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ON A PROBLEM OF DETERMINING THE PARAMETER
OF A PARABOLIC EQUATION

PO 3AJAYY BU3HAYEHHS ITAPAMETPA
ITAPABOJITYHOI'O PIBHAHHA

The boundary-value problem of determining the parameter p of a parabolic equation
V() + Au(t) = FO) +pO <t <), v(0) =p, v(1)=1

in arbitrary Banach space E with the strongly positive operator A is considered. The exact estimates in Holder
norms for the solution of this problem are established. In applications, exact estimates for the solution of the
boundary-value problems for parabolic equations are obtained.

PosmisHyTO KpaioBy 3a/jady BU3HAYCHHS MapaMeTpa p napaboiliYHOTO piBHSHHS
V() + Avt) = F(O) +pO <t <), v(0) =p, v(1)=1

y HOBiIBHOMY OaHaxoBoMy mpocTopi E i3 cunpHO momatHuM omeparopoM A. BeraHoBIeHO TOYHI 32 HOpMa-
Mmu [enbepa OLIHKYM UIsl pO3B’sI3KY Li€i 3amadi. Y 3aCTOCYBaHHSAX OACPXKAHO TOYHI OLIHKH JUIS PO3B’S3KIB
KpaloBHUX 3a1ay 1y MapadoIiyHuX PiBHSAHb.

1. Introduction. Methods of solutions of the nonlocal boundary-value problems for
evolution equations with a parameter have been studied extensively by many researchers
(see, e.g., [1-21] and the references given therein).

We consider the following local boundary-value problem for the differential equation

V() + Av(t) = f(t) +p(0 <t <1), v0)=¢p, v(l)=1 (1.1

in an arbitrary Banach space with linear (unbounded) operator A and an unknown pa-
rameter p.

In the paper [1] the solvability of the problem (1.1) in the space C'(E) of the con-
tinuous E-valued functions ¢(¢) defined on [0, 1], equipped with the norm

leller) = max o)z

was studied under the necessary and sufficient conditions for the operator A. The solu-
tion depends continuously on the initial and boundary data. Namely:

Theorem 1.1. Assume that —A is the generator of the analytic semigroup
exp{—tA}(t > 0) and all points 2wik, k € Z, k # 0 are not belongs to the spec-
trum o(A). Let v(0) € E, v(1) € D(A) and f(t) € CP(E), 0 < B < 1. Then for the
solution (v(t), p) of problem (1.1) in C(E) x E the estimates

1
Iplle < M [0}z + vl + [AvMle + Zlflesw) |,

vl < M{[v(0)lle + lv(Dlle + 1flowm)]
hold, where M does not depend on 3,v(0),v(1) and f(t). Here C®(E) is the space
obtained by completion of the space of all smooth E-valued functions ©(t) on [0,1] in
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the norm

et +7) — e(t)lle
- t '
lellos () Jax, () + I B8

We say (v(t), p) is the solution of the problem (1.1) in C’g 1(E) x Ey if the following
conditions are satisfied:

i) v'(t), Av(t) € COV(E), pe B, C E,

ii) (v(t), p) satisfies the equation and boundary conditions (1.1).

Here Cg"y (E), (0 <~ <pB,0< < 1) is the Holder space with weight obtained
by completion of the space of all smooth E-valued functions ¢(¢) on [0, 1] in the norm

E+7) et +7) —o®)le

Il = max o(t)z+  sup -

0<t<1 0<t<t+7<1
In the present paper the exact estimates in Holder norms for the solution of problem
(1.1) are proved. In applications, exact estimates for the solution of the boundary-value
problems for parabolic equations are obtained.
2. C’g "V (E)-estimates for the solution of problem (1.1). We study the problem
(1.1) in the spaces Cg "7(E). To these spaces there correspond the spaces of traces Elﬁ v,
which consist of the elements w € E for which the following norm is finite:

| = | A exp{—zA}wl| g+

ax
0<2<1

(2 +7)7[|A (exp{~ (2 +7) A} — exp{—2A}) wlp

+ sup -

0<z<2z+7<1

Assume that —A is the generator of the analytic semigroup exp{—tA}(t > 0) with
exponentially decreasing norm, when ¢t — 400, i.e., the following estimates hold:

| exp{—tA}|pop < Me~® t| Aexp{—tA}|psr <M, t>0, M >0, &> 0.

