gu,t,) € S2, we have ¢y # 1. Now
using (2.19) and (2.5) we obtain

A(S(p, Qn)a S(p, tn)) _ d(xna yn)A(S(p, Qn)7 S(p, tn))

lim = lim
n—00 ‘Qn - tn‘ n—00 n i (t]_n d(xn, yn)
T d($n7yn) . 1 o &) T o~ ~
= nlgrolo 0 Jgrolo ‘1 i co|dq(a:,y). (2.20)
In

Condition (47) is proved.
To prove that (i) and (¢7) imply (X, d) € 2 suppose (i) and (i7) are
X

satisfied simultaneously. We must show that QF ; is unique for every

scaling sequence 7. Let 7 = (7, )nen be an arbitrary scaling sequence and
let , g € Seq(X, 7). By Lemma 2.1 it is sufficient to show that & and ¢

are mutually stable. If J,:(a?) = 0, then, by the triangle inequality,

d(xy, P z z
lim sup M < di (%) + di(g) = dr(9)
n—00 Tn
and ( )
.. d ns> Yn :~~ :~~_:~~
llrlrggf T Z 7‘( )_ r(x) - r(y)
Consequently
T s~ d(xnayn) 7 o~
df s =1 = ar )
(7,9) = Jim —"— (©)

holds. Thus & and % are mutually stable. The case J,:(gj) = 0 is similar.
Hence, without loss of generality, we may assume that

(7) # 0 # ds (7).
Consider first the case
#(9) = di(Z) == b # 0.

This assumption implies that, for every k > 1, there is ng(k) € N such
that the inclusion

A(p,br, k) 2 {2n, yn} (2.21)

holds for all integer numbers n > ny(k). Recall that

b
Alp, brn, k) = {:c €X: % < d(z,p) < kbrn} .
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It follows from (2.21) that
d(xp, yn) < diam(A(p, br,, k))
if n > ng(k). Consequently,

1 (A
2 limsup (@, Yn) < lim sup diam(A(p, brn, k)

n—00 Tn n— 00 bry,

Letting & — 1 on the right-hand side of the last inequality and using (2.4)
we see that

1 i A
0 < = limsup w < lim (lim sup diam(A(p, br”’k))> =0.
n—oo T'n k—o00 n—oo b?"n
Hence o )
A T Tns;Yn)
di(Z,7) = nh_}rgo - 0. (2.22)

It implies that £ and § are mutually stable.
It still remains to show that there exists a finite limit

if N N
0 # di () # di(g) # 0. (2.23)

For convenience we write

dn ‘= d(xnup)y tp = d(ymp)

for n € N. Condition (2.23) implies that there are ¢ > 0 and an integer
number ng(e) such that

g—” - 1‘ > e (2.24)

n

max{qn,t,} >0 and

for all n > ng(e). It is clear that

Tn € S(p, Qn) and y, € S(p, tn)a

where S(p, ¢,) and S(p, t,) are the spheres with the common center p € X
and the radii g, and t,,, respectively. Consequently, we have the following
inequalities

A(S(p, an), S(pstn)) > d(@n, yn) > 6(S(p, qn), S(p, tn)), (2.25)
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where the quantity 6(S(p, gn), S(p, tn)) is defined as in Lemma 2.2. Limit
relations (2.8) and (2.6) imply

ko = lim 2E8@0),5W:t)) 050, 0n), S, 1))

n—00 ‘qn — tn| eSS ‘qn — tn‘

Hence, using (2.25), we obtain

that implies

~ ) d(zn, Yn T T
ar(eg) = im M) |3 @) —d@)|. (@20
n—00 T
Thus Z and § are mutually stable. O

It can be proved that conditions (i) and (i¢) from Theorem 2.1 are
mutually independent in the sense that none of them follows another.

We conclude this section by simple corollary of statement (iv) of
Lemma 2.1.

Proposition 2.2. Let (X, d) be a metric space and let Y be an unbounded
subspace X. Then (X,d) € 2 implies (Y, d) € 2.

3. Uniqueness and logarithmic spirals

For simplicity we will consider only logarithmic spirals having the pole
at 0. The polar equation of these spirals is

p = kb?, (3.1)
where k£ and b are constants, k € (0,00) and b € (0,1) U (1,00). The
rotation of the polar axis on the angle p; = —% transforms (3.1) to the
form

p="b%. (3.2)

Let us denote by S* the set of all complex numbers lying on spiral (3.2)
and let
S =S* U {0},

i.e., Sis the closure of S* in the complex plane C. In the following theorem
we consider S as a metric space with the usual metric d(z,w) = |z — w|.

