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HYBRID TYPE GENERALIZED MULTIVALUED VECTOR
COMPLEMENTARITY PROBLEMS

Y3ATAJIBHEHI BATATO3HAYHI BEKTOPHI 3AJAY1 JOITIOBHIOBAHOCTI
I''bPUIHOI'O TUILY

We introduce a new type of generalized multivalued vector complementarity problems with moving pointed cone. We
discuss the existence results for generalized multivalued vector complementarity problems under inclusive assumptions and
obtain results on the equivalence between the generalized multivalued vector complementarity problems and the generalized
multivalued vector variational inequality problems.

Breneno HoBuit THIT y3araJbHCHUX Oararo3HauyHUX BEKTOPHHUX 3aJa4 LlOl'lOBH}OBaHOCTi 3 PYXOMUM 3aroCTp€HUM KOHYCOM.
POSF.IISIHyTO HUTaHHA IIPO iCHyBaHHﬂ pOSB’HSKiB y3arajJilbHEHUX 06araro3HaYHMX BEKTOPHUX 3aJa4 ﬂOHOBHIOBaHOCTi npu
YMOBaX BKJIIOYCHHSA Ta OTPUMAHO PE3YJIBTAaTU IIOAO0 €KBIBaJICHTHOCTI MIX y3araJJbHCHUMHA 0arato3HauHUMU BEKTOPHUMU
3aga4aMu Z[OHOBHIOBaHOCTi Ta y3araJbHEHUMHU OaraTro3HaYHUMHU BCKTOPHUMMU 3aav4aMu JJIs1 BapiaL[iﬁHHX HepiBHOCTefI.

1. Introduction and preliminaries. The purpose of this paper is to introduce and discuss a new
type of generalized multivalued vector complementarity problem with moving pointed cone which is
a variable ordering relation. We derive existence of solutions for this class of generalized multivalued
vector complementarity problems under inclusive type assumptions. This inclusive conditions require
that any two of the family which is closed and convex satisfy an inclusion relation so long as their
corresponding variable satisfy certain conditions. We have also obtained some equivalence results
among a generalized multivalued vector complementarity problem, a generalized multivalued vector
variational inequality problem, a generalized multivalued weak minimal element problem and a
generalized multivalued vector unilateral optimization problem under some monotonicity conditions
and some inclusive type assumptions in ordered Banach spaces. The theorems presented in this paper
improved, extended and developed some earlier and very recent results in the literature including
[2,4-6,8,9, 11].

Motivated and inspired by these works [1, 3, 7, 8, 12—-16], in this paper we initiate three types
of generalized multivalued vector complementarity problems. Let X, Y be the two Banach spaces,
P: D — 2Y a multivalued mapping such that for each 2 € D, P(z) is a proper, closed, convex
and pointed moving cone with apex at the origin and int P(z) # @. Let Q(-,-): D x L(X,Y) —
— L(X,Y), g: D — Y be the single-valued mappings and A: X — 2L(5Y) be the multivalued
X.Y) is a collection of all nonempty subsets of L(X,Y"). We consider the follow-
ing three kinds of generalized multivalued vector complementarity problems.

mapping, where 2(

Weakly generalized multivalued vector complementarity problem (WGMVCP): finding x € D
and u € A(x) such that

<Q(m,u),g(a:)> ZintP(z) 0, <Q(:E,u),g(y)) gintP(a:)O Vy € D. (1.1)

Positive generalized multivalued vector complementarity problem (PGMVCP): finding x € D
and u € A(x) such that
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<Q(x,u),g(:z:)> }intP(a:) 0, (Q(m,u),g(y)> ZP(Z’) 0 VyeD. (1.2)

Strong generalized multivalued vector complementarity problem (SGMVCP): finding x € D and
u € A(x) such that

<Q($7u)7g(x)> =0, <Q(x7u)7g(y)> ZP(m) 0 VyeD. (1.3)

Remark 1.1. 1f we take g an identity mapping and Q(z,u) = Q(u), then these generalized
multivalued vector complementarity problems reduce to the following types of complementarity
problems in Ceng and Lin [1].

