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GROUPS WITH THE SAME PRIME GRAPH AS THE SIMPLE GROUP D,,(5)
I'PYIIA 3 TUM CAMHMM IPOCTUM I'PA®OM, 11O 1 ITIPOCTA T'PYIA D, (5)

Let G be a finite group. The prime graph of G is denoted by I'(G). Let G be a finite group such that I'(G) = I'(Dx (5)),
where n > 6. In the paper, as the main result, we show that if n is odd, then G is recognizable by the prime graph and if
n is even, then G is quasirecognizable by the prime graph.

Hexait G — ckinvenna rpyma. [Ipoctuii rpad rpymu G no3naunmo uepe3 ['(G). Hexait G — ckiHueHHa Tpyma Taka, o
I'(G) = T'(Dn(5)), ze n > 6. SIk OCHOBHHIA pe3yabTaT pOOOTH JOBEACHO, IO UL HemapHuXx n rpymna G po3Ii3HAETHCsI
npocTuM rpadom, a Uit napHux n rpyna G € Takoro, 110 KBa3ipo3Mi3HAETHCS IIPOCTUM rpadom.

1. Introduction. If n is an integer, then we denote by m(n) the set of all prime divisors of n. If G
is a finite group, then 7(|G|) is denoted by 7(G). The spectrum of a finite group G which is denoted
by w(G) is the set of its element orders. We construct the prime graph of G which is denoted by
I'(G) as follows: the vertex set is 7(G) and two distinct primes p and ¢ are joined by an edge (we
write p ~ q) if and only if G contains an element of order pq. Let s(G) be the number of connected
components of I'(G) and let 7;(G), i = 1,...,s(G), be the connected components of I'(G). If
2 € 7(G) we always suppose that 2 € 7 (G). In graph theory a subset of vertices of a graph is called
an independent set if its vertices are pairwise nonadjacent. Denote by ¢(G) the maximal number
of primes in 7(G) pairwise nonadjacent in I'(G). In other words, if p(G) is some independent set
with the maximal number of vertices in I'(G), then t(G) = |p(G)|. Similarly if p € 7w(G), then
let p(p, G) be some independent set with the maximal number of vertices in I'(G) containing p and
t(p, G) = |p(p, G)I.

A finite group G is called recognizable by prime graph if I'(H) = I'(G) implies that H =~ G.
A non-Abelian simple group P is called quasirecognizable by prime graph if every finite group
whose prime graph is I'(P) has a unique non-Abelian composition factor isomorphic to P (see [11]).
Obviously recognition (quasirecognition) by prime graph implies recognition (quasirecognition) by
spectrum, but the converse is not true in general. Also some methods of recognition by spectrum
cannot be used for recognition by prime graph.

Hagie in [8], determined finite groups G satisfying I'(G) = T'(.S), where S is a sporadic simple
group. It is proved that if ¢ = 32"*1 n > 0, then the simple group 2G2(q) is recognizable by prime
graph [11, 32]. A group G is called a CIT group if G is of even order and the centralizer in G of
any involution is a 2-group. In [14], finite groups with the same prime graph as a CIT simple group
are determined. It is proved that the simple group Fy(q), where ¢ = 2" > 2 (see [12]), and 2 F4(q)
(see [1]), are quasirecognizable by prime graph. Also in [10], it is proved that if p is a prime number
which is not a Mersenne or Fermat prime and p # 11,13,19 and I'(G) = I'(PGL(2, p)), then G has
a unique non-Abelian composition factor which is isomorphic to PSL(2, p) and if p = 13, then G has
a unique non-Abelian composition factor which is isomorphic to PSL(2,13) or PSL(2,27). Then it
is proved that if p and k& > 1 are odd and ¢ = p* is a prime power, then PGL(2, q) is recognizable
by prime graph [2].
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In [3], it is proved that if p = 2" + 1 > 5 is a prime number, then 2Dp(?)) is quasirecognizable
by prime graph. Then in [4], the authors proved that 2Dom 1 (3) is recognizable by prime graph.

Let G be a finite group such that I'(G) = T'(D,,(5)), where n > 6. In this paper as the main
result, we show that if n is odd, then G is recognizable by prime graph, and if n is even, then G is
quasirecognizable by prime graph.

In this paper, all groups are finite and by simple groups we mean non-Abelian simple groups.
All further unexplained notations are standard and refer to [5]. Throughout the proof we use the
classification of finite simple groups. In [26] (Tables 2 —9) independent sets also independent numbers
for all simple groups are listed and we use these results in this paper.

2. Preliminary results.

Lemma 2.1 ([28], Theorem 1). Let G be a finite group with t(G) > 3 and t(2,G) > 2. Then
the following hold.