Theorem 3.1. Each pretangent space to (S,d) at infinity is unique,
tangent and isometric to S.
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We shall need the following lemma. Denote by C* the multiplicative
group of all nonzero complex numbers.

Lemma 3.1. S* is a subgroup of the group C*.

Proof. As is well known, a non-void subset H of a group G is a subgroup
of G if and only if
hge H and h™leH

for all h, g € H. (See, for example, [10, Chapter 1, §2].) Let z be a point
of C*. It is clear from (3.2) that z € S* if and only if
z = |z| exp(ilogy |2]). (3.3)
The last equality implies
271 = |z| exp(—ilog, |2|) = ‘z%! exp (ilog, ‘zfl‘) .

Hence 2! belongs to S* if z € S*. Similarly we obtain zw € S* if z € S*
and w € S*. O

The next useful lemma describes the isometries of metric identifica-
tions of pseudometric spaces.

Lemma 3.2. Let (X,dx) be a pseudometric space, (Y,dy) a metric
space, (2, p) a metric identification of (X,dx) and w: X — Q the corre-
sponding natural projection. Then for every distance-preserving, surjec-
tive mapping F: X — Y there is a unique mapping f: Q =Y such that
the diagram

x—1I .y
wl/
Q

is commutative. The mapping f is an isometry of metric spaces (£, p)

and (Y,dy).

Proof. Let us define a mapping f by the rule: if a € 2, then we set

fla) := F(x), (3.4)

where z is an arbitrary point in 77 !(«). This definition is correct. In-
deed, if x1, 2 € 7 !(a), then dx(x1,72) = 0 because 7 is natural
projection. The equality dx(z1,22) = 0 implies dy (F(x1), F(z2)) = 0
because F' is distance-preserving. Since dy is a metric, the last equality
gives F(x1) = F(x2).
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Rewriting (3.4) as f(mw(z)) = F(z) we see that the diagram is com-
mutative. The uniqueness of f which satisfies the equality F' = fomx
follows from the surjectivity of w. It still remains to prove that F' is an
isometry.

Let a, 5 €Q, z,y € X and a = w(z), f = 7(y). Then we have

dy (f(@), f(B)) = dy (f(n(z)), f(7(y))) = dy (F(x)

Thus f is distance-preserving. Moreover f is surjective because F' is
surjective. Hence f is an isometry as a distance-preserving, surjective
mapping between metric spaces. O

Proof of Theorem 3.1. We shall first prove (S,d) € 4. To this end it
is sufficient to show that conditions (i) and (i7) from Theorem 2.1 are
satisfied with (X,d) = (S, d).

We start from the verification of condition (7).

Condition (7). Let z; and 22 be some points of the annulus

A0, 7, k) = {ZGS: % < |z| Skr},

where k € (1,00), r € (0,00). Let us denote by (21, 22) the length of the
arc of spiral (3.2) joining the points 21, z9. If the polar coordinates of z;
and zy are (p1,¢1) and (p2, p2) respectively, then we obtain the famous
formula

l(Zl, ZQ) =

¢2 V14+1n?b
[ VET R = L e e e)
¥

1 Y

V1+1nb

= W\m - p1l-

It implies that

diam A(0, r, k) < sup{l(z1,22): 21,22 € A(0,r, k)}

V1+m%)w_>1w_mﬂﬁJ¥b<k_l>

/I b| "k /I b| k

Consequently,

di A k
lim lim sup tam(A(0, 7 k)) < lim
k=1 ;0 T k=1 |Inb|

V1+1n?b 1
i(k ):o,

ok

i.e., (2.4) holds and condition (7) is satisfied.
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Condition (i7). Let € € (0,1) and let ((gn,tn))nen be a sequence of
points of S? such that

lim ¢, = lim ¢, = c0 (3.6)
n—oo n—oo
and there is
lim & = ¢y € [0, 00]. (3.7)
n—oo