Generalized weak vector complementarity problem (GWVCP): finding x € D and u € A(x)
such that

(Q(U),ﬂ?) zintP(m) 0, <Q(u)7y> gintP(:p)O Vy € D. (1.4)

Generalized positive vector complementarity problem (GPVCP): finding z € D and u € A(x)
such that

<Q(u),m> }intP(x) 0, <Q(U), y> 2P(z) 0 VyeD. (1.5)

Generalized strong vector complementarity problem (GSVCP): finding z € D and u € A(x)
such that

Again we remark that, if A: X — L(X,Y) and @ an identity mapping then aforesaid three kinds
of problems reduce to the problem of Huang et al [8].
(Weak) vector complementarity problem (VCP): finding x € D such that

<A($)7aj> zintP(m) 0, <A($)ay> ﬁintP(x)O Vy € D. (1.7)
Positive vector complementarity problem (PVCP): finding « € D such that
<A(:I")7l'> }intP(a:) 0, <A(l'), y> ZP(J}) 0 Vy eD. (1.8)

Strong vector complementarity problem (SVCP): finding x € D such that

We note that if P(z) = P for all x € D, where P is a closed, pointed and convex cone in Y’
with nonempty interior int P(z), then all these problems are equivalent to problems considered in
Chen and Yang [3].

2. Existence of a solution for GMVCP. In this section, we extend their results to the cases
involving the multivalued mappings.

Let X be an arbitrary real Hausdorff topological vector space and Y a Banach space. Let L(X,Y)
denotes the space of all continuous linear mappings from X to Y. Let D be a nonempty subset of
X and P: D — 2Y a multivalued mapping such that for each x € D, P(x) is a proper, closed,
convex and pointed moving cone with apex at the origin and int P(z) # @. Let K be a subset of
Y. For each = € D, a point z € K is called a minimal point of K with respect to the cone P(x)
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if KN (z— P(x)) = {z}; Minp(,) K is the set of all minimal points of K with respect to the
cone P(x); a point z € K is called a weakly minimal point of K with respect to the cone P(z) if
KN (z—int P(z)) = @; Minp,y K is the set of all weakly minimal points of K with respect to the
cone P(z), for details see [11].

Let Q: D x L(X,Y) — L(X,Y) and g: D — Y be the single-valued mappings and A: X —
— 2L(X.Y) be the multivalued mapping. Consider the generalized multivalued vector complementar-
ity problem (GMVCP): finding € D and u € A(x) such that

(Q(x,u),g(az)) ZintP(ac)Ov <Q(:c,u),g(y)) gintP(x)O Vy € D. (2.1)
A feasible set of (GMVCP) is
Q= {(m,u) €D x A(D) u € A(J}), <Q(x,u),g(y)> gintP(x)O Vy € D} (2.2)

We consider the following generalized multivalued vector optimization problem (GMVOP):
Minp(Q(z,u),g(x)) subjectto (z,u) € Q. (2.3)

A point (z,u) € Q is called a weakly minimal solutions of (GMVOP) with respect to the cone
P(z) if (Q(z,u),g(x)) is a weakly minimal point of (GMVOP) with respect to the cone P(z),
that is

(Q(z,u), g(z)) € Minp,,, {{Q(z,u),g(x)): (z,u) € Q}.

We represent the set of all weakly minimal solutions of (GMVOP) with respect to the cone P(x)
by Cg(x) and the set of all weakly minimal solutions of (GMVOP) by (%, that is

¢ = B 24)

zeD

Theorem 2.1. [f (" # & and, for some x € D, there exists (z,u) € C},ﬁ’(x) such that

<Q(.T, u)a g(.%')) zint P(x) 0,
then generalized multivalued vector complementarity problem (GMVCP) is solvable.
Proof. Let (z,u) € Cp(r) and
<Q($,U),g($>> zintP(x) 07 (25)

then z € D, u € A(z) and

<Q(m,u),g(:ﬂ)> zintP(x) 0, <Q(£E,U),g(l‘)> gintP(w)O Vy e D.

