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SOLUTIONS OF THE BBGKY HIERARCHY
FOR A SYSTEM OF HARD SPHERES
WITH INELASTIC COLLISIONS™

PO3B’SI3KH IEPAPXII BBI'KI 1J151 CHCTEMUA
TBEPJUX KYJIb I3 HEIIPY 2KHUM PO3CISAHHAM

The problem of existence of solutions of the hierarchy for the sequence of correlation functions is investigated
in direct sum of spaces of summable functions. It is proved existence and uniqueness of solutions which are
represented through a semigroup of bounded strongly continuous operators.

Infinitesimal generator of the semigroup coincides, on certain everywhere dense set, with the operator in
the right-hand side of the hierarchy. For initial data from this set, solutions are strong; for general initial data,
they are generalized ones.

HocstinKeHo mpobJieMy iCHyBaHHSI PO3B’s3KiB iepapxii /sl MOCJIIZIOBHOCTI KOpeJIsAUidNHUX (DYHKIIH npu
MOYaTKOBUX [IAHUX 3 MPAMOI CyMH NPOCTOPiB iHTErpoBHUX (PyHKUii. [loBEJjEHO iCHYBaHHA Ta €QMHICTb
PO3B’ AXKiB, MOJAHNX Yepe3 MiBrpyIy 0OMEXKEHNX CUJIbHO HEMEPEPBHUX ONepaTopiB.

IndiniTe3nmManbHUi onepaTop MiBrPYNM 30iraeThecs Ha NMEBHiM CKPi3b LiJIbHIN MHOXKHHI 3 ONIEPaTOpOM,
L0 BU3HAYAE MPaBy YaCTUHY iepapxii. [J1s moyaTKOBUX NAHUX 3 1i€ei MHOXKUHHU PO3B’SI3KU € CTPOTUMHU, [JI
3araJIbHUX MOYAaTKOBHX JIAHUX — Yy3araJbHEHUMH.

Introduction. We consider the analogue of the BBGKY hierarchy for systems of hard
spheres with inelastic collisions. It is commonly accepted that these systems are proper
models of granular flow. We continue the investigation of these systems that have been
begun in our paper [1]. We use the same denotation.

In paper [1] the Liouville equation for distribution functions of systems of finite num-
bers IV of hard spheres with inelastic collisions has been investigated. It has been proved
that the distribution function is defined as follows:

M}251\/(t, (z)n)D(0, (x)n), N >1, (1)
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where D(0, (x) ) is the initial distribution function, Sy (—t, (z) n) is the operator of shift

OX(—t, (x)N) .

— s
d(x)n

the Jacobian. It has been shown that only distribution functions (1), with squared Jaco-

bian, satisfy the law of conservation of full probability

/ D (t, () )d(z)y = / D (0, (2)w )y, @)

the Liouville equation

Dt (o)) = |

along the trajectory X (—t, (z) ) of N spheres with initial data (x) v,

N
BP0 @) = = S D 01 0
and specific boundary conditions according to which at ¢; — ¢; = an, (1, (p; — p;)) >
> 0, (Jn] = 1, a — diameter of hard spheres) momenta p;, p; should be replaced by the
following ones:
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i =pi+ mnm (i —pj)),  Pj=pj— n(n, (pi —p;)),  (4)

* This paper has been completed during stay of D. Ya. Petrina in November 2004 in Dipartimento di
Matematica, Universita di Parma.
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and

DN(_t7x17"'7qi7pia'"7Qi_a/777pj7"'axN) =

1

- mDN(_t7xly~'-aQiaprr"aQ’i_anvp;a"-a'r]\/)- (5)

1
The parameter €, characterizes inelasticity, 3 < ¢ < 1. The corresponding sequence of
correlation functions satisfies the following analogue of the BBGKY hierarchy

0 s 0 u
Gioe (@) == S pigpu(t @)+ S [dpesa [ - pera)x
i=1 ! i=1 put

1 . *
X {mps+1(ﬂxla ces iy Py -y Tsy Qi — 6”7»105+1)_

_p8+1(t,$1a"'aqivpia"'vxqui+a7]7ps+1):|, 52 ]-a (6)

with the same boundary condition in the first term on the right-hand side of (6) as those
4), (5) for Dy (t, (x) y) and with the initial conditions

ps(t; (2)s)li=0 = ps(0, (2)s), s=1. (7)

In given paper we consider hierarchy (6) with initial data (7), i.e., the Cauchy problem for
the hierarchy (6) in the Banach space L, of sequences of integrable symmetric functions

equal to zero on forbidden configurations where |¢; — ¢;| < a at least for one pair (4, j) C
C(1,...,s), with norm