We must show that there exists a finite limit
A

n—00 ‘Qn - tn|

It follows from the definition of the set S? that gy, t, € (0,00) for all
n € N. Consequently, we can find 0,,, 7, € (—00, +00) such that

e'™ €S* and  t,e" e S (3.9)

for every n € N. Since the spheres S(0,¢,) and S(0,t,) are single-point
and ¢,e™ € S(0,q,) and t,e’" € S(0,t,), we have

A(S(0,t,),5(0,q,)) |tnetn — gnpei™|

|tn_(1n| ‘tn_gn‘

with
Tn, = logy, qn, 0y, = logy ty, (3.10)

(see formula (3.3)). Consider firstly equation (3.7) with ¢g = 0 or ¢y = oc.
If ¢y = 0, then we have

‘ |tnei9" . qneirn| - ?_nei(rnfan)‘ 11— co
Ko = lim = lim " = =1.
n—00 [tn — qnl n—00 |1—?—:| |1 — o
(3.11)

Similar computations yield ko = 1 for ¢y = co. Suppose now ¢y € (0, 00).
Using (3.7) and (3.10) we obtain

lim (7, — 0,) = nlLrgo(logb qn — logy tn) = nl;rgo logy z—n = log, cp. (3.12)

n—oo n

Moreover, we have

co#1 (3.13)
because ((qn,tn))nen C S2. Applying (3.12) in (3.11) we obtain

lim |tnetn — gnei™| |1 —coexp(ilogy co)|

N—00 ‘tn_Qn‘ a ‘1—60‘
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Note that the right side in this equality is finite and well defined by virtue
of (3.13).

Thus conditions (i) and (¢4) from Theorem 2.1 are satisfied, so that
this theorem implies the desirable uniqueness of pretangent spaces. It
still remains to prove that all pretangent spaces are tangent and isometric
to S.

Let 7 = (rn)nen be a scaling sequence and let Soo,,: be the corre-
sponding maximal self-stable set. For every & = (zy,)nen € goo,; there is
a unique z* € S such that

*| 13 d(l‘n,O)_: ~
2" = T}I_{T;OT = d; (7). (3.14)
We claim that the mapping
F:Sei—S, F(i)=2z" (3.15)

is surjective and distance-preserving in the sense that the equality

dx(z,y) = |z* — 7| (3.16)
holds for all &, § € Seo -

Surjectivity. We have already verified that (S,d) € 4. Hence, by
Lemma 2.1, it is sufficient to prove that for every a € S there is T € Sooﬂ:
such that |z*| = |a|. If |a|] = 0, then the equality |z*| = |a| is evident
for = € Sgof. Assume that |a| > 0. For every n € N define a complex

number 2z as

0._
2y =

L ) (3.17)

Tn

exp (z log
Tn
(see formula (3.3)). The points 20 and z* belong to S*. By Lemma 3.1
the set S* is a subgroup of C*. Since the equation cy = b is solvable in
every group with given b and ¢ belonging to this group, there is z,, € S*
such that

2Dz, = a. (3.18)
This equality and (3.17) imply
d(xy,0) T
== lal

for every n € N. Thus the equality |a| = |z*| holds for & := (x)nen if
every x, fulfills (3.18).

Preservation of distances. Let £ and § € Soo,;. Ifz*=0or y* =0,
then equality (3.16) follows simply from (3.14). Assume z* # 0 # y*.
This assumption implies * € S*, y* € S* and

Tn €S*, yp, €S*
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for all sufficiently large n. These membership relations give, in particular,
the equalities

2 = |a* | exp(ilogy [2°]) and 2y = |wa] exp(ilogy leal),  (3.19)
see (3.3). Moreover, we can rewrite (3.17) as
2 = |2 exp(ilogy | z3))-

Using it, (3.19) and (3.14) we obtain

lim [20||z,| = |2*|. (3.20)
n—oo
Consequently,
Tim_ exp(ilog (2] |al)) = explilog, [o). (3.21)

Relations (3.19)—(3.21) give the equality

Jgrolo 2Da, =z (3.22)

Similarly, we have lim,, o zgyn = y*. The last two limit relations imply

1= | = )] = g 2]
i.e., (3.16) holds.