Therefore, x is a solution of (GMVCP).

Theorem 2.1 is proved.

Remark 2.1. If Q(z,u) = Q(u) and g is an identity mapping, then Theorem 2.1 coincides with
Theorem 2.1 in Ceng and Lin [1]. Again if @) = I, the identity mapping of L(X,Y) and A is a
single-valued mapping from D = X to L(X,Y’), then Theorem 2.1 coincides with Theorem 2.1 of
Huang et al. [8].
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Definition 2.1. Let A: D — 2LX5Y) P D — 9Y pe the two multivalued mappings with
int P(z) # & forevery x € D, Q: D x L(X,Y) — L(X,Y) and g: D — Y be the two single-
valued mappings and § a subset of D x A(D). We say that P is inclusive with respect to §) if for
any (z,u), (y,v) € Q,

(Q(z,u),9(x)) it py) (@, v),9(y)) implies that  P(z) C P(y). (2.6)

It is easy to see that, if P(x) = P for all © € D, where P is a closed, pointed and convex moving
cone in Y, then P is inclusive with respect to ).
Theorem 2.2. Suppose that P is inclusive with respect to §2. If there exists at most finite num-

ber of solutions for (GMVCP), then (GMVCP) is a solvable if and only if (' # & and there exists
(z,u) € Cp(y) Such that

(Q(x,u),9(x)) Zint P()0-
Proof. Let p1 be a solution of (GMVCP), then there exists u; € A, such that
(Q(p1,u1), 9(p1)) Zint P(p1) 05 (Qp1,u1), 9(¥)) Zine P(p)0 Yy € D. 2.7)
If (p1,u1) € (P, ), then
(Q(p1,u1),9(p1)) Zint P(p1) 0 (2.8)

and hence the conclusion holds. If (p1,u1) & g}g(m), by the definition of a weakly minimal solution
there exists (p2, uz) € €2 such that

(Q(p2,u2),9(Y)) Lint P(po) 0 Yy € D, (2.9

(Q(p2,u2),9(p2)) <int P(pr) (Q(P1,u1),9(p1)) Zint P(p1)0-
This implies that

(Q(p2;u2), 9(p2)) Zint P(py)0- (2.10)

Since

<Q(p2a ’LLQ), g(p2)> SintP(pl) <Q(p17 Ul), g(p1)>a
and P is inclusive with respect to 2, it follows that P(p2) C P(p1), and this implies that

(Q(p2,u2),9(p2)) Zint P(py) O- 2.11)

Thus po is a solution of (GMVCP) and ps # p;. Continuing this process there exists (pn, u,) € €2
such that p,, is a solution of (GMVCP) and (py, u,) € Cg(pn), since (GMVCP) has almost a finite
number of solutions. Thus

(Q(pn,un), 9(pn)) € Minp, \{{Q(z, 1), 9(pn)): (pn,u) € O}

and

<Q(pnyun)7g(Pn)> zintP(pn) 0. (2.12)

Combining this result and Theorem 2.1, we have the conclusion of the theorem.

ISSN 1027-3190. Vkp. mam. sxcyph., 2013, m. 65, Ne 1
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Remark 2.2. 1If Q(x,u) = Q(u) and g is an identity mapping then Theorem 2.2 reduces to the
Theorem 2.4 of Ceng and Lin [1]. If Q = I is an identity mapping, A is single-valued mapping from
X to L(X,Y) and P(x) = P for all z € X, where P is a closed pointed and convex moving cone in
Y, then P(x) satisfies the inclusive assumption with respect to €2 and Theorem 2.2 is equivalent to the
Theorem 3.2 of Chen and Yang [3]. We note that if Q = I, the identity mapping of L(X,Y’) and A
is a single-valued mapping from D = X to L(X,Y), then Theorem 2.2 coincides with Theorem 2.2
of Huang et al. [8].