(1) There exists a finite non-Abelian simple group S such that S < G = G /K < Aut(S) for the
maximal normal soluble subgroup K of G.

(2) For every independent subset p of w(G) with |p| > 3 at most one prime in p divides the
product |K||G/S|. In particular, t(S) > t(G) — 1.

(3) One of the following holds:

(@) every prime r € n(G) nonadjacent to 2 in T'(G) does not divide the product |K||G/S|; in
particular, t(2,5) > t(2, G);

(b) there exists a prime r € 7(K) nonadjacent to 2 in I'(G); in which case t(G) = 3, t(2,G) =
=2, and S = Alt; or Ly(q) for some odd q.

Remark 2.1. In Lemma 2.1, for every odd prime p € m(S), we have ¢(p, S) > t(p,G) — 1.

Lemma 2.2 ([22], Lemma 1). Let N be a normal subgroup of G. Assume that G /N is a Frobe-
nius group with Frobenius kernel F' and cyclic Frobenius complement C. If (|N|,|F|) =1, and F'is
not contained in NCq(N)/N, then p|C| € 7(GQ), where p is a prime divisor of | N|.

Lemma 2.3 [9]. Let G be a finite simple group A,—1(q).

(1) If there exists a primitive prime divisor v of q" — 1, then G contains a Frobenius subgroup
with kernel of order r and cyclic complement of order n.

(2) G contains a Frobenius subgroup with kernel of order ¢"~' and cyclic complement of order
(¢" ' =1)/(n.q—1).

Lemma 2.4 [9]. Let G be a finite simple group.

() If G = Cy(q), then G contains a Frobenius subgroup with kernel of order ¢ and cyclic
complement of order (¢" — 1)/(2,q — 1).

(2) If G = 2D, (q), and there exists a primitive prime divisor v of q
Frobenius subgroup with kernel of order ¢*">

n=2 _ 1 then G contains a

and cyclic complement of order r.

(3) If G = By(q) or Dy,(q), and there exists a primitive prime divisor r, of ¢ — 1 where
m = n orn — 1 such that m is odd, then G contains a Frobenius subgroup with kernel of order
™ "=Y/2 and cyclic complement of order T,

Lemma 2.5 [33]. Let p be a prime and let n be a positive integer. Then one of the following
holds:

(i) there is a primitive prime p' for p" — 1, that is, p’ | (p" — 1) but p’ t (p™ — 1), for every
1 <m < n (usually p' is denoted by r,);

(i) p=2,n=1or6;

(i) p is a Mersenne prime and n = 2.
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Remark 2.2 [24]. Let p be a prime number and (¢,p) = 1. Let £ > 1 be the smallest positive
integer such that ¢ = 1 (mod p). Then k is called the order of q with respect to p and we denote it
by ord,(g). Obviously by the Fermat’s little theorem it follows that ord,(¢)|(p — 1). Also if ¢" =1
(mod p), then ord,(q)|n. Similarly if m > 1 is an integer and (¢, m) = 1, we can define ord,,(q).
If a is odd, then ord,(q) is denoted by e(a, q), too. If ¢ is odd, let e(2,q) = 1 if ¢ = 1 (mod 4) and
e(2,q) =2if ¢ = —1 (mod 4).

Lemma 2.6 ([27], Proposition 2.5). Let G = D5 (q) be a finite simple group of Lie type over a
field of characteristic p. Define

m if m isodd,
n(m) =
m/2 otherwise.

Let r and s be odd primes and r,s € n(G) \ {p}. Put k = e(r,q) and |l = e(s,q), and 1 < n(k) <
< n(l). Then r and s are nonadjacent if and only if 2n(k) +2n(1) > 2n — (1 —e(=1)**)), and k, |
satisfy to:

l/k  is not an odd natural number,

and if € = +, then the chain of equalities:
n=10=2n() =2n(k) =2k

is not true.

3. Main results.

Lemma 3.1. Let G be a group satisfying the conditions of Lemma 2.1, and let the groups K
and S be as in the claim of Lemma 2.1. Let there exist p € w(K) and p' € w(S) such that p ~ p/

in T'(G), and S contains a Frobenius subgroup with kernel F and cyclic complement C such that
(|F|,|K|) = 1. Then p|C| € w(G).

Proof. We claim that F' £ KCq(K)/K. Since KCq(K)/K <G/K,s0 SNKCq(K)/K<8S.
Let SN KCq(K)/K = S. Then S < KCq(K)/K. So for every t' € w(S) and ¢t € w(K) we have

t' ~ t, which is a contradiction. Consequently S N KCq(K)/K = 1, since S is a simple group. So
F £ KCq(K)/K, since F < S. Therefore p|C| € w(G), by Lemma 2.2.