We can now easily show that all pretangent spaces QEO ; are isomet-
ric to S and tangent. Indeed, as has been shown above ‘the mapping
F SOOJ-: — S is distance-preserving and onto. Hence, by Lemma 3.2,
there is an isometry f : Qiof — S. All QEOJ: are tangent if and only if
all mappings @5 : Sooﬂ: — Soo,;/ are surjective (see diagram (1.5) and
Remark 1.2). Let A be an infinite subset of N, # = (r,)nea be the
subsequence of 7 = (1, )nen and let § = (yp)nea € goo,;/. Suppose that

di/(§7) > 0 (the case dy(§) = 0 is more simple and can be considered
similarly). Let us define z,, as

_Jyn ifneA (3.23)
% ifneN\ A4, '

where 20 is defined by (3.17) and y is a point of S* such that |y| = dj (7).
It follows from Lemma 3.1 that & = (x,)neny C S. Moreover, (3.17) and
(3.23) imply
. d(zp,0)
lim ————=

n—00 Tn

= |y| < oc. (3.24)
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Consequently, & € Seq(S, ) holds. It is also clear that ¥ = (Tp)nea = 7.
By Lemma 2.1, (S,d) € 4l implies S 7 = Seq(S, 7). Hence each ¢ is a
surjective mapping. ]

Remark 3.1. Lemma 3.1 is closely related to the contemporary defini-
tion of logarithmic spirals (see, for example, [3, 9.6.9.1]). In the proof
of Theorem 3.1 we have used formula (3.5) but we really need only in
the following remarkable fact discovered by Rene Descartes: The length
measured along the logarithmic spiral from the pole O to the point P of
the spiral is proportional to the radius vector OP.

The logarithmic spirals and the set R := R™\ {0} of all strictly pos-
itive real numbers have some common properties: They are unbounded
subgroups of the multiplicative group C* and have unique pretangent
spaces at infinity. The following theorem shows that the logarithmic spi-
rals and R’ are exhausted all maximal subgroups of C* having these
properties.

In what follows we denote by S*(b) the set of complex numbers lying
on spiral (3.2).

Theorem 3.2. Let I'* be an unbounded subgroup of the multiplicative
group C*. The following two statements are equivalent.

(i) I* CRY or there is b € (0,1) U (1,00) such that I C S*(b).
(13) T* e 4.

Proof. First of all we claim that the theorem is true for all unbounded
'™ if and only if it is true for all closed (in C*), unbounded T'*. Let
T" be the closure of I'* in C*. For convenience we denote by (i) and
(1) the statements obtained by the substitution of T for T'* in () and,
respectively, in (i7). Since R and S*(b) are closed subsets of C* we have
the equivalences

T"CRY) & (I*CRY) and (T° CS*(b) « (I'* CS*(b)).
Thus (i) < (i) holds. Using Lemma 3.2 we see that (i) < (ii). More-
over, since the closure of a subgroup is a subgroup [10, p. 102], isa
closed subgroup of C*.

Thus we may assume, without loss of generality, that I'* is a closed
subgroup of C*.

(¢) = (¢9) This implication follows from Proposition 2.2, Theorem 3.1
and Proposition 2.1. Indeed, Proposition 2.1 claims, in particular, that
R* has a unique pretangent space at infinity and, by Theorem 3.1, the
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same property is true for S*(b). Finally, the property “to have a unique
pretangent space” is hereditary by Proposition 2.2.

(#4) = (i) Suppose that I'* is an unbounded, closed subgroup of C*
and (77) holds. Since I'* is unbounded, there exists a sequence (p;)ien C
'™ with

lim |p;| = o0.
71— 00
Let z1, zo € I'* and let |z1| = |22| hold. Write r; = |;—1“, 1 € N. Note that
the points % and ﬁ belong to I'* because I'* is a subgroup of C*. It is
clear that
Zi

€ A(0,r;, k) = {2 €T*: % <zl <krid, j=1,2,
bi

for all £k € [1,00) and ¢ € N. Statement (ii) of the present theorem
implies (2.4). Consequently, by Theorem 2.1, we have

21 29
diam(A(0, 7, k P pi _
0 = lim lim sup iam(A(0, i, k) > Pl |21 — 22
k=1 ;500 T 21 |Zl‘
pi
i.e., the implication
(Iz1] = [22]) = (21 = 22) (3.25)

is valid for all z1, z9 € T'*.
Let us consider the continuous homomorphism ® from the group I'*
to the group R* defined as

O(z) =z, zel™.