Next we consider the positive generalized multivalued vector complementarity problem (PG-
MVCP): finding z € D,u € A(x) such that

(Q(x,u),9(z)) Zint P(2)0; (Q(z,u),9(y)) >p@) 0, yE€D. (2.13)
Let
¢ ={(z,u) € D x A(D): u € A(z), (Q(x,u),9(y)) Zp@) 0 Yy € D}. (2.14)
Consider the following generalized multivalued vector optimization problem (GMVOP) to be
Minp(Q(x,u),g(z)) subjectto (z,u) € 1. (2.15)

We denote the set of all minimal point of (GMVOP) with respect to the moving cone P(z) by I'p(y,
that is

FP(J;) = MlnP(m){<Q<w7 U), g($)> : (33', ’U,) S w}
and denote the set of all minimal point of (GMVOP) by

r=J (2.16)
zeD

Theorem 2.3. IfT # & and there exists (v,u) € I'p(y such that

<Q((IJ, U,), g(x» zintP(x) 0,

then (PGMVCP) is solvable.

Theorem 2.4. Suppose that P is inclusive with respect to . If there exists at most a finite
number of solutions of (PGMVCP), then (PGMVCP) is solvable if and only if I" # @ and there
exists (w,u) € I'p(y) such that

<Q(x,u),g(x)> zintP(x) 0. (2.17)

We note that if Q(z,u) = Q(u) and ¢ is an identity mapping then Theorem 2.3 and 2.4 coincide
with Theorem 2.6 and 2.7 of Ceng and Lin [1]. Also again if ) = [ is an identity mapping of
L(X,Y) and A is a single-valued mapping from D = X to L(X,Y), then Theorem 2.3 and 2.4 is
similar to Theorem 2.3 and 2.4 of Huang et al. [8].

3. Equivalence between the generalized multivalued vector complementarity problems and
generalized multivalued weak minimal element problems. Let X, Y be the two Banach spaces and
P: D — 2Y a multivalued mapping such that for each z € D, P(z) is a proper, closed, convex and
pointed moving cone with apex at the origin and int P(x) # @. Let @: D x L(X,Y) — L(X,Y)
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and g: D — D the single-valued mappings, A : X — 2L(X5Y) the multivalued mapping, where

2L(X.Y) is a collection of all nonempty subsets of L(X,Y),and f: X — Y a given operator.

Define the feasible set associated with A and K,
Q = {z € D: there exists u € A(z) such that (Q(z,u), 9(y)) LintP@)0 Yy € D}. 3.1

We consider the following problems:
1. Generalized multivalued vector optimization problem (GMVOP), for a given | € L(X,Y):
finding x € () such that

2. Generalized multivalued weak minimal element problem (GMWMEP): finding x € €2 such
that

x € Min}p Q.

3. Generalized multivalued vector complementarity problem (GMVCP): finding x € Q, u €
€ A(xz) such that

<Q(LU, u)v g(x» ZintP(x) 0.

4. Generalized multivalued vector variational inequality problem (GMVVIP): finding x € D
and u € A(x) such that

<Q(x,u),g(y) - g(l’)> gint P(J:)O Vy e D. (3.3)

