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GENERALIZED SEMICOMMUTATIVE AND SKEW ARMENDARIZ IDEALS
Y3ATAJIBHEHI HAITIBKOMYTATHUBHI TA KOCI IJEAJIX APMEHIAPI3A

We generalize the concepts of semicommutative, skew Armendariz, Abelian, reduced, and symmetric left ideals and study
the relations between them.

V3aranbHEHO MOHSATTS HAMBKOMYTATHBHHX KOCHX abelieBUX 3BEICHUX Ta CHUMETPUYHUX JIBHX ineaiiB ApMeHiapiza Ta
BUBUYEHO CIIIBBIJHOIIEHHSI MK HUMH.

1. Introduction. Throughout this paper R denotes an associative ring with identity 1 and « denotes
a nonzero and nonidentity endomorphism of a given ring with «(1) = 1, and 1 denotes identity
endomorphism, unless specified otherwise.

We write R[z], for the polynomial ring, moreover, R[z,a] = {Z;lo a;z’
becomes a ring under the following operation:

n m m4n
=S aws o) =3 bl € Rinal, @) = 3 ( 5 aia%bj))xk.
=0

J=0 k=0 \i+j=k

nZO,aieR}

The ring R[z, o] is called the skew polynomial extension of R.

In [4], Baer-rings are introduced as rings in which the right (left) annihilator of every nonempty
subset is generated by an idempotent. According to Clark [5], a ring R is said to be quasi-Baer ring
if the right annihilator of every right ideal of R is generated (as a right ideal) by an idempotent. A
ring R is called right principally quasi-Baer ring if the right annihilator of a principally right ideal
of R is generated (as a right ideal) by an idempotent. Finally, a ring R is called right principally
projective ring if the right annihilator of an element of R is generated by an idempotent [4].

For an endomorphism « of ring R, Hong, Kim, and Kowak [7] called R an a-skew Armendariz
ring if whenever polynomials f(z) = Zj:o a;z" and g(x) = Z;nzo bjx’ € Rz, o, f(z)g(x) =0
then a;a'b; = 0 for each 7 and j. Some properties of Armendariz rings have been studied in [9-11].

In [2], the notions of a-Abelian, a-semicommutative, a-reduced, a-symmetric and a-Armendariz
rings have been introduced which generalize Abelian, semicommutative, reduced, symmetric and
Armendariz rings. Aghayev et al. defined a ring R is called a-Abelian if, for any a, b € R, and
any idempotent e € r, ea = ae and ab = 0 if and only if aa(b) = 0 and a ring R is called a-
semicommutative if, for any a, b € R, ab = 0 implies aRb = 0 and ab = 0 if and only if aa(b) = 0.
A ring R is called a-reduced if, for any a, b € R, ab = 0 implies aR N Rb = 0 and ab = 0 if and
only if aa(b) = 0. A ring R is called a-symmetric if, for any a,b,c € R, abc = 0 implies acb = 0
and ab = 0 if and only if aa(b) = 0.

They proved that a-semicommutative, a-reduced, a-symmetric and a-Armendariz rings are o-
Abelian. For a right principally projective ring R, they also proved the following conditions on
a-reduced of a ring R are equivalent:
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a-symmetric < «a-semicommutative

) )

a-Abelian < a-Armendariz

In this paper we introduce the concepts of a-Abelian, a-semicommutative, a-reduced, a-symmetric
and a-skew Armendariz left ideals and investigate their properties. Moreover, we prove that if
there exists a classical right quotient ring () of a ring R consisting of central elements and [ is
a-semicommutative left ideal of R, then QI is a-semicommutative left ideal of Q(R).

Similarly we prove that if [ is a left ideal of a ring R and A is a multiplicatively closed subset
of R consisting of central elements and I is a-semicommutative left ideal of R, then A~'T is
a-semicommutative left ideal of A™'R.