Then @ is closed. Consequently, ®(I'*) is a closed subgroup of R* . Using
the well-known classification of the closed subgroups of the additive group
for real numbers (see, for example, [7, Chapter V, §1, 1]), we obtain the
following three possibilities:

(i) (%) = {1};
(i) D(I*) = RY;

(7i7) Thereis g € (1,00) such that ®(I'"*) = {¢™: n € Z}, where Z is the
set of integers.

Since I'* is unbounded, the case (i) is impossible. Implication (3.25)
shows that the homomorphism ® : I'* — R is one-to-one. Consequently,
for the case (i3), the group I'* is cyclic with the generator z = ®~!(g).
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Writing z in the trigonometric form z = |z|e!? = ge'¥, ¢ € [0,27), we
see that either I'" C R for ¢ = 0 or, for ¢ € (0,27), I'* lies on the
logarithmic spiral

S*(b) = {texp(ilog,t): t € R }

with b = exp (1%9), where In g is the natural logarithm of g.

Suppose now that we have ®(I'*) = R%. Then @ is an isomorphism
of the groups I'* and R* and, simultaneously, ® is a homeomorphism as
a continuous, closed bijection of the topological spaces I'* and R . Write

®~! for the inverse mapping of ® and

T:={2e€C:|z|=1}.

Let ¥: C* — T be the standard homomorphism, ¥(z) = |—§| and let
in: I’ — C* be the inclusion, in(z) = z. Then the mapping
R“BRY 2 2 LT (3.26)

is a character (a continuous homomorphism) of the additive group R.
Denote this character by s. Then there is ¥ € R such that

#(t) = exp(ivt) (3.27)

holds for all t € R (see [10, p. 271]). Since ®~! is bijective, from (3.26)
and (3.27) we obtain that

d~L(expt)

t) =
#(t) expt

=exp(ivt), tEeR,

ie.,

q)—l
# = exp(ivIn|z]),
z

z = |z|exp(ivin|z|) (3.28)

hold for every z € I'*. The last equality implies I'* C R% if v = 0. For
v # 0 we can rewrite (3.28) as

z = |z|exp(ilogy |z]),

where b = exp (%) Hence I'* is a logarithmic spiral with the pole at 0 if
v #0. O
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4. Uniqueness for subsets of R

In this section we specify the uniqueness conditions, presented by
Theorem 2.1 for the general, unbounded metric spaces X, to the case
X CR.

Lemma 4.1. Let X C R be unbounded and let d(x,y) = |z — y| for all
x, y € X. Condition (i) from Theorem 2.1 does not hold if and only if
there exist some sequences T, j C X such that
lim z, = lim y, =00 and =z, € (—00,0), y, € (0,+00)  (4.1)
n—o0 n— o0
for everyn € N and
lim = —1. (4.2)
n— o0 yTL
Proof. Without loss of generality we can suppose that 0 € X.
Let Z and g satisfy relations (4.1) and (4.2). For every n € N, write

2

1 1
2
Tn =V |Tn|lyn] and k, = max{ In , In } )

Yn Tn
It is easy to see that

lim r, =occ and lim k, =1,
n—o0o n—o0o

and r, > 0, and k, > 1, and

Ty Yn € A0, 10, k) = {x € X: ]:—n <|z| < rpkn}

n

for every n € N. Now, using the inequality of arithmetic and geometric
means, we obtain

diam(A(0, 7y, ky)) > [Yn — n _ Yn| + |20 _ [Yn| 4 |z >9
Tn o Tn Tn |$n| |yn| o

Hence the inequality

A0, 7, k) -

lim lim sup
k—1 r—00 T

holds. Thus condition (i) of Theorem 2.1 does not hold.
Conversely, if condition (i) does not hold, then we have

lim lim sup diam(A(0, 7 k))

k—1 r—o0 T

> 0. (4.3)
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We must find sequences Z, § C X which satisfy relations (4.1) and (4.2).
Inequality (4.3) implies that there are a constant ¢ > 0 and some se-
quences (7 )nen C (0,00) and (ky)nen C [1,00) such that

lim r, = o0 and lim k, =1
n—oo n—oo

and

diam A(0, ry,, k
( n n) >c
Tn
for every n € N. Let us consider the closed intervals

Tn — Tn
Lf:::[%;,rnkn], I, = {—rnkn,——gg}.

