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In this work the theory of variational inequalities with multivalued operators is ex-
tended for the wider of multivalued maps from the reflexive Banach space to its dual
one. In particular, we relax the restriction on boundness of operators and on same
properties of convergence. This operator class contains the bounded pseudomonotone
maps ([6–8]), the maximal monotone maps on interior of domain ([2,5]), the s–weakly
locally bounded generalized pseudomonotone maps ([3,10]) and other.

Let X be a reflexive Banach space, X∗ be its topological dual space, 〈·, ·〉 : X×X∗ →
R be the duality pairing, A : X → 2X∗

be a multivalued mapping (2X∗
=

⋃
V⊂X∗

V ).

We define Dom(A) = {y ∈ X : A(y) 6= ∅}. We associated with A the lower and
upper support functions [A(y), ξ]− = inf

d∈A(y)
〈d, ξ〉 and [A(y), ξ]+ = sup

d∈A(y)

〈d, ξ〉, where

y, ξ ∈ X, ‖A(y)‖+ = sup
d∈A(y)

‖d‖X∗ , ‖A(y)‖− = inf
d∈A(y)

‖d‖X∗ . If y /∈ Dom(A) then

[A(y), ξ]− = +∞, [A(y), ξ]+ = −∞ for each ξ ∈ X and ‖A(y)‖− = ‖A(y)‖+ = 0,
−∞+∞ = +∞.

Definition 1. The mapping A : Dom(A) ⊂ X → 2X∗
is s–weakly locally bounded,

if for arbitrary y ∈ Dom(A) and {yn} ⊂ Dom(A), where yn → y weakly in X, there
exist the subsequence {ynk

} and N > 0 such that ‖A(ynk
)‖+ ≤ N .

Definition 2. The mapping A : Dom(A) → 2X∗
has the property (M), if for

arbitrary {(yn, wn)} ⊂ graph co A, such that yn → y weakly in X, wn → w weakly in
X∗ and lim

n→∞
〈wn, yn − y〉 ≤ 0, we have that w ∈ coA(y).

Definition 3. The mapping A : Dom(A) → 2X∗
is monotone, if

[A(y1), y1 − y2]− ≥ [A(y2), y1 − y2]+ ∀yi ∈ Dom(A).
A is maximal monotone if it is monotone and for each monotone operator C
(graphA ⊂ graph C) ⇒ (C = A).

Definition 4. The mapping A : Dom(A) → 2X∗
is + –coercive on K if there exist

y0 ∈ K such that
‖y‖−1

X [A(y), y − y0]+ → +∞ as ‖y‖X → +∞, y ∈ K.

This research is based on properties of multivalued maps which are perturbed by
maximal monotone operators. In particular, we use the properties of maximal monotone
operator ([2,3,5]), of operators with the properties (M) ([6–8] and its References) and
of normal cone as the maximal monotone operator ([4]).



Proposition. Let A : Dom(A) ⊂ X → 2X∗
is s–weakly locally bounded and has the

property (M), B : Dom(B) → 2X∗
is maximal monotone, then A + B has the property

(M) on Dom(A) ∩Dom(B).

Proof. Let yn → y weakly in X, (A+B)(yn) 3 wn → w weakly in X∗ and lim
n→∞

〈wn, yn−
y〉 ≤ 0. Since operator A is s–weakly locally bounded, there exists the subsequence
{ym} ⊂ {yn} such that ‖A(ym)‖+ ≤ N , i.e. there exist {dm ∈ co A(ym)} such that
‖dm‖X∗ ≤ N and ŵm = wm − dm ∈ B(ym). Without restricting the generality, we
can assume that dm → d weakly in X∗. Thus, B(ym) 3 ŵm → ŵ weakly in X∗ and
ŵ + d = w. Then or lim

m→∞
〈ŵm, ym − y〉 ≤ 0 or lim

m→∞
〈dm, ym − y〉 ≤ 0 or both estimate

hold. In first case ŵ ∈ B(y) and 〈ŵm, ym〉 → 〈ŵ, y〉 (see [2]). Thus, lim
m→∞

〈dm, ym−y〉 =

lim
m→∞

〈wm − ŵm, ym − y〉 = lim
m→∞

〈wm, ym − y〉 ≤ 0. I.e. d ∈ A(y), w ∈ (A + B)(y).