2. Semicommutative and skew Armendariz ideals. In this section the notion of an a-Abelian
left ideals is introduced as a generalization of Abelian left ideals. We recall that a left ideal I of R
is called Abelian if for any a,b € R and any idempotent e € R, ea — ae € rg(I). Now we have the
following definition.

Definition 2.1. A left ideal I of R is called a-Abelian if, for any a, b € R and any idempotent
e € R, we have the following conditions:

1) ea —ae € rr(I),

2) ab € rr(I) if and only if ac(b) € rr(1).

So a left ideal I is Abelian if and only if it is 1-Abelian. The following example shows that there
exists an Abelian left ideal, but it is not a-Abelian left ideal.

Example 2.1. Let R be the ring Z @ Z with the usual componentwise operation. It is clear that
R is an Abelian ring. Let v: R — R be defined by «((a,b)) = (b,a). Then (1,0)(0,1) = 0, but
(1,0)((0,1)) # 0. Hence R is not a-Abelian. If ideal I = R then rr(I) = 0 and then [ is an
Abelian left ideal, but it is not an «-Abelian left ideal.

Definition 2.2. A left ideal I of R is called semicommutative if, for any a, b € R, ab € rr(I)
then aRb C rr(I).

Definition 2.3. A left ideal I of R is called a-semicommutative if, for any a, b € R we have the
following conditions:

1) ab € rg(I) then aRb C rr(I),

2) ab € rg(I) if and only if aa(b) € rr(I).

So a left ideal I is semicommutative if and only if it is 1-semicommutative.

In general the reverse implication in the above definition does not hold by the following example

which also shows that there exist an endomorphism « of a ring R and left ideal I of R such that [ is
semicommutative but is not a-semicommutative.

Example 2.2. Let Zs be the ring of integers modulo 2 and consider a ring R = Zy € Zy with
the usual addition and multiplication. If I = Zy @0 be a left ideal of R then rr(l) = 0P Zo.
Now, let a: R — R be defined by a((a,b)) = (b,a). Then « is an automorphism of R. It is clear
that I is semicommutative left ideal. For @ = (1,0) and b = (0,1) € R,ab = (0,0) € rr(I) but

aa(b) = (1,0) ¢ rr(1).
Lemma 2.1. [f'the left ideal I of R is a-semicommutative, then I is a-Abelian.
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Proof. If e is an idempotent in R, then e(1 —e) = 0 € rr(I). Since I is a-semicommutative,
we have ea(1 —e) = 0 € rgr(I) for any a € R and so ea — eae € rr(I). Similarly, (1 —e)e =
=0 € rr(I). Since I is a-semicommutative (1 —e)ae = 0 € rg(I). So ae—eae € rr(I). Therefore,
ae — ea € rr([). Thus I is a-Abelian.

Lemma 2.1 is proved.

The following example shows that the condition (1) = 1 in Lemma 2.1 is not superfluous.

Example 2.3. Let Z be the ring of integers. Consider a ring

a b
R= a,b,cel;.

If I = {(8 8) ‘bEZ} be an right ideal of R then Ig(I) = {<8 i) ’b,CEZ}. Let o

a b a 0 a b a v .
R—)Rbedeﬁnedbya((o c>> = <0 O>.F0rA— (0 c> and B = <0 c’> € R, if

AB € [g(I) then we obtain aa’ = 0, and so a = 0 or @’ = 0. This implies AR«(B) C lr(I) and
thus I is a-semicommutative. Note that o(1) # 1 and I is not Abelian.

Definition 2.4. A left ideal I of R is called a-skew Armendariz if the following conditions are
satisfied: . .

1) for any f(x) = Zi:g a;z" and g(x) = Zj:o bjx! € Rz, al], f(2)g9(x) € TRz [Z])
implies a;a' (bj) € rr([),

2) ab € rr(I) if and only if ac(b) € rr(1).

We introduce an a-skew Armendariz left ideal in the following example.

