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SOME RESULTS
ON THE ASYMPTOTIC STABILITY OF ORDER «

HESAKI PE3YJIbTATH .
IMPO ACUMIITOTUYHY CTIMKICTD ITIOPAIKY o

The quasi-equiasymptotic stability of order o (OL S ]R:) with respect to a part of variables is

considered. Some sufficient conditions, a converse theorem and a theorem for multistability are proved.

PosrnsiHyTO npo6JieMy KBa3ipiBHOMIPHO aCHMIOTOTUYHOI CTIHKOCTI MOPSAAKY Ol ((x € Ri) BITHOCHO
YaCTHHM 3MiHHUX. JlOBEACHO AEesKi JOCTaTHI yMOBH, OOEpPHEHY TeOpeMy Ta TEOpeMy IpO MyJIbTH-
CTIHKiCTB.
1. Introduction. Consider the differential system of the form

dx

— = X, x), ey

dt

X(t,0) =0 forall tel =[a,~)cR,.

Denoting

T y
X = (x]"”,xn)T = (yl,...,ymyz]’...,Zp) = [ }9

T T Y
X=X.nX,) = (Kon ¥ 2. 2,) = [ }

n=m+p, p=20, m=0,
D = {tx):tel, |yll<H, |z|]|[<+e}, H>O0,
we assume that
X: D - R",
(t, x) > X, x)
is continuous and satisfies some uniqueness condition of solutions in D (see [1]). In
the paper, we introduce the notion of quasi-equiasymptotic stability of order o
(oc eR +), establish some sufficient conditions for this stability, prove a converse

theorem and a theorem for the x-uniform stability and (at the same time) y-quasi-
equiasymptotic stability of order o (one case of multistability) [2]. First, we give
some definitions.
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Definition 1. The trivial solution x =0 of (1) is said to be:

i) x- (or y-, respectively) quasi-equiasymptotically stable of order «. (oc € R:),
if given any € > 0 and any ty, € I, there exist & = 0(t),€) and T = T(t),¢€)
such that if || xq|| <8, then

H.x([, to, xO)H < 8(t—t0)_a

(or |yt 19, xp)|| < &t —1y)"%, respectively)

forall t=zt,+T;

ii) x- (or y-, respectively) equiasymptotically stable of order «. (Oc € Rj), if it
is stable in the sense of Liapunov and (at the same time) x- (or y-, respectively)
quasi-equiasymptotically stable of order o.;

iii) stable (uniformly stable, respectively) in the sense of Liapunov and (at the
same time) y-quasi-equiasymptotically stable of order o. if given any € >0 and
any ty € I, there exist & = d(ty,€) >0 (& = d(e) >0, respectivelyyand T =
= T(ty,€) such that if |xo| <8, then |x(t;t9,xy)| < € for all t > t, and
[ y(t; 19, x0)|| < €t —1y)™* forall t=1y+T.

2. Asymptotic stability of order o. 2.1. Sufficient conditions.
Theorem 1. Suppose that there exists a Liapunov function V(t,x) defined on
D such that

i) V(t,0)=0;
i) x| <V, x);

i) Vi, <=2V, %) for >0, rel.
t

Then the trivial solution x = 0 of (1) is equiasymptotically stable of order B
(0<B<a).

The proof of this theorem is similar to the proof of Theorem 1 in the paper [2].

Theorem 2. Suppose that there exists a Liapunov function V(t,x) defined on
D such that

i) V(t,0)=0;
i) [[y[<V(, x);

i) Vi)t 0) =%V, %) for 0>0, 1€ L
t

Then the trivial solution x =0 of (1) is y-equiasymptotically stable of order B
(0<B<a).

Proof. Givenany €>0 (¢ <H) and any € [ = [a,+e) for any x satisfying
the condition ||y|| =€, inequality ii) implies V(z, x) = €. Because of the continuity of
V(t,x) and V(t),0)=0, given fy€ I, there exists & = 8(¢y,€) > 0 such that if
| xo ] <8, then V(fy, xy) <€&. Assume that there exists a solution x(t;%,, x,) of (1)
such that | x| <& and || y(5;19, xo)|| = € at 7, € I. From iii) it follows that
V(ty, x(t; 19, x9)) £ V(1y, xy) and then

e < V(tl,.x(tl;to, )CO)) < V(to, Xo) < €.

This contradiction shows that if |[xy| <& then || y(;7y, xo)|| <€ forall 21, ie.,
the trivial solution x =0 is y-stable in the sense of Liapunov. Given y > 0, we
denote by x(7; 7y, xy) the solution of (1) satisfying the condition | x| < y. By virtue
of iii), we have
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V(1 x(t: 15, X)) < V(to,xo)(;) < 18V (1, x0)(t — 1) )
0

for all ¢ sufficiently large. Let M(zy,7y) = max .y V(ty, xg), T=1T(ty,&,7v) such
that

0< Ml _ e
(t—1)% P 1§

for 0<P <o and for all =17, + 7. From (2) it follows that for all t>17,+ T we
have

Yt tg, x9) < V(t, x(t; 19, x9)) < 15 V(Hty, X0)(t — 1) " <

aM(t_to)‘ﬁ < tg‘%(t—to)_B = e(t—1p) "

<t
(t—19)* 7P 18

which proves that the trivial solution x =0 of (1) is y-quasiasymptotically stable of
order B.
The theorem is proved.