5. Generalized multivalued vector unilateral optimization problem (GMVUOP): finding z € D
such that

f(z) € Minp,y f(D).
Definition 3.1 [3]. A4 linear operator l: X — Y is called weakly positive if for any z,y € X,
T Pint p Yy implies that

l(ib‘) zintP(x) l(y>
Definition 3.2. Let X and Y be the two Banach spaces, and | be a linear operator from X

to Y. If the image of any bounded set in X is a self-sequentially compact set in 'Y then [ is called
completely continuous. A mapping f: X — Y is said to be convex if

fQAz+ (1= Ny) <p) AMf(z)+ (1 =N f(y) (3.4)

forall x,y € X and 0 < XA < 1.
Definition 3.3. Ler Q: L(X,Y) — L(X,Y) and f: X — Y be two mappings. f is said to be
Q-subdifferential at xo € X if there exists ug € L(X,Y) such that

f(x) = f(w0) 2p(ay) (Quo),® —x0) VI €X.
If f is Q-subdifferentiable at xo € X, then we define the Q-subdifferential of f at xq as follows:
9q f(xo) ={u € L(X,Y): f(z) = f(x0) ZP(o) (Qu), z —x0)} Vo€ X.
If f is Q-subdifferentiable at each x € X, then f is Q-subdifferential on X.
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Remark 3.1. We note that if X and Y are two Banach spaces, a mapping f: X — Y is Frechet
differentiable at xy € X if there exists a linear bounded operator D f(x() such that

o 10+ ) = f(20) = (Df(@0). )| _

70 ]

0,

where D f(x¢) is said to be the Frechet derivative of f at xy. The mapping f is said to be Frechet
differentiable at each point of X if f: X — Y is convex and Frechet differentiable on X. Then

fly) = f(x) Zp@) (Df(2),y —x) Vr,ye X,

If f is a Frechet differentiable on X, then for each x,y € X we have

f) = f(x) Zp@) (A(w),y —z) Vy € dqf(x).

Definition 3.4. Let X be a Banach space, D C X be a proper, closed, convex and moving
pointed cone with apex at origin and int D # &. The norm || - || in X is called strictly monotonically

increasing in D if for each y € D
z e ({y} —int D)ND = [lz]| < [lyll. (3.5)

Theorem 3.1. Let X, Y be the two Banach spaces, D C X a proper, closed, convex moving
pointed cone with apex at origin and int D # @. Let P: D — 2Y be a multivalued mapping with
closed, convex moving pointed cone values such that int P(x) # & for all x € D. Suppose that

1) T = 0qf is the subdifferential of a convex operator f: X —Y;

2) [ is a weakly positive linear operator;

3) there exists x € Q such that Q(u) is one to one and completely continuous, where u € A(x)
is associated with x in the definition of (1,

4) X is a topological dual space of a real normed space and the norm || - || in X is strictly
monotonically increasing on D.

If (GMVVIP) is solvable, then (GMVOP);, (GMWMEP), (GMVCP) and (GMVUOP) are also
solvable.

We need the following proposition to prove Theorem 3.1.

Proposition 3.1. Let Q: D x L(X,Y) — L(X,Y) and f: X — Y be the two single-valued
mappings, A: D — 2LC5Y) be the multivalued mapping and let T = Oqf be the Q-subdifferential
of f. Then x solves (GMVUOP) which implies that x solves (GMVVIP). If in addition, f is a convex
mapping then conversely x solves (GMVVIP) which implies that x solves (GMVUOP).

Proof. Let x be a solution of (GMVUOP). Then x € D and

f(z) € Minp,, f(D)
that is,

f(.ilf) \Zint P(x) f(y) Vy e D.

Since D is convex cone, therefore
(@) Zingp) f(@ +t(w—2)), 0<t<l, weD. (3.6)
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Also, since f is Q-subdifferential on X, it follows that
f(@) 2int P2y f(@+t(w—2)) 2p) f(2)+(Q(z,u),  tHw-z)), 0<t<1l, weD. (3.7
This implies that
(Q(z,u),t(w — x)) Lint ()0 0<t<l, weD, (3.8)
and hence
(Q(x,u), w — x) Lint p()0 Yw € D. (3.9)

Therefore, x is the solution of (GMVVIP).
Conversely, let z solve (GMVVIP). Then there exists ug € A(x) = dg f(x) such that