=Sl I = / Fu(@)0)ld(@).. (9)
s=1

The corresponding group of bounded and strongly continuous in L; evolution operators
U(t), t > 0, has been constructed
Ut) = “J(—t)S(—t)e ' %, (10)

where

(/d$f>s ((2)s) :/dxs+1fs+1(x17~--7$s;$8+1) (11)

is a bounded operator in L,
plication by squared Jacobian

[ dz| <1, J(—t) is direct sum of the operators of multi-

X (— O)17
(=000 = [P f ).
and S(—t) is direct sum of the operators Ss(—t, (x)s) of shift along the trajectory

X(_t7 (m)s)

(S(01),(@)s) = (Ss(=t, @) £ ) (@)s) = £ (X (4, (@).)).
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It is proved that group U () is strongly differentiable on everywhere dense set LY C
C L, consisting of finite sequences f € L, of differentiable functions equal to zero in
some neighborhood of forbidden configurations and with compact support. The infinites-
imal generator B of the group U (t) coincides on LY with the operator in the right-hand
side of the hierarchy (6).

Denoting by p(t) the sequence of correlation functions (py(t,()1),...,ps(t,
()s),...)), we consider the hierarchy (6) as an abstract evolution equation in L; for
the sequence p(t)

dz_gf) =Bp(t),  p(t)lt=0 = p(0), (12)

and show that the Cauchy problem (12) for the hierarchy (6) has the unique solution
p(t) =U(t)p(0),  p(0) € Ly, (13)

that is strong for p(0) € LY and the generalized one for arbitrary p(0) € L;.
1. Solution of hierarchy for correlation functions. 1.1. Formulae that express
p(t) through p(0). As known [1] the correlation functions defined by formulae

11 OX(—t,T1,. ., Tsy Tsq1y--yTstn) 2
ps(t,xl,...,xs)—énz:om/[ 3 X

(x17 ctt )xsaxs-‘rla st axs-l-n)
X [Ss+n(_t7m17 cee sy sy Ls4ly e 7xs+n)><
XDsyn(0,21,...,2s, Ty, .. ,ws+n)}dxs+1 codTgqy =

5 [

X[ Sein(=t, (@)s4) Dot 0, (@)ssn) | d@)irs 521,
(1.1)

(1]

= | 8X(_t7 (x)n) 2 B
_;ﬁ/ [T} [Sn(=t, (2)n) Du (0, (2)n) () =

=y % /Dn(O, (2)n)d(T)n

n=0

are formal solutions of the hierarchy

Jps(t, (x)S) _
ot

S a S
= —Zpia—q_ps(t, (x)s)+a22/dps+1/dn<n,(pi—ps+1)>><
i=1 ¢ i=1
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1 * *
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7ps+l(taQI7p17' -5 4iyPiy- -+, 4s,Ps> Gi +a77>ps+l) ) S 2 17 (12)

with corresponding boundary and initial conditions. Recall that we use the same denota-
tion as in our previous paper [1]

(I)S-i-n = (l'17 vy Lsy Lsflyen- ax8+71/)a
d(@)s4n = dTsp1 ... dTsin, [ =1, S5 (nl(n, (pi —pj)) >0),

Setn(—t,(z)s4n) is the operator of shift along the trajectory Xy, (—t,(Z)stn),
OX (—t, (%)s+4n)

is the Jacobian, =
a(x)ern

Dg11,(0, (z)s) is the initial distribution function,

is the grand partition function.

Correlation function satisfies the following boundary condition: at ¢; — q; = an,
(n, (pi — p;)) > 0 momenta p; and p; in the first term of the right-hand side of (1.2)
should be replaced by

9

- 1_—2677@71'7 (pi — Pj)>

* € *
pi =pit oo (i = pi)), P =D
1
qi (1—2¢)
- qi 7anap;<7"'a‘rN)'

In (1.1) the correlation functions ps(t, (x)s) are expressed by the initial distribu-
tion functions D1, (0, (2)s4n), n > 0. We transform formulae (1.1) in such a way
that ps(t, (x)s) will be expressed by the initial correlation functions ps(0, (2)s4n), n >
> 0. To do it, we use (1.1) with ¢ = 0, when S(0, ()s4+n) = I, I — unit operator,
9X(0, ()s+n)

a(x)ern

. s 8 *
in— Zi:l Pig and ps (¢, (x)s) should be replaced by 5Ps(6 15 Qi Dy

= 1. One obtains

pu0(2)) = 2 3 2 [ Denl0. ()@ (1)
n=0 "