Remark 3.1. Let G = D, (5), where n > 14. Throughout the paper, we denote a primitive
prime divisor of 5' — 1 by 7;. By [30] (Tables la—1c), we have s(G) = 1 and 7(G) = 77(5(5” -

—1) H:(5% - 1)). Also by [26] (Tables 6, 8) we know that p(2, Dy (5)) € {2,7n, Ta(n_1)},
[”;1] §i<n}U{ri [”} <i<ni=1

2
Therefore if n > 14 and A = {r,, r,—2, T2(n—1)s T2(n—2)> Tz(n,g)}, then A is an independent set
in I'(D,(5)).
Corollary 3.1. If G = D, (5), wheren > 14, then t(257, G) > 62, t(193,G) > 40, t(1201,G) >
> 142, £(14281,G) > 80, (1129, G) > 65, t(157,G) > 32 and t(19,G) > 11.

H(D(5)) > [(3n + 1)/4] and p(Dy(5)) € {

(0d 2) .
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Table 1. An upper bound for t(p’, G)

(p,p) | Aw(®) or A (p*) | Bw(p®) or Cp (p®) | Dy (p®) or > Din(p®)
(2,257) 17 14 15
(3,193) 17 13 15
(7,1201) 9
(13,14281) 9 7 9
(31,1129) 9
(313,157) - - 6

Proof. We know that €(193,5) = 192 and so if 193 € n(G), then n > 96. By [26] (Table 8),
B = {r9(n-1),T2(n—2)s - - - » T2(n—a7)} is an independent set of I'(G), since (n + 1)/2 < n — 47.
Therefore |B| = 48. If r9; € B, then n — 47 < i < n — 1, therefore 21(2¢) + 21(192) > 2n. Hence
r9; ~ 193 in I'(G) if and only if /96 and 96/i are not odd natural numbers. Easily we can see that
96/i is an odd number if and only if ¢ = 32 or ¢ = 96. Also 96 divides at most one element of
{n —47,...,n}. Therefore at least 40 elements of B are not adjacent to 193.

Similarly to above since e(257,5) = 256, e(1201,5) = 600, e(14281,5) = 340, e(1129,5) =
= 282, ¢(157,5) = 156 and ¢(19,5) = 9 we have (257, G) > 62, t(1201, G) > 142, t(14281, G) >
> 80, t(1129,G) > 65, t(157,G) > 32 and t(19,G) > 11.

Corollary 3.1 is proved.

Lemma 3.2. Let G be a finite simple group of Lie type over GF(q), where ¢ = p®. Let p’ be a
prime divisor of |G|. In Table 1, we give some upper bounds for t(p', G) for some simple groups G
and some prime numbers p'.

Proof. We determine (257, G) in each case, whenever ¢ = 2%, and the proof of the other cases
are similar. Now we consider each case separately.

Case 1. Let G = A,_1(q), where ¢ = 2%*. We know that e(257, ¢) | 16, since e(257,2) = 16.
If e(257,q) = 1, then 257 is adjacent to each prime divisor of ¢' — 1, where i < n/ — 2, by [26]
(Proposition 4.1), so t(257,G) < 3. Otherwise since e(257,¢q) | 16, then 257 is adjacent to each
prime divisor of ¢' — 1, where i < n’ — 16, by [26] (Proposition 2.1), so |p(257,G) \ {257}| < 16
and so t(257,G) < 17.

Case 2. Let G =2A,/_1(q), where ¢ = 2%. If ¢(257, ¢) = 2, then 257 is adjacent to each prime
divisor of ¢* — 1, where v(i) < n/ — 2, by [26] (Proposition 4.2), so #(257,G) < 3. Otherwise since
e(257,q) | 16, then 257 is adjacent to each prime divisor of ¢ — (—1)¢, where v(i) < n’ — 16, by
[26] (Proposition 2.2), so |p(257, G) \ {257}| < 16 and so ¢(257,G) < 17.

Case 3. Let G = B,y(q), where ¢ = 2¢. We have e(257, ¢) | 16, since e(257,2) = 16. Therefore
257 is adjacent to each prime divisor of ¢° — 1, where 7(i) < n’ — 8, by [27] (Proposition 2.4), so
1p(257,G) \ {257}| < 13 and so £(257,G) < 14.

Case 4. Let G = D5,(q), where ¢ = 2¢. Similarly to the above €(257, q) | 16. Therefore 257 is
adjacent to each prime divisor of ¢* — 1, where 1(i) < n/—9, by Lemma 2.6, so |p(257, G)\ {257}| <
< 14 and so #(257,G) < 15.

Lemma 3.2 is proved.