Example 2.4. Let R be an a-skew Armendariz ring and consider

{( e

) ‘ be R} is the left ideal of S. Let f(z) = Ap + A1x + ... + Apa”

0 b

It is cl hat I =
t 1s clear that {(0 0

and g(z) = By + Biz + ... + Bpa™ € S[z,al, where A; = @oi i) B; = boj b for
0 ap; 0 bOj

i=0,...,m,j=0,...,m such that f(x)g(x) € 7Ry ([[7]). Let

ao(z)  a(x) Bo(z)  Bi(x)
f(x)—< 0 a0($)>7 g@“)—( 0 ﬁo(l‘))a

O[[)(QZ) = ago + ap1xT + ...+ agpx”, Bo(l‘) = bgo + borx + ... + bomx™.

Since f(7)g(x) € TR{z,a)({[7]) thus for any h(x) = <8 7(5)) € I[z], that y(z) = v + Mz + ...

oot vzt y(z) f(z)g(z) = 0. Thus vy(z)ao(z)Bo(x) = 0. Since I is a-skew Armendariz left ideal
hence ’ykak(aol-ai(boj)) =0forallk=0,...,t,i=0,...,nand 7 =0,...,m. If set kK = 0, then

Yo(aoia(boj)) = 0. Since g € R is arbitrary, thus <8 ?) € I. Therefore ag;a’(bo;) € rr(I),

and hence A;a'(B;) € rr(I). Now we consider
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ar by as by 0 c ar by as by
, €S, el, erg(l).
0 ai 0 a9 0 0 0 aj 0 as

Thus 0 c)(maz aib +ash = 00 , and hence cajas = 0. Since [ is a-skew Armen-
0 0 0 ai1an 0 0

dariz, caja(az) = 0. Thus a1 b faz by € rr(I) if and only if
0 al 0 a9

al b1 a9 b2 c (I)
0 al “ 0 a9 "R ‘

Therefore I is an a-skew Armendariz left ideal.

Proposition 2.1. [f I is an a-skew Armendariz left ideal of R and for some a, b, c € R and
some integer n > 1, ab € rr(I) and ac™a"(b) € rr(I), then acb € rr(I).

Proof. Consider f(z) = a(l —cz), g(x) = (1+cx+...+ " 12" )b € Rz, qa], f(x)g(z) =
= ab—ac"a™ (b)z" € g, o (I[7]). Since I is an a-skew Armendariz left ideal of R, so acb € rr([).

Proposition 2.1 is proved.

Next, we show that every a-skew Armendariz left ideal of R is an a-Abelian left ideal.

Proposition 2.2. If [ is an a-skew Armendariz left ideal of R, then I is an a-Abelian left ideal.

Proof. Assume that I is an a-skew Armendariz left ideal of R. Consider e = ¢* € R and
leta =e,b = (1—¢e),c=er(l—e)withr € R. Then clearly ab € rg(I) and ¢> = 0 € rr(I)
and hence ac?a?(b) € rr(I) and then by Proposition 2.1, achb € rr(I). So er — ere € rp(I). Let
ap =1—e,by =eand c; = (1 — e)re, we also have a;bic; € rr(I). So re — ere € rg(I). Then
re —er € rr(I).

Proposition 2.2 is proved.

Theorem 2.1. Let R be a ring and I,J be left ideals of R. If I C J and J/I is an a-skew
Armendariz left ideal of R/, then J is an a-skew Armendariz left ideal of R.

Proof. Let f(x) = Zj:o a;z’ and g(z) = Z;n:o bjz’ € R[z,a] such that f(z)g(z) €

€ TRz,a)(J[7]). Then Zj:o a;x' Z;nzo bzl € TR/ 100 (J/1)[x]). Thus a;a’(b;) € rg/(J/1).
Hence a;a’(bj) € rr(J). Therefore J is an a-skew Armendariz left ideal of R.