Denote by p(0), D(0) and f the following sequences:

p(()) = (p1(0,$1), s 7/)3(07 (l‘)s), .- ')7
D(0) = (D1(0,21), ..., Ds(0,(x)s),...), (1.4)
I= (fl(xl)a'~~7fs((x)8)"")v

and by [ dz the following operator:

([aar) @@= [ i@z 15)
Formulae (1.3) can be represented as follows:
p(0) = 2 “DO),  puf0,(2).) = 5 FDO). ().,
D(0) = Ze~ % p(0). (1.6)
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Denote by J(t), as in introduction, the direct sum of operators of multiplication of se-
0X (~t, (x)s)r

quences (1.4) by { ()

m] f((@))

(=0 = [ L
and by S(—t) the direct sum of operator Ss(—t, (x)s)

(S(=t)1)s((2)s) = (Ss(=t, (2)s) fo) (@) = fo(X (=1, (2)s))-

In terms of these operators formulae (1.1) can be represented as follows:

plt) = =€ I(~1)S(-H)D(0),
(1.7)
palt, (2)2) = 2 (e “T(~H)S(-H)D(0))s(0)..
Finally, expressing D(0) in (1.7) through p(0), according to (1.6), we have
p(t) = ¢ = J(~)S(~t)e~! 1p(0) = U(D)p(0), s

U(t) _ e.f de(_t)S(_t)e—f dx
or, component-wise,

o n L)k OX (—t, ()5 1n 1) ]
ps(t, (x)s)ZZZ(n(_ k))!k'!/|: (8(w)(s+)r:k 2

n=0 k=0

X Ss+n7k(_ta (x)s+n7k)ps+n(07 (.T)5+n)d($);+n

U (t) is the evolution operator of hierarchy (1.2). These formulae have been obtained
on formal level. In the next subsection the justification of these formulae will be pre-
sented.

1.2. Convergence of series (1.8). Suppose that sequence f (1.4) consists of integrable
symmetric functions | | fs((2)s)| = || fs]| < oo equal to zero on forbidden configurations
and with norm

FED AR (1.9)
s=1

This means that f belongs to the Banach space L; consisting of sequences of inte-
grable symmetric functions equal to zero on forbidden configurations with norm || f|| and
component-wise linear operations.

In previous paper [1] we proved that

/ {%FISH @)@l d). = |

It means that

fs((@)s)|d()s.

[7(=t)S(=t)f[| = II£II (1.10)

If is obvious that
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|/

<1, Heif dzH <e, eif dzeq:f dr _ 1 (1.11)

< IA1

so that

|/

Taking into account (1.9)—(1.11) one obtains from (1.8) that

IT®F) = lle" “I(=t)S(=t)e™" “ fll < || ]

for arbitrary f C L; and it means that the operator of evolution U(¢) is a bounded one in
space L1, i.e.,

U] < e (1.12)

1.3. Group property of U (t). We have proved in [1] that the operator S(—t) has the
group property

S(tl + tg) = S(*tl)S(*tQ) = S(ftQ)S(ftl) (1.13)

for arbitrary t; > 0, t5 > 0.
It has also been proved in [1] that the operator J(—t) has the following property:

[6X(—t1 — 1y, (x)s)r _ [8X(—t1,X(—t2, (z)5)) OX (—ta, (x)s)}2 _
(), X (—tg, (7)) (),

_ [8X(—t2,X(—t1,(a:)s)) 6X(—t1,(x)s)r (114)
0X (—t1, (z)s) o(z)s
This equality follows from the fact that the Jacobian 8X(_té (_)tz’ (z)s) is equal to
Z)s

product of the Jacobians that correspond to consecutive time intervals [0, to], [t2, to + t1]
or [0, tl], [tl, tl + tg].
Now we show that product of the operators J(—t) and S(—t) satisfies group property

J(—t1 —t2)S(—t1 — ta) = J(—t1)S(~t1)J (—t2)S(~t2) =
= J(—t2)S(—ta)J(—t1)S(—t1). (1.15)

Prove (1.15) in s-particle subspace. One has

{WF S0, (2),) { [W]QSS(_“’ (m)S)} )

)s))] Ss(—t1 —to, (z)s) =

- [ [t

_ [8X(—t1 — by, (rc)s)}2 Su(—ty — b, (2)2).

o(x ) s
We used that

Su(=t,(@)) [ £:((@):)g5(@).)] = [Sul=t, @) £(@))] [ Su(—t @).)gu((@).)-

These equalities are equivalent to the following ones:
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J(=t1)S(—=t1)J(—t2)S(—t2) = J(—t1 — t2)S(—t1 — t2).
One can prove likewise that
J(=t2)S(—t2)J(—t1)S(—t1) = J(—t1 — t2)S(—t1 — t2).