2.1)
From (2.1) it follows that
1T p—E < M(9). 22
Here T = (I — exp{—A})~!. We have that
t
v(t) = exp{—tA}v(0) + /exp{—(t —8)AYf(s)ds + (I — exp{—tA})A™1p,
’ 2.3)

p = T{Av(1) — Aexp{—A}v(0) — /Aexp{—(l — $)A}f(s)ds}
0

for the solution of problem (1.1) in the space Cg (E) (see, for example, [1, 22]).
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1202 A. ASHYRALYEV

Theorem 2.1. Let v(0)—A~1f(0), v(1)—A~1f(1) € EY and f(t) € CP(E),
0 <+ <pB,0<p < 1. Then for the solution (v(t), p) of problem (1.1) in Cg’V(E) X
x EP7 the estimates
10/l gy + 40 = Pll gy + mmax, [o() = A7 £} <
Cy(E) Co " (B) 7 g<i<a L=

< M [Jo(0) = A7 £+ [o(1) = A7 O+ 8710 = B) Mgy |
(2.4)

|A~1p|77 < M [|v(0) — A (077 +

+ o) = A7+ 870 8) Il ) 2.5)

hold, where M does not depend on v, B, v(0), v(1) and f(t).
Proof. Using formula (2.3), we can write

Av(t) — f(t) = exp{—tA} (4u(0) — £(0)) + exp{—tA} (f(0) — £(t)) +
4 / Aexp{—(t — ) A} (f(s) — F(£)) ds + (I — exp{—tA}) p =
0

= exp{—tA} (Av(0) — £(0)) + (I — exp{—tA})p+ J(?), (2.6)

p=T{Av(1) = f(1) — exp{—A} (Av(0) — f(0)) -
—/AeXP{—(l —s)A}(f(s) = F(1)) ds + exp{=A} (f(1) = f(0))} =
0

=T{Av(1) — f(1) — exp{—A} (Av(0) — £(0)) = J(1)}, 2.7)
where

t

J(t) = exp{—tA} (f(0) — f (1)) +/Aexp{*(t —s)A} (f(s) = f(t)) ds.

0

By [22], Theorems 5.1 and 5.2 in Chapter 1,
1Tl cprmy < MB™HA = B) " I fl o iy (2.8)
AT I < MBTH 1= B) T Fll oo sy (2.9)
From the definition of the space Elﬁ "7 and the estimate (2.1) it follows that
|exp{—tA} (v(0) — A1 £(0)) + (I — exp{—tA}) A p|?" <
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_ By —1_ B
< lexp{—tA}| _, p [0(0) = A7 F(O)| | + [T — exp{—tA}|| p_, x |A" D" <

_ B, —1_(B
<M [|v(o) — AT 4+ |A ) ”} 2.10)
for all ¢,t € [0, 1]. By (2.2), (2.9), (2.10) and the triangle inequality

_ 41 By
ax [o(t) = AT (O] <

=M “”(0) — AT+ A7+ - ﬂ)’lllfllch(E)} . @1
A7 < Tl (o) — AT FOI +
+ llexp{=A} | p_ p [00) = AT O] + AL (1) f”] <

< M [Jo(1) = AT )]+ [o(0) = A7) + (AT ] @12

Estimate for Jnax |v(t) —A7Lf (t)‘f’y and estimate (2.5) are proved. Using formula

(2.6) and equat_ioﬁ (1.1), we can write
v'(t) = exp{—tA} (Av(0) — f(0) — p) + J(2). (2.13)
Applying the triangle inequality and the definition of the space Cg "7(FE), we obtain
_ B, —1_|B
1l gy < [0(0) = A7 £ 4 [AT D7 4 [l -

From this estimate and (2.12), (2.12) it follows that

- B,
”v/”cg’”(E) <M [|v(0) —A 1f(0)’1 g

+Jo(1) = A7+ B B M g e -

The estimate for Av(t) — p in the norm C’g 7(E) follows from this estimate and the
triangle inequality. Theorem 2.1 is proved.