Theorem 2.1 is proved.

The following is an immediate corollary of Theorem 2.1.

Corollary 2.1. Let R be a ring and I an left ideal of R. If R/I is a-skew Armendariz then R is
an a-skew Armendariz ring.

A ring R is called locally finite if every finite subset of R generates a finite semigroup multiplica-
tively. Finite rings are clearly locally finite and the algebraic closure of a finite field is locally finite
but it is not finite.

Proposition 2.3. Let R be a locally finite ring and I be an a-skew Armendariz left ideal of R.
Then I is a-semicommutative left ideal of R.

Proof. Let ab € rr(I) with a, b € R. For any r € R, since R is locally finite there exist
integers m, k > 1 such that r™ = r™*¥ So we obtain inductively 7™ = r™rk = p2k =
o=k — pmHD gt b = k4 1 then #™ = ™" with h > 2. Notice that r(?=1m —
= ph=2mpm — p(h=2mpmh — p2(h=2)m — (p(h=1)m)2 Hence r(A~D™ is an idempotent and
so by Proposition 2.2, arh=Vm — p(h=mq ¢ pp(T) and abr=Dm — p(=Dmgp ¢ pp(I). Thus
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GENERALIZED SEMICOMMUTATIVE AND SKEW ARMENDARIZ IDEALS 1217

r(h=mab € rp(I). On the other hand by Proposition 2.2, ar(*=1m — p(h=Dmy c 4p(I), so
ar(h=0mp — p(h=Dmah ¢ ro(I), and hence ar"~V™b € rx(I). Since I is an a-skew Armendariz
left ideal of R so ar("=mq(h=1m(p) € rp(I), and by Proposition 2.1, we imply that arb € rg(I)
for all » € R.

Proposition 2.3 is proved.

Let a be an endomorphism of a ring R and M, (R) be the (n x n)-matrix over ring R and @:
M, (R) — My(R) defined by @(a;;) = (a(ai;)). Then @ is an endomorphism of M, (R). It is
obvious that, the restriction of @ to D, (R) is an endomorphism of D, (R), where D, (R) is the
diagonal (n x n)-matrix ring over R. We also denote @ |p,, (r) by @.

Proposition 2.4. Let o be an endomorphism of a ring R. Then D, (I) is an a-skew Armendariz
left ideal of D,,(R) if I is an a-skew Armendariz left ideal for any n.

Proof. Let f(z) = Ao+ Az +...+ApzP and g(x) = By + Bix + ...+ Bga? € Dy (R)[z, @]
satisfying £(2)g(z) € ., (ryfe:m)( D)), where

a7 0 ... 0 B0 ... 0
0 ) ... 0 0 b ... 0
Az == and B] =
0 0
0 0 ad) 0 0 b

Then from f(z)g(z) € 7p, (R)[z,a (Dn(I)[7]), it follows that
p . . q . .
(St ) (St | €t
=0 =0

for each 1 < s < n. Since [ is an a-skew Armendariz left ideal of R, then ag?oﬂ(bg@)) € rr([l) for
any 1 <7 <pand1 < j <gq. Therefore

aﬁ)a"(bg)) 0 . 0
. 0 ag?) ai(bg?)) . 0
Aia(Bj) = . _ € 7D, (r)(Dn(I)).
. . t. 0
0 0 .. aﬁf%ai(bgg)

Thus it shows that D,,(I) is an @-skew Armendariz left ideal of D,,(R).
Proposition 2.4 is proved.
Every endomorphism o of rings R and S can be extended to the endomorphism of rings R[z]
m . m . .
and S|x] defined by Zi:() a;x’ — ijo o(a;)x", which we also denote by o.
Proposition 2.5. Let 0: R — S be a ring isomorphism, I be an ideal of R and Is be an ideal

of S with o(Iy) = Io. If I is an cao~-skew Armendariz left ideal of ring S, then Iy is an c-skew
Armendariz left ideal of R.
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m - m .
Proof. Let f(z) = Zi:o a;z' and g(z) = ijo bjz’ € Rlx,a] such that f(z)g(x) €
m . m .