Thus equality (1.15) is proved.
Using (1.13)—(1.15) we can prove the group property of the operator U ()

Uty + to) = U(t1)U(t2) = U(t2)U(ty). (1.16)
Indeed
Uty +t2) = € “J(—ty —t2)S(—ty —ta)e™’ @ =
= W J(—t1)S(—t1)J(—t2)S(—ts)e ! ¥ =
— o de(—tl)S(—tl)e_f dz ,f d’”J(—tg)S(—t2)e_" @ — U(4)U (t)
because e~/ drel dr — |

By similar calculation one obtains
Uty +t2) =U(t2)U(t1)

and (1.16) is proved.

1.4. Strong continuity of the group U (t). We have proved that evolution operators
U(t), t > 0, are bounded in L;, according to (1.12), and possess the group property
according to (1.16).

Now we prove that evolution operator U (¢) is strongly continuous, i.e., that

lim [U(t+ A0S~ U@ =0, fe Ly (1.17)

We will follow books [2, 3] with some modification.
From boundness of U (t) and its group property it is sufficient to prove that

dim [[U(A0)f — f]| = 0. (1.18)

The operator U (At) is product of the operators e’ % J(—At)S(—At)e~ 9%, where oper-
ators e’ 9% are bounded in L;. It means that in order to prove (1.18) it is sufficient to
prove strong continuity of group J(—t)S(—t) for f € LY. It follows from the fact that

e T (—ADS(-Ate - f = (- AN S(—Ate A f e Ao

and that e~ /%% f ¢ LY when f € LY. Recall that subspace L? consists of finite sequences
of functions f5((x)s) € LY. Functions fs((x)s) € LY are continuously differentiable with
compact support and equal to zero in some neighborhood of the forbidden configuration.
Subspace LY is everywhere dense in L and LY in Ly [1].

Note that strong continuity of J(—¢)S(—t) has already been proved in [1] (see (2.1)—
(2.3)). Indeed, it has been proved that functions [J(—t)S(—t)f]s((z)s), fs((x)s) € L2
are continuous functions with respect to ¢, ¢ > 0, uniformly with respect to (z)s on
compacts. Therefore

tim, [ [7(-208(-801.((0).) ~ £((2)2)]d(a). =0

At—0
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because integrand has compact support and tends to zero as At — 0 uniformly on com-
pacts with respect to (z)s.
Taking into account that f € LY is finite sequence, we proved that

Jim [[U(A)f - f|| =0, feLi.

It follows from boundness of U (¢) and taking into account that L{ is everywhere dense
in L that

timJa0s g <o

for arbitrary f € L;. Thus strong continuity of the evolution operator U(t) (1.17) is
proved.

We summarize obtained above results in the following theorem.

Theorem 1. The evolution operators U(t), t > 0, are a group of bounded strongly
continuous operators in L.

2. Infinitesimal generator of group U (¢) and solution of the BBGKY hierarchy
in L. 2.1. Infinitesimal operator of group U (t). As known, the group of bounded
strongly continuous operators U(t) in L is strongly differentiable and its infinitesimal
generator is defined on everywhere dense set in L;. Now we proceed to determine this
infinitesimal generator. We will follow the books [2, 3] with some modification.

Theorem II. The infinitesimal generator B of the group U (t) is closed, its spectrum is
concentrated on the imaginary axis. On the set LY, everywhere dense in Ly, B coincides

with the operator B = —H + [ / dx, H}, or, componentwise,
(Bf)s(z1,...,xs) =

= Hfuorw) Y [ [ dntn. s pas))x
=1
s

1
X [mfs—i-l(zl’ Qi Dl Ty G — AT, D) —

7fs+1('r17"'7q117pi7"'azsaqi +a777ps+1)‘|7

2.1)

- 0
Hfs(xla cee 7xs> = _Zpia_q_fs(mh cee axs)a
i=1 ¢

with the following boundary condition:
Ifgi—q; = an, (n, (pi—ps+1)) > 0, then momenta p;, p; should be replaced by p;, P;
1
and fs12(T1,. .., Ts, s 41, Ps+1, Gs+1—an, Pst2) by mﬁ;w(xl, ooy Tsy Qst1,

p:H, Qs+1 —an, p:+2). The operator 'H with this boundary condition is the infinitesimal
generator of the group J(—t)S(—t).
On set LY the operators B and U (t) commute,
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and
d
EU(t) = BU(t) =U(t)B.