Remark 2.1. The spaces Cg “7(E) in which exact estimates has been established,
depend on parameters 8 and . However, the constants in these inequalities depend only
on . Hence, we can be choose the parameter 7 freely, which increases the number of
spaces.

With the help of A we introduce the fractional space E,(E, A), 0 < a < 1, con-
sisting of all v € E for which the following norms are finite:

|v]|,, = sup H)\l_("Aexp{—)\A}vHE + vl g -
A>0

3. Cg "V (E«—p)-estimates for the solution of problem (1.1). We study the problem
(1.1) in the spaces Coﬁ ""(Ea—p). To these spaces there correspond the spaces of traces
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1204 A. ASHYRALYEV

Elﬁfaf 43> Which consist of the elements w € £ for which the following norm is finite:
B,
[whhYo—p = pax | Aexp{—zA}wl,_,+

(z +7)7|A(exp{— (2 +7) A} — exp{—2A}) wl|,_,
+ sup .
0<z<z+7<1 T

Theorem 3.1. Let v(0) — A1f(0), v(1) — A1f(1) € E},_, and f(t) €

14+a—

€ CPY(Ey_p),0<~y < B <a,0<a< 1. Then for the solution (v(t), p) of problem

(1.1) in CV (Eq_p) X Elﬂfa_ﬁ the estimates

— By
11l 0g ) + 140 = Pllegns, )+ mmas [ot) = A7 £ <

< M [[v(0) - AT FO)] 7+

- B, _ _
+ o) = AW, s+ e =) fllgpo s, )

A7), 5 < M [Jo@) = AT O],

- B, _ _
+ Jv(1) — A7 (1) 1:(1—;3 +aY(1-aq) 1||f||Cé3,7(Ea_ﬁ):|
hold, where M does not depend on v, B, o, v(0), v(1) and f(t).
Proof. By [22], Theorem 5.3 in Chapter 1,

-1 -1
||J||0§W(Eafﬂ) < M« (1 - a) Hf”Cf’”(Ea,ﬂ)’

_ B, - -
’A L) 1:(175 < Ma (1 —a) 1Hf||cg~w(Ea,ﬁ)'

From the definition of the space Elﬂfa_ s and the estimate (2.1) it follows that

lexp{—tA} (v(0) = A7 £(0)) + (I — exp{—tA}) A7 'p|[ <

< |lexp{—tA}|e—E ‘U(O) — ATHf(0) ffafﬁ +

—1 18
+|| — exp{—tA}| p=E ‘A 1p’1+7a7ﬁ <

-1 By —1,|8
<M UU(O) — A7 f(0) 1ta—p T ’A p‘l+a—ﬁ}
for all ¢, t € [0, 1]. By (2.2), (3.4), (3.5) and the triangle inequality

! By
e o) — AT Oy s <

3.1)

(3.2)

(3.3)

(3.4)

3.5)
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- B, _ _
< M [JoO) = A FO) (ATl o 1= ) g

a—p) |’

(3.6)
Al S ATl [[o1) = AT O+

_ B,
$llexp{=A g [0(0) — A~ FOIT L+ [T, ] <

< M [[o(1) = AT+ [0(0) = A RO+ AT
(.7)
Estimate for Orgtaécl }v(t) “Lf(t ) L + 3 and estimate (3.2) are proved. Applying

(2.13), the triangle inequality and the definition of the space Cg ""(Eq—p), we obtain

-1 By —1_|B
1 llop s,y < [0(0) = A7 5O + [47 )2 + g s,

From this estimate and (3.7), (3.7) it follows that

10 gy < M |[0(0) = A7 PO, +

o) = A+ 0 =) Wl epea, )

The estimate for Av(t) — p in the norm COB "7(Eq—p) follows from this estimate and the
triangle inequality.

Theorem 3.1 is proved.

Note that applying the definition of the space Elﬁ _ﬁa 5, We can obtain

|w|1+a B < M”Aw\

Aw e E,_,.

a ¥

We have not been able to establish the opposite inequality necessary for the equivalence
of norms. Nevertheless, we have the following result.