€ gl (). We st fi(x) = o(f(x)) = 377" otan)e’ = 37" ala’ and g1(x) = olg() =
= ijo o(bj)a! = ijo bl € Sz, oao Y. First we shall show f(z)g(z) € T Re,a) (11]7]) im-
plies that f1(2)g1(%) € 7g(z,0a0-1](I2[2]). Let I1[z]f(x)g(x) = 0. From the definition of f;(x) and
g1(x), wehave o (I1[z]f(x)g(x)) = Lz[z]f1(x)g1(x) = 0. From the fact that I is an oo~ -skew Ar-
mendariz left ideal of ring S, we have aj(cao™")'b; € rg(I2). So that (cao™!)" = ga’o™! we obtain
a;(ao/a_l)b;- € rg(l2). Since a(ai)‘: a; and o(b;) = b and o(11) = I3, then o(Iia;at(bj)) = 0.
Since o is an isomorphism, then a;a’(b;) € rr([1). Clearly the other condition in definition is hold.
Hence I; is an a-skew Armendariz left ideal of R.

Proposition 2.5 is proved.

As a result, we shall show that, under certain condition, the left ideals of the subring of upper
triangular skew matrices over a ring R have an a-skew Armendariz structure.

Let £ = (est: 1 < s,t < n) denotes unit (n x n)-matrices over ring R, in which e;; = 1

~1
and ez = 0 when s £ iort # 5,0 <4 j <nforn>21fV = ZélE@i“’ then
1=

Vii(R) = RI, + RV + ...+ RV"™ ! is the subring of upper triangular skew matrices.

R
Corollary 2.2. Suppose that « is an endomorphism of a ring R, 0: V,,(R) — M be a ring

(z™)
isomorphism, I is a left ideal of V,,(R) and I is a left ideal of ?[Z)] Af I is an q-skew Armendariz
x
R

left ideal of Flz) and 0(11) = Iy, then I is an a-skew Armendariz left ideal of V,,(R).

(z")
R
Proof. Assume that I5 is an a-skew Armendariz left ideal of M and define

(z™)

by
O(roly +71V + ...+ 10 V) =rg+rma + . 2™ (27).
Now we have I; is a 0~ 'a@f-skew Armendariz left ideal of V,,(R) and that
0 ab(rol, + 1V 4.+ VY =@(rol, + 1V A VL,

which means that I; is an a-skew Armendariz left ideal of V,,(R).

Corollary 2.2 is proved.

Recall that a ring is reduced if it has no nonzero nilpotent elements. In [2], a-reduced ring is
introduced. A ring R is a-reduced, if for any a, b € R

1) ab =0 implies aR N Rb = 0,

2) ab =0 if and only if aa(b) = 0.
In this work we define reduced and a-reduced left ideals.

Definition 2.5. A left ideal I of R is called reduced, if for any a,b € R, ab € rr(I), then
aRNRb - TR(I).

Definition 2.6. A left ideal I of R is called a-reduced, if for any a, b € R, we have the following
conditions:
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1) ab € rg(I) then aRN Rb C rr(I),

2) ab € rr(I) if and only if ac(b) € rr(1).

So the left ideal [ is reduced if and only if it is 1-reduced.

Lemma 2.2. [f'] is an a-reduced left ideal of R, then I is an a-semicommutative.

Proof. Suppose ab € rr(I) for any a, b € R. Since I is an a-reduced left ideal of R then
aRNRb C rr(I). Because aRb C aRNRD, then aRb C rr(I). Therefore I is an a-semicommutative.

Now by Lemma 2.2 we have the following lemma.

Lemma 2.3. [f ] is an a-reduced left ideal of R, then I is a-Abelian.