It is clear that
A0, 7, k) C LT UL

Inequality (4.4) implies, for every n € N, there are z,, y, € A(0,r,, ky)
such that z,, < vy, and

lon =yl _ (4.5)
T'n
If 2, yo € I} or z, y, € I, then
|xn - yn‘ 1
—_— <k, ——. 4.6
Tn ="k, (4.6)

Since lim;,_,oc k, = 1, inequality (4.6) contradicts (4.5) for sufficiently
large n. Hence
v, €I, and y, € (4.7

if n is large enough. Relations (4.7) and lim,,_,c k,, = 1 imply (4.2). The
rest of desirable properties of & = (x,)nen and § = (yp)nen are evident
by construction. O

Let X C R and p € R. Recall that X is locally symmetric at a point
p € R if there is € > 0 such that

(z+peX)e (—xz+pe X)

holds for every z € X N (p —¢,p + ). (See, for example, [12, p. 225].)
We shall say a set X C R is asymmetric at infinity with respect to a
point p € R if there is € > 0 such that

(z+peX)=(—x+p¢ X) (4.8)

for each 2 € X N ((—o0,p — ) U (p +€,00)).
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Corollary 4.1. Let X C R be unbounded. If condition (i) from The-
orem 2.1 holds, then X is asymmetric at infinity with respect to every
point p € R.

Example 4.1 (Asymmetric at Infinity Subset of R). Let (r,), n € NU
{0}, be a strictly convex sequence with r > ro = 0 and

lim (rp41 —ry) = 00. (4.9)
n—o0

Recall that the strict convexity of (r,) means that the second order
differences
APry =7Tpi9 — 21 —Th

are strictly positive for every n > 0. It implies

Tt — Tl > Tnpl —Tp > ... >11 —19 =711 > 0. (4.10)
Write
o0 [oe)
X+ = U [T4n7 T4n+1]7 X" = U [_T4n717 _7'41172]
n=1 n=1
and define
X=XTuXx-.

It is clear that X is an unbounded subset of R. We claim that X is
asymmetric at infinity with respect all points p € R.

Let p € R be given. We must show that —x+p ¢ X if xt+p € X and
|z| is large enough. Using (4.9) and (4.10) we can find ng € N such that

2[p| < Tng — To—1- (4.11)
If x +p € X, then there is m € NU {0} such that either
z+p>0 and z+Dp € [Fam, ram+1] (4.12)

or
r+p<0 and z+4+p€E [—Tam—1,—Tam—2] (4.13)

Suppose (4.12) holds (case (4.13) is similar). For sufficiently large = we
obtain the inequality 4m > ng. It follows from (4.12) that

—2 + P € [~Tam+1 + 2P, —Tam + 2] C [~Tami1 — 2[pl, —Tam + 2[pl].
Now, using the inequality 4m > ng, (4.12), (4.10) we obtain
—2+p € [~Tami1 = [Tng = Tno—1ls =Tam + [Tng — Tng-1l]

C (—=Tam+2, —Tdm—1)-
It follows from the definition of the set X, that the intersection of X
with the interval (=442, —T4m—1) is empty. Thus we have —x +p ¢ X.
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Consider now the “real-valued” variant of condition (#¢) from Theo-
rem 2.1.
Let X C R be asymmetric at infinity with respect to p € X. Write

X;’::{xEX::L‘—i-pEX, x+p >0},
X, ={reX:z+pe X, x+p<0}.

Define the subsets (1R, x and _1 R, x of the set R* by the rules:
1Ry x ={lz —pl:z e X;’} and 1Ry x:={lz—plize X, }
Then we obtain
Sp(X) = 1R, x U_1Ryx and 1Ry x N_1R, x N[),00) =,

for sufficiently large 6 > 0. Simple geometric considerations show that,
for all ¢, t € Sp(X) N[0, 00), we have

la—t] if (0.1) € (1 R2) U (1R x),

4.14
lg +t| otherwise, (4.14)

A(S(p,q),S(p,t)) = {

2 2 .
where +1Rp,X and *1Rp,X are the Cartesian squares of 1R, x and, re-
spectively, of _1 R, x and

A(S(p,q),S(p,t)) = sup{lz — y|: = € S(p,q), y € S(p,1)}-
For every & > 0, let us introduce also the sets
+ K5 = {g ¢t € 1Ry x N6, OO)} , (4.15)
_{q.
_Ks = {t tqte 1Ry, x N [0, OO)} ,
q
(@) € (SpX) N 16,00\ (B2 x U 123

15 ::{t

where [§, 00)? and Sp?(X) are the Cartesian squares of the infinite interval
[0, 00) and Sp(X).