Theorem 3.1. Let G be a finite group such that T'(G) = T'(D,,(5)), where n > 6. If n is odd,
then G is recognizable by prime graph and if n is even, then G is quasirecognizable by prime graph.
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Proof. 1If G is a finite group with I'(G) = I'(D,(5)), where n > 6 and K is the maximal
normal soluble subgroup of GG, then Lemma 2.1 implies that G has a unique non-Abelian simple
group S such that S < G = G/K <Aut(S). In order to prove the main theorem we must show that
S = Dy (5) and if n is odd, then K = 1 and G = D,(5). We will prove these statements in the
following lemmas.

Lemma 3.3. The simple group S is not isomorphic to a sporadic group.

Proof. By Lemma 2.1, 11 > ¢(S) > t(G) — 1, therefore n < 16, by [26].

On the other hand, we know that 7o, _1) € 7(S). If n = 16, then 7y, _1) = 7621 divides [S],
which is a contradiction. Similarly for 6 < n < 15, we get a contradiction.

Lemma 3.3 is proved.

Lemma 3.4. The simple group S is not isomorphic to an alternating group.

Proof. Let S = A,,. We get a contradiction in two steps.

Step 1. Let n > 14. By assumption ¢(G) > 10 and so ¢(S) > 9, which implies that n’ > 19. If
x € 7(S), such that z ~ 19 in I'(S), then n' — 19 < = < n/, by [26] (Proposition 1.1). Also there
are [20/2] + [20/3] — [20/6] = 13 elements of [n’ — 19, n’] which are divisible by 2 or 3. Therefore
t(19,.5) < 8, which is a contradiction by Corollary 3.1.

Step 2. Let 6 < n < 13. If n = 13, then 75,1y = 390001 divides |S]. So n' > 390001,
therefore 37 € 7(.5), which is a contradiction, since 37 ¢ 7(D13(5)). Similarly for 6 < n < 12, we
get a contradiction.

Lemma 3.4 is proved.

Let G be a finite simple group of Lie type over GF(g), where ¢ = p“. In the sequel we denote a
primitive prime divisor of ¢* — 1 by .

Lemma 3.5. The simple group S is not isomorphic to a finite simple group of Lie type over a
field of characteristic p, where p # 5.

Proof. Let S be isomorphic to a finite simple group of Lie type over a field of characteristic p,
where p # 5. We get a contradiction in two steps.

Step 1. Let n > 14. By Lemma 2.1, t(S) > ¢(G) — 1 so t(S) > 9. In the sequel we consider
each possibility for S, by [30] (Tables la—1c).

We denote by A, (q) the simple group A, (¢), and by A, (q) the simple group 24,,(q).

Case 1. Let S = AS, (q), where ¢ = p®. By Lemma 2.1, ¢(S) > t(G) — 1 so

2n' > 3n — 9. (1)

We know that A = {7, 7-2,72(n—1); T2(n—2), T2(n—3)} 1S an independent set in I'(G), by Re-
mark 3.1.

If S = A,/_1(q), then by [26] (Propositions 3.1, 4.1), each 7}, where i ¢ {n’—1,n'}, is adjacent
to 2 and p in I'(.9).

If S = 2A,/_1(q), then by [26] (Propositions 3.1, 4.2), every %, where v(i) ¢ {n’ — 1,n'}, is
adjacent to 2 and p in I'(5).

On the other hand, by Lemma 2.1, |[AN7(S)| > 4, therefore p is adjacent to at least two elements
of AN 7(S) in I'(S). For example, let 7y, _3) ~ p ~ T9(,—9) in ['(S). Therefore 7o, 3y ~ p ~
~ Tom—2) in I'(G). Let a = e(p,5). Since p ~ ry(,_g) it follows that 2(n — 2) + 2n(a) < 2n or
2(n —2)/a is odd, by Lemma 2.6. Similarly since p ~ 7y, _3) it follows that 2(n — 3) +2n(a) < 2n
or 2(n —3)/a is odd. So n(a) < 3, which implies that a € {1,2,3,4,6} and so p € {2,3,7,13,31}.
Similarly to the above for every 7;,7; € {7, n—2,T2(n—1), "2(n—2), "2(n—3)}> if 75 ~ p ~ r;, then
p e {2,3,7,13,31}.
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Let S = A, _1(q). If p = 2, then since n’ > 16 by (1) and e(257,2%) | 16 it follows that
257 € w(S). Hence by Lemma 3.2, ¢(257,5) < 17 and by Corollary 3.1, t(257, G) > 62. Therefore
by Remark 2.1, we get a contradiction. Similarly for every p € {3,7,13,31}, we get a contradiction.

Let S = 2A,,_1(q). If p = 3, then since n’ > 16 by (1) and ¢(193,3%) | 16 it follows that
193 € 7(S). Therefore by Lemma 3.2, £(193,5) < 17 and by Corollary 3.1, #(193,G) > 40.
Therefore by Remark 2.1, we get a contradiction. Similarly for every p € {2,7,13,31}, we get a
contradiction.