Theorem 3.2. Let v(0) — A71f(0), v(1) — A7 f(1) € Eo—~ and f(t) €
€ Cg’W(Ea_B), 0<vy<B<a0< ac<l Then for the solution (v(t),p) of
problem (1.1) in C5(Eo_g) X Eo_-~ the estimates

1Vl e,y + 14 = Plogge, ) + max, [4v(0) = FO)ll,—, <

< M [[[40(0) = FO)llas, + 140(1) = F(Dlloy + 07 (0= ) o]

(3.8)
Ipllq_y < M |[[Av(0) = F(O)4_, +
+ [ Av(1) = FWl gy + a7 1 = a)*lllfllcgwwm} 3.9)

hold, where M does not depend on v, B, o, v(0), v(1) and f(t).
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1206 A. ASHYRALYEV

Remark 3.1. The spaces 053 ""(Ea—p) in which exact estimates has been estab-
lished, depend on parameters «, 5 and . However, the constants in these inequalities
depend only on «. Hence, we can be choose parameters (3, v freely, which increases the
number of spaces. In particular, Theorems 3.1 and 3.2 imply the well-posedness theorem
in C(E,).

Remark 3.2. Theorems 2.1 and 3.1, 3.2 hold for the following boundary-value
problems:

V() + Av(t) = () +p0<t< 1), v(0) = p,oN) =%, 0<A<L,

V(t) = Au(t) = f(O) +p(0 <t <1), o) =p,u(A) =¢, 0<A<1

in an arbitrary Banach space with positive operator A and an unknown parameter p.
Applications. First, the boundary-value problem on the range {0 < ¢ < 1,2 € R"}
for the 2m-order multidimensional parabolic equation is considered:

v(t, x Iy

at (T W +0'U(t,.’£) = f(t,l') er(x), 0 <t < ].,

|7|=2m

I71q
S ) g o ou(0.0) = f0.0), @€ R
|r|=2m (41)

I7ly
P o) g u(1,5) = f(L), 2 R,
rl=m+...+ 7,

where a,.(z) and f(t,z) are given as sufficiently smooth functions. Here, o is a suffi-
ciently large positive constant.
It is assumed that the symbol

B (&) = Y ap(x)(i&)™ ... (i&)™", &= (&,...,6) €R"
|r|=2m

of the differential operator of the form

. ol
B = Z ar(x)ax'il...ax;;” “.2)

|r|=2m

acting on functions defined on the space R", satisfies the inequalities
0 < Myfg]*™ < (=1)™B"(€) < Ma¢[*™ < o0

for £ # 0.

The problem (4.1) has a unique smooth solution. This allows us to reduce the prob-
lem (4.1) to the problem (1.1) in a Banach space E = C'*(R™) of all continuous bounded
functions defined on R" satisfying a Holder condition with the indicator p € (0, 1) with
a strongly positive operator A = B* + o[ defined by (4.2) (see [25] and [26]).
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Theorem 4.1. For the solution of the boundary problem (4.1) the following esti-
mates are satisfied:

M(p)
HU”Cé*'ﬁ'“*(C#(R")) < B(1-B) Hf”cg"y(C/,L(Rn))? 0<~y<B<l, O0<p<l,

H/U”C[I)‘FB,’Y(C2rn(afﬁ)(Rn)) < M(Oé, ﬁ) ||fHCé3=’Y(C27n(a75)(Rn))7

||pH02m<a—w)(Rn) < M(a’/B’fy)Hf”cg"‘f(C}m(afB)(Rn))7

0<~v<8, 0<2m(a-p)<1,

where M (), M («, 8) and M («, B,7) does not depend on f(t,x).

The proof of Theorem 4.1 is based on the abstract Theorems 2.1, 3.2 and on the
following theorem on the structure of the fractional spaces E, (A, C*(R™)).

Theorem 4.2. FE, (A, C*(R")) = C?™T#(R") for all 0 < a < %, 0<p<
< 1[22]. "

Second, let €2 be the unit open cube in the n-dimensional Euclidean space R™,
0<azp <1,1 <k <n,with boundary S, = QU S. In [0,1] x Q we consider the
mixed boundary-value problem for the multidimensional parabolic equation

v X - 2@ x
0 (t’ )72047”(%)8 (ta )

ot W+Uv(tax) :f(t,$)+p($),

> 0@ 0. = f00), aeD, (43)

v(t,x) =0, xz€S8,

where a,-(z) (x € Q) and f(¢t,z) (t € (0,1), x € Q) are given smooth functions and
a,(x) > a > 0. Here, o is a sufficiently large positive constant.