Proposition 4.1. Let X C R be unbounded and asymmetric at infinity
with respect to p € X. Condition (ii) of Theorem 2.1 holds if and only if

() (Cl(4K5U _Ks) N Cl(1Ks)) € {0,1, 00}, (4.16)
dERY

where R = (0,00) and the closures are taken in [0, 00].
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Proof. Suppose inclusion (4.16) holds. Let ¢g > 0 and let ((gn,tn))nen C
830 such that lim,,_, ¢, = lim,,_, t, = 00 and

lim g—” = ¢y € [0, ). (4.17)

n—oo n

It is necessary to show that there is a finite limit

i A @,40), S(ps tn))

n—oo |Qn - tn|

= . (4.18)

We first note that (4.18) holds with sy = 1 if ¢g = 0 or ¢y = co. Indeed,
equality (4.14) implies the double estimation

lgn — tn < A(S(p,qn), S(p,tn)) < |qn + tn]
‘Qn_tn‘ o ‘qn_tn‘ a |qn—tn|

Letting n to infinity and using (4.17) with ¢y € {0,000} we obtain (4.18)
with 29 = 1. Let us consider now the case 0 < ¢y < oco. Define, for
4 >0,

Ks := {% g,t € Sp(X)n [5,00)}.

Then, using the standard inclusion from the theory of cluster sets (see,
for example, [8, 1.1]), we have

coe [ CUK).

SERY
Furthermore, it follows from (4.15) that
Ks =1K5 U (+Ks U _Ks).

Thus Cl(Ks) = Cl(1Ks) UCIl(+Ks U _Ks). The last equality and the
monotonicity: “if d; > &9, then

Cl(1K51) - Cl(1K52) and Cl(+K51 U —K51) - Cl(+K52 U —K52)7 7
(4.19)
imply the equality

M Ci(k;) = ( N Cl(1K5)>U( N Cl(+K5U_K5)). (4.20)
dERY deRY dERY

Hence we have

co € m Cl(1Ks) (4.21)
SeRY
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or
cy € m Cl(+K§ U _K(;). (4.22)
SeRY

It follows directly form (4.16) that

(N a6E)) (N CUEsU-Ky)) € {0,1,00}

SeR”. SERY,
The relation (gn,tn) € SZ, imply the inequality

q_n_1‘>€0’

n

so that
Co 75 1.

Since ¢g ¢ {0,1,00}, (4.21) and (4.22) imply that there is ny € N such
that either
(d0rtn) €SP0 (1R x U1 R ) (4.23)

for every m > ng, or
(qnstn) € 1Ry x U 1 RS (4.24)

for every n > ng. Now applying (4.14) we obtain

[1—col

Pteol ¢ (4.23) holds,
oy =
1 if (4.24) holds.

The “sufficiency” is proved.
To prove the “necessity” suppose that (4.16) does not hold. The left
side of (4.16) can be written as

( (] Cl(4KsU K5)> ﬂ( N Cl(1K5)>.

SER®. SeR?
Consequently there is ¢y € (0,00) such that ¢y # 1 and

c€ (| Cll+KsU_Ks) and coe [ CILKs).
SeRY SERY,

Hence there are sequences

((2n, wn))nen C (1R x U 1R} x) (4.25)



84 UNIQUENESS OF SPACES PRETANGENT TO METRIC SPACES...

and
((gn>tn))nen C (SP*(X))\ (41R2 x U _1R; x) (4.26)
such that
lim ¢, = lim ¢, = lim 2, = lim w, = o0 (4.27)
n—oo n—oo n—oo n—oo
and .
im & = lim 2 = ¢ (4.28)
n—o0 t, n—00 Wy,

Since ¢g # 1, there is €9 > 0 such that the inequalities

q—"—l‘zso and Z—"—l‘zeo (4.29)

n Wn,

hold if n is sufficiently large. Using (4.14) and (4.25), (4.26) we obtain

A(S(pv qn)ﬂg(patn)) _ 1+ ¢

lim = 4.30
BT g —tal 1o (4:30)
and A(S g
n—00 ‘zn — wn|

Let ng € N be a number such that (4.29) holds for every n > ng. Define
a sequence ((Sn,Yn))nen as a “mixture” of the sequences ((qn,tn))nen
and ((Zny wn))nENa

(qnoa tno) ifn S no
(8n,Yn) = % (qn,tn)  if nis add and n > ng

(zn,wy) if nis even and n > ny.