2.2. Converse theorems for linear system. We shall study now converse
theorems on the quasi-equiasymptotic stability. We consider the linear system

dx
—= = A
i ®)x, 3)

where A(¢) is a continuous n X n matrix on I (see [3, 4]).
Theorem 3. Suppose that there exist M>1 and o >0 such that

o
lx(ts 10, x0) | < Mxoll(2)  foran 124, (4)
t

where x(t;ty, xg) is a solution of (3). Then there exists a Liapunov function
V(t, x), which satisfies the following conditions:
D) [|[x]|SV(E x) M| x|;
i) |Vt x)= Ve, x)| < M|x-x|;
i) Vi3t 1) <=2V, x).
t
Proof. Let V(t, x) be defined by

o
V(t, x) = sup|x(+1;t, x)H(H—T) .
20 t

It is clear that || x||< V(¢, x). On the other hand, from (4) we have

o
t
| x(@+ 158 x)|| < Mx() ,
r+7T

which implies

o o o
Vi = swp a0l < s (S5 (L) = il
120 t 120 t t+1
Thus, we obtain

lxll < V@, x) M| x].
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Since the system (3) is linear, we have

x(Ttx) — x(tt,x) = x(t;t, x = x'). 5)

()

Hence,

\whm—vqu

<

r+1\* ,
sup |xt+ T8, X)||[| — | - supHx(t+’c;t,x)
120 t 120

IS

t+1\*
( ) = supHx(t+‘c; Lx—x)
t >0

< sup {‘ lx(t + T8, )| = || % + T2, 1)
120

< sup H x(t+Ttx)—x(t+7Tt, %)
120

o
(t+r) <
t

t \ (T ,
< supr_x'() (“5) = mpex].
120 r+7 t

Thus, the condition ii) is established. Now we shall prove the continuity of V(z, x).
From i) and ii) it follows that V(z, x) is continuous at 0. It remains to prove the
continuity of V(z,x) at x#0. For 6 >0 we have

[Vt +8,x)=V(t,x)| < |Ve+8,x)=V(t+8 x|+
+|V(@E+3,x)=V(t+0, x(t + 0;t, x))| + | V(¢ + O, x(¢ + 81, X)) — V(1, x)|. (6)
Since V(t, x) is Lipschitzianin x and x(¢ + 9;7, x) is continuous, the first two terms
are small when H x—x H and O are small. Let us consider the third term. Since
x(t+0+T;1+0, x(t+0;1,x)) = x(t+0+71T;1,x),

we have

|[V(t+ 3, x(t + 81, x)) = V(t, x)| =

120 +0

¢ o
sup || x(r +8 + 1,1+ 8, x(t + 8; 1, x))(HtS”) — sup|[x(t + 1, X)H(“;T)
120

o o
sup || x(z + 8 + T3 ¢, x)| (HEH—T) — sup || x( + 158, X) || (H——T)
120 t+9 720 t

o o o
sup{x(tﬂ;t,x)(’”) }( i ) —supux(rﬂ;t,x)u(ﬂ) _
128 t t+9 120 t

o
Put a(d) = max .5/ x(r+ 71, x)H(HTT) . Then a(d) is continuous and bounded

because

a®) < a(0) = V(t,x) £ M|x]| < o
and a(d) — a(0) as & — 0. Thus,

V(t+8, x(t + 81, x)) = V(t, x)| = -0

" o
0(8) (M) - (1(0)

as & — 0. Therefore, V(z, x) is continuous. Finally, we shall establish condition iii).
We have
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V(t+h x(t+ht,x) =

o
= SupX(t+h+r;t+h,x(t+h;t,x))(Hhﬂ) -
120 T+

o o
= supHx(t+h+r;t+h,x(t+h;t,x))“(w) (t) _
©=0 t t+h

t+ 1\ *
- Jsuptsemanl (22 () <
=h t t+h
t+1\* * *
< {supx(r+‘t;t,x)() }(f) - V(t,x)(t ) :
>0 t t+h t+h

which implies
o
(i)
V(t+h, x(t + h; t, x)) — V(2, x) t+h

< V(t, x)

Since

o-1
t —t o

o ) 2 = -
t+h @+h t

we obtain
Vi1, x) < —%V(t, x).