Case 2. Let S = B,/(q) or Cy/(q), where ¢ = p®. By Lemma 2.1, ¢(S) > ¢(G) — 1, so

3n' > 3n — 12. ©)

We know that by [26] (Propositions 3.1, 4.3), every r; is adjacent to 2 and p in I'(.S), where 7(i) #
# n/. On the other hand, by Lemma 2.1, |A N 7(S)| > 4. Therefore at least two elements of
AN 7(S) are adjacent to p in I'(S). Denote e(p,5) by a. Similarly to the above case, we get that
p€{2,3,7,13,31}.

If p = 7, then since n’ > 11 and €(1201,7%) | 8 it follows that 1201 € 7(S). Hence by
Lemma 3.2, £(1201,.5) < 7 and by Corollary 3.1, ¢(1201, G) > 142. Therefore by Remark 2.1, we
get a contradiction. Similarly for every p € {2,3,13,31}, we get a contradiction.

We denote by D, (q) the simple group D,,(q), and by D, (q) the simple group 2D, (q).

Case 3. Let S = D?,(q), where ¢ = p®. By Lemma 2.1, t(S) > t(G) — 1, so

3n’ > 3n —11. (3)

Let B = AU{ry(,—4)}. Since n > 14, then by Remark 3.1, B is an independent set in I'(G). We know
that every r}, where n(i) ¢ {n’,n’—1} is adjacent to 2 and p in I'(S), by [26] (Propositions 3.1, 4.4).
On the other hand, by Lemma 2.1, |B N 7w(S)| > 5, therefore at least two elements of B N 7(.S) are
adjacent to p in I'(S). Let a = e(p, 5). Similarly to the above case, we have p € {2, 3,7, 13,31, 313}.

If p = 13, then since n’ > 10 and e(14281,13%) | 8 it follows that 14281 € w(S). Hence by
Lemma 3.2, ¢(14281,.S) < 9 and by Corollary 3.1, #(14281, G) > 80. Therefore by Remark 2.1, we
get a contradiction. Similarly for every p € {2,3,7,31,313}, we get a contradiction.

Case 4. Let S = Eg(q), where ¢ = p®. We know that ¢(S) = 12. If n > 19, then ¢(G) > 14,
which is a contradiction, by Lemma 2.1. Therefore n < 18. We know that p € x(S), therefore
p € 7(G).

Let n = 18. For every p € 7(G) \ {5}, easily we can see that 7(p3° —1) & 7(D;5(5)) and we get
a contradiction. Similarly for each n and each p € m(G), easily we can see that 7(S) € m(Dy,(5)).

Step 2. Let6 <n <13.1f S = Ex(q), where ¢ = p®, then we have 19 € 7(S5),s09 <n < 13.
Similarly to Case 4 of Step 1, we get a contradiction.

Let S = B,/(q), Cpn/(q) or Dyy(q), where ¢ = p®.

We know that 7(S) C 7(G). Therefore p € w(G). On the other hand, since n > 6, by (2) and
(3), it follows that n’ > 3. Therefore

n(p’ = 1) S’ —1) = (¢’ — 1) S 7(S) C 7(G).
Let p = 13, then 61 € 7(D,(5)), where 6 < n < 13, which is a contradiction. Similarly for each
pE Ui?:ﬁ m(Dn(5)) \ {2,3,7,11,29,67} we get a contradiction. We know that ry(,_1y € p(2,.5).

Hence there is 7, € 7(.5), such that To(n—1) = ).
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If n = 6, then r5,_1) = 521. Let p = 2, we have ¢(521,2) = 260. So 260 | ai, and (2200 —
—1) | (2% — 1). Consequently 7(2260 — 1) C 7(S), which is a contradiction. Let p = 3. Since
e(521,3) = 520, then 7(3°2° — 1) C 7(S), which is a contradiction. Similarly for other cases of n
and p, we get a contradiction.

Therefore let S = A%, | (q) or 2D,/(q) where ¢ = p®. Similarly to the above we have p €
€ m(Q). If n’ < 4, then S = 2D3(q) so G = Dg(5). We have rig = 521 € «w(9). If p = 521,
then 7(521%2 — 1) C 7(S) C 7(G), which is a contradiction. Let p = 7, since e(521,7) = 520,
therefore similarly to the above case we get a contradiction. Similarly for other cases of p, we get a
contradiction.

Therefore n’ > 4 and consequently

m(p! —1) Ca(p' —1) = n(q" —1) S 7(S) C 7(G).

Let p = 13, then 17 € 7(G), which is a contradiction. Similarly for each p € (J'* o 7(D,(5)) \
{2,3,7,41,67} we get a contradiction. Similarly to the above for p € {2,3,7,41,67}, we get a
contradiction.