Then (($n, Yn))nen C S2, and, by (4.27), (4.28), we have

. . . Sn
lim s, = lim y, =00, lim — = ¢.
n—oo n—oo n—oo yn
If there is
lim A(S(p,sn),s(p,yn))’
n—00 |Sn — Yn|

then the definition of the sequence ((s,,¥yn))nen and equalities (4.30),
(4.31) imply

1+ (&))

|1 — Co‘ '

Hence ¢y = 0, contrary to the condition ¢y ¢ {0, 1, c0}.
Thus condition (i¢) from Theorem 2.1 is false if (4.16) is false. O
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The following theorem is the main result of the present section. De-
fine, for § > 0,

L Ks o= {% g€ 1 Rpx N[6,00), te€ _1RyxN [5,00)} o (4.32)

where 4 := oo if -1 R, x N[J,00) =@ and 1 :=01if 1R, x N[),00) = .

Theorem 4.1. Let X be an infinite subset of R, let d(x,y) = |z — y| for
all x, y € X and let p be a point of X. Then (X,d) € 4 if and only if X
s asymmetric at infinity with respect to p and

() (Cl(+ K5 U _K5) N Cl(;—Ky)) € {0,00}. (4.33)
SERY

Proof. Suppose (X,d) € 4. Then conditions (i) and (i¢) from Theo-
rem 2.1 holds. Using Corollary 4.1 we see that X is asymmetric at infinity
w.r.t. p. Moreover, since 1 K5 O +_ Ky, we obtain from inclusion (4.16)
the inclusion

() (Cl(1 K5 U _K5) N Cl(;_Ky)) € {0,1,00}.
6611{1

It still remains to prove that

1¢ () (Cl(+KsU_Ks) N Cl(;_Ky)). (4.34)
6eRY

Statement (4.34) holds if

1¢ () Cl(1-Ks). (4.35)
deRY

Suppose (4.35) does not hold. Then there exist some sequences
($n)n€N C (—OO,p] NX and (yn)nGN - [pa OO) NnX
such that
lim |z, —p|= lim |y, —p| =00
n—oo n—oo
and
. b—xn
lim

By Lemma 4.1 it contradicts condition (i) from Theorem 2.1. Thus (4.34)
is proved.

—1. (4.36)
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Conversely, assume inclusion (4.33) holds and X is asymmetric at
infinity w.r.t. p. We must prove conditions (7) and (i7) from Theorem 2.1.

Rewriting Lemma 4.1 in the terms of cluster sets we see that condi-
tion (i) does not hold if and only if

1e m Cl(+_K5).
SR’

This relation and
le () Cl(+K;U _Kjs)
SER?,
show that the point 1 belongs to the set in the left part of formula (4.33),

contrary to the supposition. Condition (7) follows.
To prove condition (i7) from Theorem 2.1 note that

1Ks =4 KsU_1 K;

for sufficiently large d > 0 because X is asymmetric at infinity w.r.t.
p, where 1 K is defined by (4.15) and _; Kj is the set obtained by the
permutation of the symbols “4” and “—” in (4.32). Consequently, by
Proposition 4.1, condition (i7) holds if

() (Cl(+Ks5 U _Ks5) N Cl(4-KsU 1 K5)) €{0,1,00}. (4.37)
SeRY

Similarly (4.20) we can show that

() (CI(+ K5 U _K5) N Cl(4 K5 U Ky))
SERY

- ( () (Cl(Ks U _K5)n Cl(+—K6))>
Sery

U (6213 (Cl( K5 U _K5) N Cl(_+K5))>. (4.38)

It follows from the definition of the sets + K5, - Ks, K5 and _ K that
if a positive number s belongs to

() (Cl(+E; U _K;) N Cl(— 1 Ky)),
dERY

then
€ () (Cl(+K; U _K5) N Cl(4—Ky)).
SR

w | =
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Consequently, we can permute “+” and “—" (4.33). Thus we have the
inclusion

() (CI(1 K5 U _K5) N Cl(; K5 U~ Ks)) € {0,00},
deR?

which implies (4.37). O
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