If lim
n→∞

〈dn, yn − y〉 ≤ 0 and lim
n→∞

〈ŵn, yn − y〉 > 0, then d ∈ A(y) by property (M)

and ∃ {ym} such that 〈ŵm, ym − y〉 > 〈ŵ, ym − y〉. But B is maximal monotone, i.e.
ŵ ∈ B(y). ¥

For proofing of based result we need the auxiliary property of multivalued operator
on some closed convex set Dr ⊂ Br = {y ∈ X : ‖y‖X ≤ r}, where 0 ∈ Dr, ∂Dr is
the boundary of Dr. Without restricting the generality the following property will be
proved for convex– closed–valued operators.

Theorem 1. Let A : Dr → 2X∗
be a convex– closed–valued s–weakly locally bounded

operator which has the property (M), A = coA, B : Dr → 2X∗
be maximal monotone

and [(A+B)(y), y]+ ≥ 0 for each y ∈ ∂Dr. Then the inclusion 0 ∈ co(A+B)(ξ), ξ ∈ Dr

has nonempty weakly compact set of solutions.
Sketch. Let F (X) be a totality of finite-dimensional subspaces F ⊂ X. For arbitrary
F ∈ F (X) we introduce the projector IF : F → X (‖IF yF ‖X = ‖yF ‖F ∀yF ∈ F ),
I∗F : X∗ → F ∗ is a dual operator, DrF = Dr ∩ F , AF = A|F : F → 2X∗

. And we
introduce the auxiliaries operators ∀y ∈ DrF ≡ Dr ∩ F

I∗F AF (y) =
⋃

d∈AF

{ ∑
{hi}

〈d(y), hi〉hi

}

I∗F BF (y) =
⋃

w∈BF

{ ∑
{hi}

〈w(y), hi〉hi

}

I∗F (A + B)F (y) =
⋃

d∈AF ,w∈BF

{ ∑
{hi}

〈w(y) + d(y), hi〉hi

}

where {hi} is the basis of F .
Using the properties of maximal monotone operators (see [2,5]) and s–weakly locally

bounded operator with the properties (M) (see [7,8,10]), we can prove that the operator
I∗F (A + B)F is closed. Then by Remark 6.4.2 ([1]) for each F ∈ F (X) there exists
yF ∈ DrF such that 0 ∈ I∗F (A + B)F (yF ). We can construct the system with the finite

intersection property {Gw

F }, where G
w

F is the weak closure of GF0 =
⋃

F⊃F0

{
yF ∈ DrF :

0 ∈ I∗F (A + B)F (yF )
}

. Since X is reflexive, then ∃ y ∈ ⋂
F∈F (X)

{Gw

F }. And by property

(M) 0 ∈ (A + B)(y). ¥



For the bounded demiclosed operator with the property α) this theorem had been
considered in [9].

Theorem 2. The variational inequality (VIMO)

[A(y), ξ − y]+ ≥ 〈f, ξ − y〉 ∀ξ ∈ K

has at least one bounded solution if the mapping A is +-coercive, s–weakly locally bounded
and A satisfies the property (M) on K. Moreover, there exists the solution of VIMO y
which is bounded by constant R (‖y‖X ≤ R) where [A(ξ), ξ − y0]+ ≥ 0 for each ξ ∈ K
such that ‖ξ‖X = R.