Proposition 2.6. Let o be an endomorphism of a ring R and I be an a-reduced left ideal of R.
Then I is an a-skew Armendarize left ideal.

Proof: Let f(z) = Z?:o a;z’ and g(x) = Z;n:o bjz! € R[z,a] such that f(x)g(z) €

€ TRlw,a)([2]). Then for each h € I, h(ZHj:l aiai(bj)> = 0. Thus Zi+j:l a;’ (b)) € rr(I)
for I = 0,...,m 4+ n. So hagbg = 0. Thus hagbiby = 0, since I is a-semicommutative and
h(aia(bg) + apb1) = 0. Multiplying by by on the right we have h(aja(by) + apb1)by = 0. So we
have h(aja(bg)bo) = 0. Thus h(aja?(by)) = 0, and then h(aja(by)) = 0, since I is a-reduced.
Thus hagby = 0. Assume that s > 1 and h(a;a’(b;)) = 0 for all i and j with i + j < s. Note
that h(agbsi1 + ara(bs) + ... + asr10°T(by)) = 0, where a; and bj are 0 if i > n and j > m.
Multiplying by «®(bg) on the right yields

h(aobst1a®(bg) + ara(bs)a®(bg) + ... + a5+1as+1(b0)as(b0)) =0.

Since I is a-semicommutative and h(a;a(bg)) = 0 for i < s, it follows that h(a;Ra‘(by)) = 0
Thus h(ass1a°T(bo)a® (b)) = h(assi1a(a®(by))a®(by)) = 0, which implies h(asy1aTt(bg)) = 0
by assumption. So

h(apbs+1 + ara(bs) + ... + asa’(by)) = 0.
Analogously, multiplying by a*~!(b;) on the right yields
h(agbsy10® L (b1) + a1a(bs)a® 1 (by) + ... + asa®(b1)a®~1(b1)) = 0.

The similar argument as the above reveals that h(asa®(by)a®~1(b1)) = 0. Thus h(asa®(b1)) = 0.
Continuing this process, we have hasa®(b1) = ... = haja(bs) = hapbs+1 = 0. So we prove that
ha;at(bj) = 0 for all i and j with i 4+ j < s+ 1. By the induction principle, ha;a’(b;) = 0 for every
i and j.

Proposition 2.6 is proved.

Definition 2.7. A left ideal I of R is called symmetric, if for any a, b, ¢ € R, abc € rr([), then
ach € rr(I).

Definition 2.8. A left ideal I of R is called a-symmetric, if for any a, b, c € R,

1) abc € rr(I) then acb € rr(I),

2) ab € rr(I) if and only if ac(b) € rr(1).

So the left ideal I is symmetric if and only if it is 1-symmetric.

Proposition 2.7. If I is an a-symmetric left ideal of R, then I is an a-semicommutative.

Proof. Suppose ab € rr(I), foranya, b € R. Thus abr € rg(I), forany r € R. Soarb € rr(I),
since I is a-symmetric. Therefore [ is an a-semicommutative.

Now by Proposition 2.7 we have the following corollary.
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Corollary 2.3. If I is an a-symmetric left ideal of R, then I is an a-Abelian.

There exists an «-Abelian right ideal which are also a-semicommutative, a-reduced and a-
symmetric.

Example 2.5. Let Z be the ring of integers and Z2*? the full (2 x 2)-matrix ring over Z,

r={ (" ") ez
0 d

— O b €Z2X2
00

a =d(mod2), b= 0(mod2)}

and

b= O(mon)}

a b a 0 . . a b
We define o <<O d>> = <O d>' 0, 1 are only idempotents in R and for any A = (0 d) €ER

c e
and B = 0 h

c=0.If a =0, then

w0 ) - 2o

If ¢ = 0, then

a b 0 e a b\ (0 O 0 0
0 d 0 h 0 d)\0 h 0 dh
On the other hand if Aa(B) € Ir(I) therefore <8 Z) a (((CJ Z)) € lr(I), then (aoc ZZ) €

€ lr(I). So ac = 0 and similarly we have AB € [r([). Therefore I is a-Abelian right ideal of R.