Proof. The proof of Theorem II coincides completely with the corresponding proof
for a system of hard spheres with elastic collisions (see [2, 3]). As for the systems of hard
spheres with elastic collisions the crucial point is identity

[/da:,[/dm,HHfzo, ferl.

In our case of systems of hard spheres with inelastic collisions, projection of this identity
on s-particle subspace has the following form:

/dl’s+2a2/dps+1/dﬂ<77,(ps+1 — Psy2)) X
53

1 « *
X [mfs-&-Q(xh <oy lsy4s+1,Psy15ds+1 — 07]72754_2)—

—fot2(@1, .o, Tsy Qot1, Pot1, Qo1 + A1), Pst2

and it is equal to zero, as follows from [1] (formulae (3.5)).
Note that functions (J(—t)S(—t)fs+1)(x1,...,2Ts11) are (possibly) different from
zero in a neighborhood of forbidden configurations, where the functions fs11(z1,...
.., @gy1) € LY, vanish. From this it follows that the functions (U (t)f)st1 (21, . ..
.. Tsy1), f € LY are (possibly) different from zero in a neighborhood of forbidden
configurations and on the hypersurfaces |¢; — ¢s+1| = a, i = 1,...,s. This means that
the second term in formula (see (2.1))

d
(FUOF) @1 = (BUO. (1 2)
is different from zero.

2.2. Existence of solutions of the BBGKY hierarchy. The BBGKY hierarchy (1.2)

is the evolution equation for the infinite sequence p(t) of correlation functions p(t) =
= (p1(t,x1),...,ps(t,21,...,2s),...). This equation reads

dp(t
20— 5p(t) = ~rple) + | 1. [ az] it 22)
with initial condition
p(t)|t=0 = p(0). (2.3)
The operator B is the infinitesimal generator of the group U (¢) (1.7).
One can consider the BBGKY hierarchy as the abstract evolution equation (2.2) in the
Banach space L, with initial data (2.3), p(0) € L;. Then in follows from Theorem II that

p(t) = U(t)p(0). 2.4)

is the strong solution of the Cauchy problem for the BBGKY hierarchy (2.2) with initial
data p(0) € LY. For general initial data p(0) € LY, p(t) = U(¢)p(0) is a generalized solu-
tion in the following sense. The strong solutions exist for p(0) € LY and are represented
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by formulae (2.4). The set L is everywhere dense in L; and for arbitrary p(0) € L9 there
exists a sequence p(0)* € LY which strongly converges to p(0). From the boundedness of
U(t) it follows that the sequence U (¢)p(0)* also converges to U (t)p(0) and in this sense
p(t) = U(t)p(0) is a generalized solution of the BBGKY hierarchy.

The above results can be summarized in the following theorem.

Theorem III. The Cauchy problem for the BBGKY hierarchy (2.2) has a solution in
Ly, given by formula (2.4). For initial data p(0) € LY C L this solution is strong, for
arbitrary initial data p(0) € Ly it is a generalized solution.

2.3. States of infinite systems. Solutions of the hierarchy (1.2) or (2.2) constructed
above describe states of finite systems, because the average number N of particles corre-
sponding to the state p(t) € Ly, p(0) € Ly,

N = /pl(t,xl)dxl < o0 (2.5)

is finite. This means that solutions of the hierarchy (1.2) or (2.2) for initial data p(0) €
€ L; can not describe states of infinite systems, i.e., system consisting of infinite average
number of particles situated in the entire phase space on admissible configurations.

Usually, in the case of elastic collisions, perturbations of equilibrium states of infinite
systems — i.e., Gibbs states for given temperature and density are considered, as initial
data for an infinite system. We hope to realize this approach in the case of an infinite
system of hard spheres with inelastic collisions.

As it has been pointed in paper [1] hierarchy (1.2) or (2.2), has the stationary solution

ps((@)s) =H5(pi—p) II (g —g¢l-a), s>1, (2.6)

i<j=1
where p is arbitrary momentum. It would be naturally to consider as initial data for infinite
system some perturbation of sequence (2.6). For example
S 1 5 S
=[] —5ePPP O(lgi — ¢4 — >1 2.7
s((2)s e 4% —qj| —a), s=1, 2.7)
ps((2)s) H(%ﬁ)% IT eda—ajl -a)

i=1 i<j=1

where 3 is some positive parameter, 5 > 0. Sequence (2.7) can be considered as a pertur-
bation of sequence (2.6), because it converges as 3 — 0 to it, in the sense of generalized
functions.
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