This completes the proof.
Theorem 4. Suppose that there exist M>1 and o >0 such that

1 o
1923 29, x0)|| < MH%H(?O)

forall t =21y, where x(t;ty, xy) = (yT, ZT)T is a solution of (3). Then there exists

a Liapunov function V(t, x), which satisfies the following:
D [yl<v x)<Mlx|;
i) [V x) - Ve, x)| < Mx- x|

)

i) Vi) (t, 1) S =2 V(t, x).
t

This theorem can be proved by the same argument used in the proof of Theorem 3.
3. Liapunov stability and y-quasi-equiasymptotic stability of order o.
Consider the differential system of the form

y = Ay + Bz + Y(t, 3, 2),

. (N
z=C@My+ D)z + Y(t,y2)
and the linear system relatively
y = Ay + Bz,
, ®)
z=C@)y+ D@)z.
Assume that the following conditions are valid:
Y@ 0,0) = Y(#,0,z) = 0, Z(,0,0) = Z(1,0,z) = 0O,
©)

(Y@ y, D +12@ y. 2l _,
Iyl
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as ||y]l+ ||zl > 0. We shall prove a theorem, generalized Theorem 1 in [5], on case
of multistability [6 — 8].

Theorem 5. Suppose that the trivial solution x =0 of the linear system (8) is
uniformly stable and there exist M > 1, o >0 such that

t o
Hﬂnmpmﬂ\gﬁﬂudwf) forall 121,

where x(t;ty, xXg) = (yT, ZT)T is a solution of (8). Then the trivial solution y =

=z=0 of (7), for which condition (9) holds, is x-stable in the sense of Liapunov
and (at the same time) is y-quasi-equiasymptotically stable of order o, (0 < o; <

<a).
o
Proof. Since || y(t; 1y, x0) || < M|| x || (%0) orall 721, by virtue of Theorem 4,

there exists a Liapunov function V(¢, x) satisfying the following conditions:

Iyl < V@, x) < M|x], (10)
V(. x) = V(. x)| < M|x-x|.
Vig) (6, 0) < =2V, x). (11)
t

Differentiating the function V' along the system (7), we have

Vigy(t.x) = Vig)(t. x) + R(t, x),

where
R, x) = <a—v,x*(z, x)>,
ox
X' = (17, ZT)T,

(-) 1is inner product. By virtue of (9) — (11), the following conditions hold in the
domain {720, ||x||<h}:

Me eM
R(t, x) < THyH < TV(t’x)’

where € >0 as | x|| = 0. Consequently, there exists B (0 < < k) such that, in the
domain {r>1,, ||x| <P}, wehave

Vi (8, x) < —%V(r, X) + %va, X < —%V(z, X, (12)

where o, =0 —¢&eM, O<o <0, for sufficiently small €>0. We consider a solution
x(t; 1, xy) of (7), where fy=a, |xo]| <8 (0<d<P), for which the inequality
| x(t; 19, x)|| < B holds at least in an interval T = (to, t*) Therefore, by virtue of (12)
and (10), we have

o\
| (5 1o, x0) || < V(2. x(85 29, x)) < MHXOH(TO) N
= |yt 1o, x0)|| £ M|l xgltg" (t —19)™ ™" 13
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for teT,. It follows from (9) and (13) that
1 X0, x5 10, x0)) | < &M xg (700D

(teT; oo, =¢,M — 0 as x| — 0). Itis clear that the solution of the nonlinear
system (7) is of the form

t
x(t;to,xo) = K(t;to).xO + J.K(t, T)X(T, X(T; to,xO))dT, (14)
)

where U(t) is a fundamental matrix of the linear system (8) and K(t,t,) =

=UnU _l(to). Because of the uniform stability in the sense of Liapunov of the trivial
solution of (8), there exists N =const>1 such that |K(t,7,)|<N for t 2 fh 2 a (see
[9]). Then (14) implies

t
lx(# 20, x0) [ < Nxo | + JNaz\\xo\\fg'T_(al+l)dT <
0

< Nxoll(1+ep0q! —apor g17%) < Njxg [[(1+ 0p05). (15)
Given €>0 (e<P) we choose 8= 8(g, 1)) >0 and | x| <& such that
8 < min{M‘ltgo";[N(l+oc20c1‘1)]_l}e.
Then | x(t;1, xo)| <€, t€T. By virtue of (13), we have
Iy to, xp)|| < e(t 1), teT.

Thus, for all ¢ satisfying the condition

lx(t: 19, x) | < B
the inequality

lx(t: 2, x0) || < €
is valid. Hence, € <3, the inequality

| x(; 19, xp)|| < €
is satisfied for all 7 >1,, and

[yt 19, x0) || < €(t—1,)"™" forall t>1t,,

that is the trivial solution x =0 of (7) is Liapunov stable and (at the same time) is y-
quasi-equiasymptotically stable of order o.

The theorem is proved.

Example.

2
@__@er cos?

dt t t

t>1. (16)
2 2
? = _xi®sint + ysing + 2SS +D
t t

First, it is easy to see that the general solution of the linear system
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is

dx _ _2x
dt t’
dy = —xt*sint + ysint
dt
_ G
X = t72,
t>1.
y = Cl + Cze_cow,

Hence, it is clear that the trivial solution x =y =0 of (7) is uniformly stable in the
sense of Liapunov. On the other hand, the zero solution is x-quasi-equiasymptotically
stable of order 2. Since the nonlinear part of (16) satisfies condition (9), by virtue of
Theorem 5 the zero solution of (16) is uniformly stable and, at the same time, is x-
quasi-equiasymptotically stable of order 2.
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