Now we show that I is a-semicommutative right ideal of R. For any A = <8 Z), B = ((C) 2)

€ R, AB € Ig(I) if and only if ac = 0. Since Z is domain we have a = 0 or

and C = <g T’:;) € R, let AB € Ig(I) thus ac = 0 and so acg = agc = 0, since a,c,g € Z. We
have
agc age + akh + bhm 0 age+ akh + bhm
ACB = = e lr(I).
0 dmh 0 dmh

I is a-symmetric right ideal of R, since ABC' € Ir(I) iff acg = 0, iff age = 0. Therefore ACB €
€ lr(I). Now we show that I is a-reduced right ideal of R. Let AB € Ig(I), thenac = 0. Thusa = 0
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or ¢ = 0. Now if X € AR N RB, then there exist K = (kl kQ) € Rand G = (gl 92> € R,

0 ks 0 g3
such that X = AK = GB. But AK = aky - aky + bk and GB = gic gre+ goh . Thus
0 dks 0 gsh

0 bks
0 dks
Therefore I is a-reduced right ideal of R.

Recall that rr(E I;) = () rr(I;). Now we have the next proposition.

Proposition 2.8. For any index set I, if I; is an a-Abelian left ideal of R for each i € T', then
@icr Li is an a-Abelian left ideal of R.

Theorem 2.2. Suppose that 1 is left ideal a ring R and A is a multiplicatively closed subset of
R consisting of central regular elements. We have the following conditions:

0 gzh

gic = aky. If a = 0, then X = < > € lr(I) and if ¢ = 0, then X = <0 p h) € lr(I).
3

1. If I is an a-semicommutative left ideal of R, then A~V is an a-semicommutative left ideal
of AT'R.

2. If I is an a-symmetric left ideal of R, then A™11 is an o-symmetric left ideal of A~ R.

3. If I is an a-reduced left ideal of R, then A~'I is an a-reduced left ideal of A™'R.

Proof. We employ the method used in the proof of [8] (Proposition 3.1). For instance, we
prove (1). Let By € ra-1x(A7) with 8 = vw"la, v = v71b, u,v € A and a,b € R. Since
A is contained in the center of R, we have 0 = A3y = A~ Tu=tav™1b = A~ ab(uv)~L.
So Iab = 0. It follows that arb € rr(I) for all » € R, since I is an a-semicommutative left
ideal of R. Now for 6 = w™r with w € A and r € R, A7 IB5y = A~ arb(uwv)~! = 0.
Thus 36y € ra-1x(A~1I). Now suppose that By € ra-1z(A~LI). Therefore 0 = A~1IBy =
= A ' Tu"tav b = A~ ab(uv) 7t iff Tab = 0, iff Taa(b) = 0, iff A~ Taa(b)(uwv)™! = 0, iff
Ba(y) € ra-1zr(ATLI), since I is an a-semicommutative left ideal of R and « is endomorphism of
R and a(vy) = v~ ta(b). Hence A~!T is an a-semicommutative left ideal of A™!R.

Theorem 2.2 is proved.

A ring of R is called right Ore if given a,b € R with b regular there exist a1, by € R with b;
regular such that ab; = ba;. It is a well-known fact that R is a right Ore ring if and only if there
exists a classical right quotient ring of R.

