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ON ESTIMATE OF NUMERICAL RADIUS
OF SOME CONTRACTIONS

ITPO OHIHKY YHUCJIOBOI'O PAIIYCA JEAKHUX CTUCHEHD

For a numerical radius of an arbitrary nilpotent operator 7" on a Hilbert space H, Haagerup and de la Harpe

proved the inequality w(7T") < ||T|| cos

neE where n > 2 is the nilpotency order of the operator 7. In the
n
present paper, we prove a Haagerup —de la Harpe-type inequality for a numerical radius of contractions from

more general classes.

XaarepyH 1 XapIl 1J151 YMCJIOBOI'O Pa/liyca A0BLIBHOIO HIJIbIOTEHTHOrO oneparopa T’y risboepToBoMy IIpoc-
. . ™
topi H nosesm nepisuicts w(T') < ||T|| cos

nee e n > 2 — NopsiAoK HiJILIOTEHTHOCTI onepartopa 7.
n
Y naHiit cTaTTi 10BE/IEHO HEPIBHICTh THUITYy HEPIBHOCTI XaarepyHa — Xapra /I/1s1 YMCJIOBOI'O pajiiyca CTUCHEHb

13 GiJIbII 3araJIbHUX KJIACIB.

1. Introduction. Let B(H) be an algebra of bounded linear operators acting on a com-
plex Hilbert space H. The numerical range of the operator T' € B(H) is called the set

W(T) = {(Tamx) ix € (H)l},

where (H); = {z € H : ||z|| = 1} is a unit sphere in the space H, and the numerical
radius of an operator 7' is defined by equality

w(T) =sup { [\ : A € W(T)}.

It is known that
T
T < wir) < imy 1)
for any T' € B(H) (see, for instance, [1, 2]). For concrete operators, obtaining for their
numerical radius more subtle estimates than (1) is of special interest. So, in paper [3]
Haagerup and de la Harpe proved the inequality

w(T) < ||T|| cos (2)

n+1
for the numerical radius of an arbitrary nilpotent operator T' € B(H) with the power
of nilpotency n > 2 (i.e., 7™ = 0, but 7"~ # 0). In what follows other proofs of
inequality (2) of Haagerup and de la Harpe are given in the works [4—8] (in [7], an
evident description of the numerical range of any quadric operator on a Hilbert space is
also given).

In the present paper, we prove the inequalities of the type of inequality (2) of Haagerup
and de la Harpe for the numerical radius of contractions from the more general classes.

2. Notations and preliminaries. The notations in the paper are more or less standard.
C' ¢ denotes the class of all contractions 7" on H, for which lim,, Tz =0forallx € H.
Coo is the class of all contractions 7' on H, for which lim,, 7"z = lim,, 7*" = = 0 for
all z € H. Itis clear that Cog C C'g. It is well known (see, for instance, [9, 10] ) that if
T € C, then it is unitary equivalent to the model operator Mg, Mo f = Pozf, f € Ko,
where Pg is the orthogonal projection onto Kg,

Ko = H*(E) © ©H?*(E'),
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where E = clos(I — TT*)H, E' is a subspace of E, H?(E) is the Hardy space of E-
valued analytic functions on the unit circle D = {2z € C : |z|] < 1}, and © is B(EF’, E)-
valued bounded analytic function on ID (the characteristic function of a contraction T") for
which ©(§)O(§)* = Ig foralmostall € € T = 0D, i.e., O is a x-inner function (see [9]).
In particular, if T' € Cy, then its characteristic function © € B(E) is a two-sided inner
function, that is ©(£)*O(§) = ©(§)O(&)* = Ig for almost all £ € T.

The proof of the following key lemma is contained, for instance, in [11].

Lemma 1. Let k > 2 be an integer. Then

k-2 k-1
max{mz_oamamH :mzzoafn =1,a,>0 (m=0,1,...k— 1)} = cos k:jlr—l'

3. Estimates of a numerical radius. As is notied in [3], inequality (2) is sharp.
However, the following simple example shows that in some cases one can improve in-
equality (2):

Example. Let Ng = S(I—55*), where S, Sf = zf, is a shift operator on the Hardy
space H? = H?(D), and let N be a nilpotent operator on a H, with power of nilpotency

n,n > 3,and ||N|| < 3 We consider their orthogonal sum:
A= Ng® N.

It is clear that N3 = 0,A™ = 0 and ||A| = 1. Since W(Ng) = Dy s (see [12, 13]),

1
w(N) < 3 and W(A) is a convex hull of numerical ranges of addendums, we have

— 1
W(A) = Dy /s, and therefore w(A) = 5 < cos T
n
numerical radius of the considered nilpotent operator A, a stronger estimate is valid.

Note that in the considered example, the numerical radius of the operator A is achieved
1+2

V2
AA 1
note that [(Nsf, f)| = [f(0)f(1)| < 5 for any f € (H?);). This suggests an idea
that conditions of achievability of the numerical radius of the operator on root subspaces
have to play decisive role in obtaining more subtle estimates for a numerical radius of
operators. The theorems stated below affirm such point of view.

The following our result can be also considered as an extension of already mentioned
Haagerup — de la Harpe’s result to some operators from the class C' that are not nilpotent
(recall that the unitary equivalance of operators preserves the numerical radius).