Lemma 3.5 is proved.

Lemma 3.6. If S is isomorphic to a finite simple group of Lie type in characteristic 5, then
S = Dy(5).

Proof. Throughout the proof, since ¢(.S) > 3, using [26] (Tables 8, 9), we consider the following
possibilities. We show that S = D,,(5) in two steps.

Step 1. Let S be isomorphic to a finite simple exceptional group of Lie type.

Case 1. Let S = Eg(5%). By Lemma 2.1, ¢(S) > ¢(G) — 1 so n < 18. On the other hand,
we have 7(S) C 7(G), therefore 30av < 2(n — 1). Also we know that ry(,_1) € p(2,5) =
= {75, 50, 54, T5o }, SO We consider the following cases:

Let ro,—1) = 5. Let po be a primitive prime divisor of 52(n=1) _ 1. Since To(n-1) = s, it
follows that pg | (5'°® — 1). Therefore 2(n — 1) < 15q, which is a contradiction. Similarly, when
To(n—1) = Ty and o, 1) = 75,4, We get a contradiction.

Let ry(,—1) = 130 Similarly to the above 2(n — 1) < 30c. Consequently, n — 1 = 15« and
since 15 | (n — 1) and n < 18 we have n = 16 and o = 1. Therefore S = FEg(5). We know that
r13 € 7(G) and 113 ¢ 7(S). So 113 € 7(G/S) U n(K). Therefore r13 € 7(K), since Out(S) = 1.
Using [25], we have Dg(5) < Eg(5) and Dg(5) contains a Frobenius subgroup 52! : 7. Since then
r30 ~ r13 by Lemma 3.1, we have r13 ~ 77 in I'(G), which is a contradiction, by Lemma 2.6.

Case 2. Let S = E;(5%). By [26], t(S) = 8 and consequently ¢(G) < 9, by Lemma 2.1.
Therefore n < 12. Since 7(S) C 7(G), then 18« < 2(n — 1). On the other hand, we know that
Tomn—1) € p(2,5) = {rly, 13} Now we consider the following cases:

Let ro(,—1) = 44 Let po be a primitive prime divisor of 52™~1) — 1. Similarly to the above
case 2(n — 1) < 14a, which is a contradiction.

Let rop—1) = . Similarly to the above 2(n — 1) < 18«a. Consequently n —1 = 9« Therefore
n =10, « = 1 and S = FE7(5). We know that r14 ~ r4 in ['(G), by Lemma 2.6, but 714 ~ r4 in
I'(S), by [26] (Proposition 2.5). Therefore 74 or 714 € 7(G/S) U (K). On the other hand, we know
that 16 ¢ 7(S). Since {r4, 714,716} is an independent set, we get a contradiction, by Lemma 2.1.
Similarly to the above discussion it follows that S is not isomorphic to Eg(5%), 2Eg(5%) and Fy(5%).

Step 2. Let S be isomorphic to a finite simple classical group of Lie type.
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Case 1. Let S = A,/_1(5%). We know that 7(S) C 7(G), therefore n’a < 2(n — 1). Also we
know that ro(,_1) € p(2,S) = {r,,7),_,}, so we consider the following cases:

Let ron—1) = !, Let po be a primitive prime divisor of 52(n=1) _ 1. Since To(n—1) = T
it follows that po | (50" ~De — 1). Therefore 2(n — 1) < (n’ — 1)a, which is a contradiction.

Let 79,1y = 77, Similarly to the above 2(n — 1) < n’a. Consequently 2(n — 1) = n'a. If
a=1,thenr/, | =ry_3 € m(S) C m(G), which is a contradiction. Therefore o« > 2 so by (1),
we have 2(n — 1) = n'a > 2n’ > 3n — 9, which implies that n = 6. Hence n’ = 5,a = 2 or
n' =2,a = 5. If n/ = 2, then we get a contradiction by (1). So S = A4(52). Then r5,r19 € 7(S5)
and 5 and 71 are primitive prime divisors of (52)> — 1 and so r5 ~ r1g in I['(S), but 75 = 719 in
I'(G), which is a contradiction.

Case 2. Let S = 2A,,_1(5%). We know that w(S) C w(G). Also we know that 75, 1) €
€ p(2,9), so v(e(rym_1),5%)) € {n',n’ — 1}. Now we consider the following cases:

If n’ is odd, then 2n’a < 2(n — 1), since 7(S) C 7(G). By (1), n = 6 hence S = 2A4(5).
We know that 75,75 ¢ 7(S). Therefore 5,75 € 7(G/S) U m(K). We know that {rs,rs, 710} is an
independent set, which is a contradiction, by Lemma 2.1.