Theorem 2.3. Suppose that there exists a classical right quotient () of a ring R consisting of
central elements. We have the following conditions:

1. I is an a-semicommutative left ideal of R if and only if QI is an a-semicommutative left ideal
of Q.

2. I is an a-symmetric left ideal of R if and only if QI is an a-symmetric left ideal of Q).

3. I is an a-left reduced ideal of R if and only if QI is an a-reduced left ideal of ().

Proof.  For instance, we prove (1). Let By € ro(QI) with 8 = u~la, v = v lbu,v € R
and a, b € R. Since @ is contained in the center of R, we have 0 = QIfy = QIu lav™1b =
= QIab(uv)™!, so Iab = 0. It follows that arb € rg(I) for all r € R, since I is an a-
semicommutative ideal of R. Now ford = w~'r withw € Randr € R, QI35y = QIarb(uwv)~! =
= 0. Thus 367 € ro(QI). Now suppose that 3y € rg(QI). Therefore 0 = QIBy = QIu tav— b =
= QIab(uv) "L iff Iab = 0, iff Taa(b) = 0, iff QIac(b)(uv)~! = 0, iff Ba(y) € ro(QI), since I
is an a-semicommutative ideal of R and « is endomorphism of R and () = v~ ta(b). Hence QI
is an a-semicommutative left ideal of ().

Theorem 2.3 is proved.
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Let « be an automorphism of a ring R. Suppose that there exists a classical right quotient Q of a
ring R. Then for any b~'a € Q, where a, b € R with b regular the induced map @ : Q(R) — Q(R)
defined by @(b~1a) = (a(b))ta(a) is also an automorphism.

Proposition 2.9. Suppose that there exists a classical right quotient () of a ring R consisting of
central elements. If I is a-semicommutative left ideal of R, then I is a-skew Armendariz left ideal
of R if and only if QI is G-skew Armendariz left ideal of Q).

Proof. Suppose that [ is a-skew Armendariz. Let f(z) = salao +81_1a1x—|—. o+stamz™ and
g(z) =ty bo+t; v+ . 4t bua™ € QI[x, @) such that f(x)g(z) € TQ1ea) (QI[z]). Let C' be a
left denominator set. There exist s,¢ € C and a},b; € R such that s; 'a; = s~'a} and t; 'b; =t~
fori =0,1,...,mandj = 0,1,...,n. Then s~ ! (af+ajz+...+al,x™)t L (b +bjz+...+b,2") €
€ rorza (QI[z]). It follows that (ag+a)z+. . .+a),x™ )t~ (by+biz+. . .+b,2™) € rorp a(QI[x]).
Thus (agt™ + af((t)) o + ... + al, (@™ (t) " La™) (b + biz + ... + bjz™) € rqr.a(QI[]).
For a}(a’(t))™1, i = 0,1,...,n, there exist ' € C and a’ € R such that a}(a’(t))"! = ¢'"1a’.
Hence '~ *(ag + afz + ... + apa™)(by + biz + ... + b,a") € roua(QI[z]). We have (af +
+afr + ..+ apa™)(by + Yz + ...+ 0,2") € rRipe(I[z]). Since I is a-skew Armendariz,
50 aja’(b}) € TR (I[z]) for all i and j. Since I is a-semicommutative, by Theorem 2.3, QT
is a-semicommutative. Then t’_la;’ai(bg) € ro(QI). So agdi(t_lb;-) = (a;(ai(t)))_lai(b;) =
= ((t’_la;’)ai(b;-)) € ro(QI). Similarly we have (si_la;)ai(t;lb;-) = (si_la;)ai(t_lb;-) € ro(QI).
Let By € ro(QI) with B = u=ta, v = v71b, u,v € R and a,b € R. Therefore 0 = QIBy =
= QIutav~1b = QIab(uv)~Liff Iaa(b) = 0, iff Qlaa(b)(uv) ! = 0, iff QIac(b)ut (a(v)) ! =
= 0, iff QI(u"ta)((a(v))~ta(b)) = 0, iff QIBa(y) = 0, since I is a-skew Armendariz and o is
an automorphism of R and () is contained in the center of R. Thus QI is a-skew Armendariz. The
converse 1s clear.

Proposition 2.9 is proved.
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