We introduce the Banach spaces cﬁl(ﬁ), B=0B1,.-,0n), 0 <ap <1, k=
=1,...,n, of all continuous functions satisfying a Hélder condition with the indicator
B = (Bis---sBn)s B € (0,1), 1 < k < n and with weight 2, (1 — x), — hy,)P*,
0 <z <axrp+ hr <1,1 <k <n, which equipped with the norm

B & = S\ + su TlyenoeyLp)—
Iflcg e = Ifloq + 5w |f(oreemn)
1<k<n

_f(.’);‘l 4+ h1,...,xp +hn)‘ H h;ﬂkx,gk(l - hk)ﬁk)
k=1
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1208 A. ASHYRALYEV

where C(Q)-is the space of the all continuous functions defined on €, equipped with
the norm

1l = max| ()]
e

It is known that the differential expression [24]

= 0?v(t, )
Av = — Z oy (t, I)W + dv(t, )

defines a positive operator A acting on C5; (€2) with domain D(A) ¢ C2°(Q) and
satisfying the condition v = 0 on S.
Therefore, we can replace the mixed problem (4.3) by the abstract boundary problem
(1.1). Using the results of Theorem 2.1, we can obtain that the following theorem.
Theorem 4.3. For the solution of the mixed boundary-value problem (4.3) the
following estimate is valid:
M ()

HU“Cé*—B”Y(C&(ﬁ))) S ﬂ(]. — 5) Hf||cgw(cgl(§)))7

0<~<B<1, p={p, - ypn}, O<pup<l, 1<k<n,

where M (p) is independent of B, v and f(t,x).
Third, we consider the mixed boundary-value problem for parabolic equation

0v(t, x) 0?v(t, x) B
5 —a(x) 902 +ov(t,x) = f(t,z) +px),0<t<1,0< <1,
2
@) 700D | uf0,0) = j0.2), 0<a<1,

4.4

—a(x)w +ov(l,z)=f(1,z), 0<az<1,

u(t,0) = u(t,1), ugy(t,0) =uz(t,1), 0<t<1,

where a(t,x) and f(¢,z) are given sufficiently smooth functions and a(t,z) > a > 0.
Here, o is a sufficiently large positive constant.

We introduce the Banach spaces C#[0,1], 0 < 3 < 1 of all continuous functions
o(z) satisfying a Holder condition for which the following norms are finite

plx+71)—px
lelloson = Iellcon +  sup  2EFT Ze@)]
0<z<z+7<1 T

where C[0, 1] is the space of the all continuous functions ¢(z) defined on [0,1] with the
usual norm

||<P||C[o,1] = max [¢(x)|.

0<z<1

It is known that the differential expression [23]
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Av = —a(x)v" (x) + dv(x)

define a positive operator A acting in C”[0, 1] with domain C”*+2[0, 1] and satisfying
the conditions v(0) = v(1), v,(0) = v, (1).

Therefore, we can replace the mixed problem (4.4) by the abstract boundary value

problem (4.4). Using the results of Theorems 2.1, 3.2, we can obtain that

Theorem 4.4. For the solution of the mixed problem (4.4) the following estimates

are valid:

<

M (p)
||U‘|cé+ﬁﬂ(cu[0,1]) )Hf”cgﬂ(cu[o,l])a 0<y<B<l, 0<p<l,

B1-p
[l gpee(aa-mpoy) < M@ B fllggr (cae-so)s
||p\|02<a*v>[o,1] < M(a, Ba’7)Hf||cgv’Y(c2(a7/3)[071])a

where M (1), M (v, 8) and M (v, B,) does not depend on f(t,x).

The proof of Theorem 4.4 is based on the abstract Theorems 2.1, 3.2 and on the

following theorem on the structure of the fractional spaces E, (A, C[0,1]).

1
Theorem 4.5 [23]. E,(4,C[0,1]) = C%*[0,1] for all 0 < o < 3
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