If n/ is even, then 2(n' — 1)a < 2(n — 1). We know that (5% + 1) = 2 so by [26] (Table 6), we
have 79(,_1) € {7"/2(n'71)’ r;,/Q}. Ifrom_1) = r;,/2, then similarly to the above 2(n — 1) < (n'/2)a,
which is a contradiction. Therefore 79, 1) = rlz(n/q) so similarly to the above we have 2(n — 1) <
< 2(n’ — 1)a. Hence by (1), n < 8. Let n = 8, therefore n’ = 8 and S = 24;(5). We know that
rs5,77 € ©(G) and 75,77 ¢ 7(S). So 15,77 € T(G/S) Un(K). Since {r5,77,714} is an independent
set , we get a contradiction, by Lemma 2.1. Similarly n # 6, 7.

Case 3. Let S =2 B,/(5%), Cpy(5%) or 2D,/ (5%). We have 7(S) C 7(G) so 2n'a < 2(n — 1).
Also we know that 79,1y € p(2,5) = {r},,}. Similarly to the above we have 2(n — 1) < 2n/a,
hence n — 1 = n’a. Now by (2), n’ > n — 4, therefore n'(a« — 1) < 3. Ifa =2,n' =2, thenn = 5,
which is a contradiction, since n > 6. Therefore o = 1. Since n > 6, so n’ > 5. We know that if n
is an odd number, then ¢(2, D,,(5)) = 3, which is a contradiction, since #(2,.5) = 2. Therefore n is
even and n’ is odd.

Let S = 2D,,_1(5). We have r,_1 € 7(G) and r,,_1 ¢ 7(S), therefore r,,_1 € 7(G/S)Un(K).
Since 7(Out(S)) = {2}, s0 7,1 € 7(K). By Lemma 2.4, 2D,,_1(5) contains a Frobenius subgroup
of the form 52("=2) . To(n—2)- We know that ry(,,_1) € 7(S) and 79,1y » 7,1 in I'(G). Therefore
by Lemma 3.1, 7,1 ~ 73(,_9) in I'(G), which is a contradiction.

Let S = B,,_1(5). We consider two following cases:

1. Let 4 [ n. We have r(;,_g)/2 % 7(42)/2 In I'(S) but r(,,_o)y/5 ~ r(n42)/2 in I'(G). Therefore
T(n—2)/2 O T(ny2)/2 € m(G/S)Ur(K). Since 7(Out(S)) = {2}, SO T'(n—2)/2 OF T'(n42)/2 € m(K). By
Lemma 2.4, B,,_1(5) contains a Frobenius subgroup of the form 5"~ D(=2)/2. . | We know that
Totm—1) € T(S) and 79, _1) * T(n—2)/2, "(n+2)/2 in ['(G). Therefore by Lemma 3.1, 7,1 ~ 7(;,_9) /2
Of 71 ~ T(n42)/2 in I'(G), which is a contradiction.

2. Let 4 | (n + 2). In this case by 7(,_4)/2,T(n+4)/2 Similarly to the above case we get a
contradiction.

Similarly for S = C,,_1(5) we get a contradiction.

Case 4. Let S = D,/ (5%). Similarly to the above, we have 2(n’ — 1)a < 2(n — 1), since
7(S) C 7(G). Also we know that 79,1y € p(2,5) = {r),, 7’/2(n'71)}' So we consider the following
cases:
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Let ro(,—1) = r!,. Let pp be a primitive prime divisor of 52(n=1)
follows that po | (5%'® — 1). Therefore 2(n — 1) < n’a, which is a contradiction.
Let ry(,_1) = T/2(n’71)' Similarly to the above 2(n — 1) < 2(n’ — 1)a. Consequently n — 1 =
= —-1a.By@B),n >n—-3.Ifa>2thenn—1=(n—-1a > (n—4)a > 2(n—4). So
n = 6 and n’ = 2, which is a contradiction. Therefore & = 1 and n = n/, so S = D, (5).

— 1. Since ry(,_1) = 1, it

Lemma 3.6 is proved.

Theorem 3.2. If I'(G) = I'(D,(5)), where n > 6, then D,,(5) < G/K < Aut(D,(5)), where
K =1 when n is odd and K is a 2-group when n is even.

Proof. By the above lemmas, it follows that D, (5) < G/K < Aut(D,(5)), where K is the
maximal normal soluble subgroup of G. We can assume that K is an elementary Abelian p-group by
[16]. Since by [7], we know that D,,(5) acts unisingularly we conclude that p # 5.

Let n be odd. We claim that for each element ¢ € (D, (5)), we have t = 1, or t ¢ ry(,_1). Let
e(t,5) = a. Ift ~ rp and t ~ ry(,_1), then by Lemma 2.6, n/a is odd and 2(n—1)+2n(a) < 2n—2,
since a 1s odd, which is a contradiction.