(Q(z,u0),w — ) Ling p) 0 Yw € D. (3.10)
Since f is Q-subdifferentiable on X, we have for all u € A(x) = dg f(z)
Fw) = F(@) > ) Q) w—z) Ywe D, G.11)
Since f is convex, therefore we have
f(w) = f(x) Zp@) (Q(,u0), w — &) Lingp)0 Yw € D. (3.12)
This implies that
f(w) Lint Py f(x) Yw € D. (3.13)

Therefore, x solves (GMVUOP).
Proposition 3.1 is proved.
Proposition 3.2. If x solves (GMVVIP), then x also solves (GMVCP). Conversely, if

(Q(z,u),9(2)) <py 0 YweD, ue Az),

then x solve (GMVCP) which implies that x solve (GMVVIP).
Proof. Let x be a solution of (GMVVIP), then there exists u € A(z) such that

(Qz,u), 9(y) = 9(2)) Lint P)0 Yy € D. (3.14)
Letting y = 0, we get
(Q(z,u), 9(2)) Zintp(x)0-
Since g is convex and letting y = w + z such that
9(y) = g(w + 1) < g(w) + g(),
we have

<Q(m,u),g(w)> ﬁintP(x)O Vw € D. (3.15)
Thus z is a solution of (GMVCP).
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Conversely, let x solve (GMVCP). Then there exists u € Ax such that

(Q(z,u), 9(7)) <p@) 0 Zint P2y (Qx,1),9(y)) Yy € D. (3.16)
This implies that
(Qz,u), 9(x)) Zine P(a) (Q(x,u),9(y)) Vy € D (3.17)
and so
(Q(x,u),9(y) — 9(2)) ZintP@)0 Yy € D. (3.18)

Proposition 3.2 is proved.

Proposition 3.3. Let | be a weakly positive linear operator. Then x solve (GMWMEP) which
implies that x solve (GMVOP).

Proof. Let x be a solution of (GMWMEP). Then z € 2 and € Min% ). That is for any
z €€,

T Zint D 2

Since [ is a weakly positive linear operator, it follows that

Uz) Zp@) U(2)
and so
I(x) € Min}ﬂ(x) 1(Q), (3.19)

hence x solve (GMVOP).

Proposition 3.3 is proved.

Definition 3.5 [8]. Let X be a Banach space, D C X be a proper closed convex and moving
pointed cone with apex at the origin and int D # @& N a nonempty subset of X.

l. Ifr € X,N, = ({z} — D) NN # &, then N, is called a section of the set N.

2. N is called weakly closed if {x,} C N,z € X,

(x*,xp) — (x*,x) V' e X",

then x € N.
3. N is called bounded below if there exists a point b € X such that

N Cb+ D.

Lemma 3.1 [10]. Let X be a Banach space, D C X a proper closed convex moving pointed
cone with apex at the origin and int D # &, N a nonempty subset of X and X be the topological
dual space of a real normed space (Z,|| - ||.). Suppose there exists x € X such that the section N is
weakly closed and bounded below and the norm || - || in X is strictly monotonically increasing. Then
the set N has at least one weakly minimal point.

Lemma 3.2. [f(GMVVIP) is solvable, then the feasible set ) is nonempty.
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Proof. Let x be a solution of (GMVVIP), then there exists u € A(z) such that

(Q(z,u),g(y) — 9(v)) Lintp@)0 Yy € D. (3.20)

Since g is convex, taking y = z 4+ « with any z € {2 we know that y € D and

<Q(m,u),g(z)> ﬁintP(m)O Vze D. (3.21)

Thus z € Q, this completes the proof.

Lemma 3.3 [3]. If the norm || - || in an ordered Banach space X is strictly monotonically in-
creasing, then the order intervals in X are bounded.