Sketch. It suffices to show that the inclusion coA(y) + ∂IK(y) 3 f, where IK is the
characteristic map of K (IK(y) = 0 as y ∈ K and IK(y) = +∞ as y /∈ K). the
subdifferentional ∂IK is normal cone (see [4]), i.e. it is maximal monotone (see [2]). By
the definition ∂IK(y) = {w ∈ X∗ : 〈w, ξ〉 ≤ 0 ∀ξ ∈ 1

h

⋃
h>0

(K − y)}, thus, 0 ∈ ∂IK(ξ)

for each ξ ∈ K and [∂IK(y), y − y0]+ = +∞ as y ∈ ∂K (∂K is the boundary of K).
Since [A(y)− f +∂IK(y), y− y0]+ = [A(y)− f, y− y0]+ +[∂IK(y), y− y0]+, at least one
of summed tends to infinity as ‖y‖X → ∞, i.e. there exists the constant R > 0 such
that [A(y) + ∂IK(y), y − y0]+ ≥ 0 if y ∈ ∂(K ∩ BR(y0)). Thus, by Theorem 1 there
exists ŷ such that 0 ∈ coA(ŷ) + ∂IK(ŷ).

Let {yn} be subset of solution set, yn → y weakly in X, 0 ∈ coA(yn) + ∂IK(yn).
Then lim〈0, yn − y〉 = 0. By the property (M) 0 ∈ coA(y) + ∂IK(y), consequently, the
set of solution is nonempty and weakly compact. ¥

Collorary. Let A be s–weakly locally bounded and satisfies the property (M) on K,
K be closed convex and bounded. Then VIMO has nonempty weakly compact set of
solutions.

Example. Let Ω be a bounded set from Rn, Γ be the boundary of Ω. We consider
such Ω that Γ is smooth. And we study the free-boundary problem on Sobolev space
W 1

p (Ω), where p ≥ 2, p−1 + q−1 = 1, the track y|Γ belongs to W
1/q
p (Γ). Let ν(x) be the

normal in x ∈ Γ. Let us consider the free-boundary problem

A(y) = −
n∑

i=1

∂

∂xi

(
ai(x, y)

∂y

∂xi

)
+ a0(x, y)y = f,

y|Γ ≥ 0,
∂y

∂νA
+ γ(y) ∩ [0,∞) 6= ∅, y

( ∂y

∂νA
+ γ(y)

) 3 0,

where ∂y
∂νA

=
n∑

i=1

ai(x, y) ∂y
∂xi

cos(νi, x), γ : W
1/q
p (Γ) → 2W−1/q

q (Γ) is a s-weakly locally

bounded operator which has the property (M). And let ai satisfy to Caratheodori
conditions and following ones:

|ai(x, y)| ≤ g(x) + C1i|y|p−1,
where g ∈ Lq‘(Ω), q‘ = p

p−1 , if p > 2, and g ∈ C∞(Ω), if p = 2;
ai(x, y) > C2i|y|p−2, for sufficiently large |y| >> R (C2i > 0).



Then we can consider the integral forms, i.e. we can construct the variational inequality

n∑

i=1

∫

Ω

ai(x, y)
∂y

∂xi

∂(ξ − y)
∂xi

dx +
∫

Ω

a0(x, y)y(ξ − y)dx+

+ [γ(y), ξ − y]+ ≥
∫

Ω

f(ξ − y)dx ∀ξ ∈ K,

where [γ(y), ξ − y]+ = sup
v∈γ(y)

∫
Γ

v(ξ − y)dΓ, K = {y ∈ W 1
p (Ω) : y|Γ ≥ 0}. By Theorem 2

this VIMO has at least one solution for each f ∈ W−1
q (Ω), this statement holds if some

values of γ are not convex and closed. Also this statement holds if for some (not all)
selector d ∈ γ d(y) → −∞ as ‖y‖X →∞.

In [2,8] the problem had been considered for the operator with ai(x, y) ≡ ai(x) and
maximal monotone operator γ. In [10] this problem had been considered for generalized
pseudomonotone operator γ, the proving of the properties is analogous.
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