Theorem 1. Let O be a x-inner function (i.e., ©(£)O(&)* = Ig fora.a. § € T), let
Ko = H?(E) © ©H?(E') (E is some auxillary Hilbert space and E' C E) be a model
subspace and let Mg = Poz | Ko be a corresponding model operator. Suppose that for
some n > 2, there exists x € ker M& N (Ke)1 such that w(Me) = |(Mex, x)|. Then

v
Meg) < cos .
w( 9)_C05n—|—1

Proof. In fact, the assertion = € ker M is equivalent to the assertion

T The latter shows that for the

in the element @ 0 belonging to ker(A?) (to make sure of that, it is sufficient to

O*z € H2(E)Nz"H*(E'),
that is ©*z = > _, a;z", and since ||| = 1 and © is an *-inner function,we have

|©*z|| = 1, that is 37_, lax|* = 1; here, H2(E) £ L%(E) © H(E). Now an
elementary argument together with Lemma 1 yields a required estimate:
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w(Me) = |(Mez,z)| = [(22,2)| =

n—1
= [(:0"2,0"2)| = | Y _(ar+1,ax)| <
k=1
n—1 -
< < '
= ]; llag|| [|ak+1]l < cos 1

The theorem is proved.

In particular, it follows from this theorem that, for a numerical radius of the nilpotent
model operator Mg with power of nilpotency n (n > 3) satisfying the condition of
Theorem 1 for some k,2 < k < n, there is the estimate

T
Mg) < -
w( @)7cosk+1,

o ) T
which is more subtle than the estimate w(Mg) < cos 1
n

There are some more results on this direction.
Proposition 1. Let T € B(H) be a contraction such that, for some integer n > 0,

there exists x € ker T™ N (H )1 such that w(T') = ’(Tx7 x)|. Then w(T) < cos _T_ T
n

Proof. Actually, the assertion of this proposition is a “nonmodel variant” of Theo-

rem 1. Really, for arbitrary » < 1, the operator 1" has two-sided inner characteristic

function (because ||rT'|| < 1, and therefore rT" € Cqg). Therefore, taking into account

that Theorem 1 is also true for the Cyo-class model operators, we obtain that

1
w(T)=wkT) < S Cos —
It remains to pass to the limit as r — 1.

Proposition 2. Let T € B(H) be a contraction such that, for any € > 0, there
exists xe € (H)q such that || T"x.|| < € for some n > 2 and w(T) < |(Tx.,zc)| + €.
Then w(T') < cos -

n+1

Proof. 1In fact, using the Berberian construction [14], H — H°, T — T° (T €
€ B(H),T° € B(H")), one can reduce the condition of a proposition to the condition
of Proposition 1. We recall that the space H? is constructed by the following way:let us
take a quatient-space of [°°(H ) of H-valued bounded sequences with respect to the linear
subspace

N(H) Y {x = () : Lz, ym) =0 forall y = (ym) € l°°(H)}

with the scalar product
(z+ N(@),y + N(y)) = Lim. (@, ym)

for z = (Zn), ¥ = (Ym), where “L.i.m.” is generalized Banach limit on [*°. Then H" is
the completion of the last prehilbertian space. Here, T is defined as

Tz = (Tz, + N(H)).

It is well known (and easily verified) that
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1T =T°,  o(T)=0(T%),  w(T)=uw(T’. ©)

Now pass to the reducing the condition of proposition to the condition of Proposition 1.
Choose the sequence of positive numbers ¢,,, tending to zero and a sequence of vectors
x.,, satisfying the condition of proposition fore = &, such that |(Tz.,, , 2., )| — w(T).
Then for x = (x.,, ) we have

|(T0x,w)‘ =|Lim.(Tz,,,x,, )| =
— lim(Ta.,,, o0, = lim [(Ta.,,, ., = w(T) = w(T°),

Since the inequality |(7°z,z)| < w(T°) is always true, it implies the equality w(T°) =
= !(Tox, x)|. Moreover,

(T, (T™)°2) = Lim.(T"x.,, , T 2., ) =
=Lim. [Tz, ||> < Lim.2 =0,

that is, (7™)°z = 0, whence subject to (T™)° = (TY)" we get (T°)"z = 0. Thus,
(T°)"z = 0 and w(T°) = |(T°x,z)| . Considering equality (3) and Proposition 1, we
get the desired inequality

™
T) <
w( )_cosn_’_1

Proposition 3. Let O, ©s be an inner functions. We consider the following ope-
rator:

df[

Ko, .0, = [Ts,.Ts,]01(Me,),

where [T(:)1 , T@Q] =Tg,Te, — To,Tp, is the commutator of antianalytic Toeplitz ope-
rator Tg, and analytic Toeplitz operator Te,, and ©1(Me,) = Pe,01 | Ke, is the

function of model operator Mg. Then w(Ke, 0,) < =

Proof. The simple calculations show that the operator K¢, o, is the projection of the
operator T, No,To, on a subspace Ko, = H> © OH? ie.,

K917@2 = Pez(T@1N92T91) | K@w

where No, = To,Po, = To,(I — To,Ts,). In fact, considering that |©2(¢)| = 1 a.a.
& eT(e., To, is an isometry ), for each f € Kg, we have

Peo,(Ts, No,To, ) f = Po,Ts,Te,Po,01 f =
= —Te,T6,)Ts,T6,01(Me,) f =
= (Te,To, — To,Te,T6,T6,)01(Me,) f =
= (16,76, — To,T5;670,)01(Me, ) f =
= (Ts,To, — To,Ts,)01(Me,) [ =
= [Ts,,T0,/01(Me,)f = Ke, 0,

Then for any = € (Ke,)1 we have
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(Ke,,0,2,r) = (Po,(Tg, No,To,)r,z) = (Ne,012,011).

Taking into account that ©1x € (H?)y, Ng)Q =0, and HN@2 || = 1, we get the following
relation from the last equality and inequality (2):
T 1
w(Ke,,0,) < cos 3=3
The proof is completed.
I am grateful to Yu. V. Turowski for useful discussions.
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