Proposition 3.4. Suppose that (GMVVIP) is solvable and

1) there exists x in ) such that Q(x, u) is one to one and completely continuous, where u € A(x)
is associated with x in the definition of §2;

2) X is the topological dual space of a real normed space (Z,|| - || z) and the norm || - || in X is
strictly monotonically increasing, then (GMWMEP) has at least one solution.

Proof. By assumption and Lemma 3.2,  # &. Let x € 2 be a point such that Q(x,u) is
one-to-one and completely continuous where u € A(z) is associated with x in the definition of
and let {y,} C Q with y,, — y (weakly). Since

Q, = ({2} - D)nQ c ({z} —D)ND = [0, ], (3.22)

by Lemma 3.3. [0, x] is bounded and so is €2,. Since Q(z, u) is completely continuous, (Q(z,u), Q)
is a self-sequentially compact set and

{{Q(z,w), 9(yn)) } € (Q(=, 1), )

implies that there exists a subsequence {(Q(z,u), g(yn,))} which converges to z € (Q(z,u), Qy).
We get a point gy € €2, such that

<Q(x7 u), g(ynk)> - <Q((L‘, u)? g(y0)> (strongly). (3.23)

On the other hand, since y, — v, g(yn) — ¢g(y) (weakly) and Q(x,u) is completely continuous.
Then

<Q($7 u): g(yn)> — <Q(JZ, U), g(y)> (StrongIY)' (324)
By the uniqueness of limits, we get

(Q(z,u), 9(y)) = (Q(z, 1), 9(y0))-

Since Q(x,u) is one-to-one, y = yo and so y € . Since (2, is weakly closed, it follows from
Lemma 3.1 that €2 has a weakly minimal point b such that

b zint P(b) xz Vzx € Q.

Hence (GMWMEP) has at least one solution.
Proposition 3.4 is proved.
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Definition 3.6. Let X, Y be the two Banach spaces, D C X a proper closed convex moving
pointed cone with apex at the origin and int D # @, and P: D — 2 a multivalued mapping with
closed convex moving pointed cone such that int P(x) # @ for all x € D. Let Q) : D x L(X,Y) —
— L(X,Y), g: D — D be the single-valued mappings and A: X — 2VXY) the multivalued
mapping. Q is called Q-positive if

Now consider the positive generalized multivalued vector complementarity problem (PGMVCP):
Finding z € D and u € A(x) such that

<Q($vu)79(y)> zintP(:c) 0, (Q(m,U),g(y)> ZP(:E) 0, yeD. (3.26)
The feasible set related to (PGMVCP) is defined as 2 = {z € D: there is u € A(z) such that

Let us consider the following problems:
The generalized multivalued vector optimization problem (GMVOP),,: finding = € €2y such that

I(2) € Min'% 1(Q).

The generalized multivalued weak minimal element problem (GMWMEP): finding x € (g
such that

T < Mln% Qp.

The positive generalized multivalued vector complementarity problem (PGMVCP): finding x €
€ €)g such that

<Q(x,u),g(x)) zintP(x) 0, (3.28)

where u € A(x) and Q: D x L(X,Y) — L(X,Y), g: D — D associated with x in the definition
of QO.

The generalized multivalued vector variational inequality problem (GMVVIP): finding x € D
and u € A(x) such that

<Q(x,u),g(y) - g(l’)> %int P(J:)O Vy e D. (3.29)

The generalized multivalued vector unilateral optimization problem (GMVUOP): for a given
mapping f: X — Y finding © € D such that

f(z) € Min}, f(D).