We know that D,,(5) contains a Frobenius subgroup with kernel of order 5("~1)/2 and cyclic
complement of order r,, by Lemma 2.4. Also D, (5) < G/K, and so G/K contains a Frobenius
subgroup 7'/ K of the form 57(n=1)/2. . By the above discussion, we know that p ~ 7, or p ~
% To(n—1) in ['(Dyp(5)). Since p # 5, it follows that p ~ ry, by Lemma 3.1. Also we know that
B,—1(5) < Dy(5), by [25], and so B,,—1(5) < G/K. Similarly G/K contains a Frobenius subgroup
of the form 5("=2)("=3)/2: ., by Lemma 2.4. Since p # 5 and p ~» 1y, or p % ry(,,_1) it follows
that p ~ 7,_2, by Lemma 3.1. Let e(p,5) = m. Since p ~ r, it follows that n/m is odd, by
Lemma 2.6. Therefore m is odd. Similarly since p ~ r,_5 it follows that 2(n — 2) + 2n(m) < 2n
or (n — 2)/m is odd. Consequently, m = 1 and so p = 2. So 2 = p ~ r,, which is a contradiction.
Therefore K = 1.

Let n be even. We claim that for each element ¢ € 7(D,,(5)), we have t ¢ 1,1 or t = 79, _1).
Let e(t,5) = a. If t ~ 7,1 and t ~ ry(;,_1), then by Lemma 2.6, 2(n — 1) + 2n(a) < 2n — (1 —
— (=) ™) or (n—1)/ais odd and 2(n — 1) + 2n(a) < 2n — (1 — (=1)2*=D+2) or 2(n—1)/a
is odd, which is a contradiction.

Similarly to the above we know that G/K contains a Frobenius subgroup of the form
5(n=1)(n=2)/2. . | by Lemma 2.4. Now since p # 5 and by the above discussion we have
P ™ To(n_1) OF p * Tp—1 so by Lemma 3.1, we conclude that p ~ r,,_1. Also we know that
2Dy,1(5) < Dy,(5), by [25]. Similarly G/K contains a Frobenius subgroup of the form 52("~2) .
To(n—2), by Lemma 2.4. Similarly p ~ 79(,_5), by Lemma 3.1. Let e(p,5) = m. Since p ~ 1,1, it
follows that 2(n — 1) +2n(m) < 2n— (1 — (=1)™*™"=1Y) or (n —1)/m is odd, by Lemma 2.6. Simi-
larly since p ~ 79,9 it follows that 2(n — 2) +2n(m) < 2n — (1 — (=1)m+2(=2)) or 2(n —2)/m
is odd. Consequently, m = 1, so p = 2. Therefore K is a 2-group.

Theorem 3.2 is proved.

Theorem 3.3. Let n > 6 be odd, if D, (5) < G < Aut(D,(5)) and T'(G) = I'(D,,(5)), then
G = Dy, (5).

Proof. Suppose that G 2 D, (5). We know that Out(D,,(5)) = ~d, where v is the graph
automorphism of order 2 and 9§ is the diagonal automorphism of order 4. Consequently we consider
the following cases:

1. Let G = D, (5)(7). Consider the centralizer Cp, (5)(7), we have 7(Cp,, 5)(7)) = 7(Bn-1(5)),
by [21]. Therefore 2 ~ r5(,,_1), which is a contradiction.
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2. Let G = Dy(5)(6). So if 7' is a maximal torus of G, then 7' has order |T)||d|, where T
is a torus of Dy (5), by [21]. Let |T'| = (5"~! + 1)(5 + 1)/4. Therefore 2 ~ 75(,_1), which is a
contradiction.

Similarly for G = D,,(5)(vJ) we get a contradiction.

Consequently G = D,,(5) and D,,(5) is recognizable by prime graph.

Theorem 3.3 is proved.

Similarly we can prove the following theorem.

Theorem 3.4. Letn > 6 be even, if Dy, (5) < G/O2(G) < Aut(D,(5)) and T'(G) = I'(D,(5)),
then G = D, (5)/02(G).

Corollary 3.2. Let G be a finite group satisfying |G| = |Dy(q)|, where n > 6. If w(G) =
= w(Dn(q)), then G = D, (q).

We note that recently this theorem is proved for each finite simple group (see [31]).

Corollary 3.3. Ifn > 6 is even, then Dy /(q) is quasirecognizable by spectrum, i.e., if G is a finite
group such that w(G) = w(Dy(q)), then G has a unique non-Abelian composition factor isomorphic
to Dy(q).

If n > 6 is odd, then D, (q) is recognizable by spectrum, i.e., if G is a finite group such that
w(G) = w(Dn(q)), then G = Dy (q).
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