Definition 3.7. LetQ: D x L(X,Y) — L(X,Y), g: D — D be the single-valued mappings,
A: D — 2LXY) pe the multivalued mapping. Q is called g-strongly monotone with first variable of

Q. if

<Q(7u) - Q(-,v),g(x) - g(y)> ZP(Q?) 0 Ve,yeD, z#y, ue€ A(.’E), GRS A(y) (3.30)
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Definition 3.8 [8]. We say that P(x) satisfies an inclusive condition if for any x,y € X, x <jnt p
y only implies that

P(z) C P(y). (3.31)

Proposition 3.5. Let Q: D x L(X,Y) — L(X,Y), g: D — D be the two single-valued

mappings, A: X — 2L5Y) pe the multivalued mappings, Q is g-strongly monotone with respect to

the first variable and x is a solution of (PGMVCP). If P satisfies the inclusive condition then x is a
weakly minimal point of (2, i.e., x solve (GMWMEP),.

Proof. 1t is easy to see that x € Q¢ C D. If z € bd(D) (where bd(D) denotes the boundary of
D), then x solve (GMWMEP)g, otherwise there exists xg € {2 such that

9(%) Zint p 9(%0),
g(x) =g(x — xo+ 20) < g(x — x0) + g(x) €int D+ D C int D,
which is a contradiction. If x € int D, by the @)-strict monotonicity, we have
(Q(z,u),9(x) = 9(¥)) Zine Py (R, V), 9(x) —g(y)) Yy €, y#z, v €Ay
Suppose g(x) >int p g(y). Since @ is g-positive
(Q(z,u), 9(x) — 9(y)) Zp(y) 0
and

(Qz,u),9(x) = 9(Y)) Zint P(a) (Q(2,0),9(x) = 9(y)) Zp(a) 0-

By the assumption, we get
P(y) C P(x)
and 50
(Q(z,u), 9(z) — g(y)) € (Qx,v),9(x) — g(y)) + int P(z) C P(y)+
+int P(z) C P(z) + int P(z) = int P(x).
It follows that

(Qz,u),9() = 9(¥)) Zint P(a) 0,

and thus

0 ﬁintP(x) (Q(a:,u),g(a:)) ZP(:E) (Q(mvu)vg(y» +k

for some k € int P(z). This implies

(Q(x,u),9(y)) + k Zint P)0-

Since k € int P(z) and = € Qo
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(Q(z,u),9(y)) + k € P(x) + int P(x) C int P(x)
and so

(Q(xv u)? g(y)> + K Zing P(x) 0,

which leads to a contradiction. Therefore

g(.%') Zint D g(y)

does not hold, that is

g(l’) ZintD g(y) Yy € Q.

It follows that = solve (GMWMEP),.
Proposition 3.5 is proved.
Proposition 3.6. If x solve PGMVCP), then = also solve (GMVVIP).
Proof. Suppose z solve (PGMVCP). Then x € D and there exists u € A(z) such that

(Q(m,u),g(x)) zintP(z)Ov <Q(x7u)79(y)> ZP(.Z‘) 0 VyeD.
If <Q(IL‘, u)a g(y) - g(IL‘)> <int P(x) 0, then
(Qw,u), 9(x)) = (@), g(y) — g(x)) + (Q(z, ), g(y)) € int P(z) + P(x) C int P(x)

and so

<Q($7 u)v g(a:)) ZintP(z) 0,

which is a contradiction. It follows that

(Q(z,u),9(y) — 9(%)) Lint P() 0,

and x solve (GMVVIP).

Proposition 3.6 is proved.

Similarly we can obtain other equivalence condition. We have the following theorem.

Theorem 3.2. Let X,Y be two Banach spaces, D C X a proper closed convex moving pointed
cone with apex at the origin and int D # & and {P(x): x € X} a family of closed moving pointed
cone in'Y such that int P(x) # @ forall x € X. Let g: D — D, Q: D x L(X,Y) — Y and
A: X — 2LXY) be the mappings. Suppose that P satisfies the inclusive condition and

1) T = 0qf is the Q-subdifferential for the convex operator f: X — Y

2) 1 is a weakly positive operator;

3) A is Q-strictly monotone.

If GMWMEP),, (PGMVCP) is solvable, then (GMVOP);,, (GMVVIP) and (GMVUOP) have at

least a common solution.
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